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OPINIONS OF THE PRESS. 

"Mr. Sonnenschein is a pupil, and a thoroughly taught pupil, of Mr. De Mor- 
gan's, and it is scarcely necessary to say more in order to convince all who know 
Mr. Be Morgan's works that there is nothing like half -digested work in this arith- 
metic. This first part of Mr. Sonnenschein's book is admirable of its kind, and 
better fitted for ordinary school use than Mr. De Morgan's Arithmetic, which is 
more suitable to students and teachers. Brevity and lucidity in the exposition of 
principle are its main characteristics as a scientific book ; and great care in the 
explanation of simple practical rules for shortening or verifying calculations is its 
main characteristic in reference to the art of computation. It gives a clear proof 
of all the rules, — insisting on the exact meaning of the various operations and their 
interpretation, — and contains a remarkably good chapter on the general properties 
of numbers, so far as they can be explained to beginners who have only mastered 
the arithmetic of integers. It is hardly possible to speak too well of this little book,, 
which we have examined very carefully." — Spectator. 

"... Nor should we notice this lucid and clever work, except with a word of 
commendation in our short notices, but for the chapter on the ready decimaliza- 
tion of our weights and measures, which is worth the attention of all calculators. . . . 
Still, it is an ingenious suggestion to decimalize all the different tables of weights; 
and measures by observing the analogies between the relations of those tables and 
those of the money table, and so making one rule do for all alike. ... We should 
add, as we have noticed a particular chapter in this excellent arithmetic, that the 
book is throughout good, though some portions of it are better adapted for the uso 
of- teachers than for the use of pupils. These portions, however, can easily be 
omitted by the pupil until he is sufficiently advanced. The thoroughness of the 
methods of proof is exceedingly praiseworthy." — Spectator. 

"Forty years have elapsed since the appearance of Prof. De Morgan's * Element* 
of Arithmetic,' at a time when perhaps few teachers, as they submitted the rules- 
of the science to their pupils, cared to establish them upon reason and demonstration. 
The effect of this work was that a rational arithmetic began to be taught generally,. 
and the mere committing of rules to memory took its due subordinate position in 
the course of instruction. Such a method of treatment will go far to develop and 
exercise the reasoning powers, and in the case of many pupils, there is hardly any- 
other subject which can so well be made a groundwork for the exercise of the reason- 
ing faculty. The book before us is avowedly drawn up in agreement with the prin- 
ciples of Mr. De Morgan's work, and the aim of the authors is to lead the student 
'to the discovery of the several rules by some path such as an original duKRrasm 
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might have travelled.' In this first part, which treats of Integral Arithmetic, we 
consider that they have carried out their principles successfully, and hope they will 
succeed as well with the remaining two parts, which are to embrace respectively 
Vulgar Fractions and Approximate Calculations. The rules enunciated are few 
and tersely given ; there is a great store of illustration ; elementary difficulties are 
well stated and honestly grappled with, and cleared up in a way that brings the 
subject to the level of the capacities of junior students ; at the same time advanced 
as well as young teachers may gather much that is useful from the book. A reader 
who has carefully gone through the work, can hardly fail to master the early details 
of the science ; if he fail, it will not be the fault of the authors. The subjects 
treated of are numeration, modes of computation, the so-called first four rules, 
contracted operations, scales of notation, and properties of numbers. Under this 
last division we have much valuable matter grouped under the several heads of 
Divisibility of Numbers, Casting out Nines, Resolution into Prime Factors, Greatest 
Common Measure, and Least Common Multiple. Throughout and at the end of the 
work occur numerous examples, very varied, all of which are carefully arranged, 
and many fully worked out in two or more ways. With this short analysis of the 
contents, we heartily commend the work to teachers generally, assuming, of course, 
that they will regulate their use of it in proportion to the requirements of age and 
ability of their pupils. The work is neatly got up, and we have detected hardly 
any errata." — Nature. 

"The authors of this excellent school arithmetic are to be congratulated on 
having brought their work to a successful termination. . . The same good arrange- 
ment, ample store of illustration, and copious examples for practice, are to be found 
in this volume as had place in the first. . . . In this volume we have more advanced 
subjects treated in like manner. But an analysis of the contents will give a good 
idea of the work. Under Part II. we have the subject of Vulgar Fractions clearly 
treated, with applications to Practice, and a chapter which treats of Proportion, 
the Chain Rule, Compound Proportion, and Proportional Parts. In Part III. are 
chapters on Converging Fractions, Decimals with their properties, and several 
applications to Money, Weights, Measures, &c, the Metric System, Progressions, 
Interest, Discount, Stocks, Evolution, and a good chapter on Arithmetical Comple- 
ments. There is also a chapter in which we have Continued Product to a given 
limit, Compound Interest, Equation of Payments, Complex Decimals, Duodecimals, 
and International Calculations. At the end of the work are given 250 Miscellaneous 
Exercises. There is enough here to satisfy any youthful arithmetician, and the 
methods employed are the 'latest out.' The complete work gives ample evidence 
that it is the composition of men who have given much time and thought to the 
subject, and have had much tuitional experience." — Nature. 

" Decidedly the clearest, most useful, and easiest method we have seen of teaching 
the principles and practices of arithmetic. It combines the excellences of Colenso, 
De Morgan, and Barnard Smith, with excellences peculiar to itself." — The Rock. 

"It is a very original and well-reasoned system of educating the mind by means 
of numbers. The authors, working upon the principle * that the student must be 
led to the discovery of the several rules by some path such as an original discoverer 
might have travelled,' have really begun at the beginning and logically deduced one 
step from another, making all so clear as they proceed, that the merest beginner 
should understand not merely the 'how' but the 'why.' It is perfectly true that 
more time and space than some may judge necessary are occupied in presenting 
what is merely one and the same fact under different aspects, and that what appears 
to be a complete system of arithmetic may be, and often is, packed into less space 
than the volume before us, which is but the first of three parts. Those, however, 
who have any experience in teaching, or perhaps remember their own difficulties in 
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working by rule of thumb, will entirely agree with the authors that progress is not 
mere advance from rule to rule. Any process once properly realized can never be 
■quite forgotten, and to impart to students what our authors term ( a thorough and 
all but visual realization of each process,' should be the aim of every teacher. They 
can scarcely have a more efficient book to work with than that of Messrs. Sonnen- 
schein and Nesbitt." — Standard, 

"Some little time ago we drew attention to Part I. of Messrs. Sonnenschein 
find Nesbitt' s Science and Art of Arithmetic. We have now Parts II. and III., 
■dealing with vulgar fractions and approximate calculations, in which again we notice 
an independence of thought and originality of treatment which go far to shew how 
little the educational value of arithmetic has hitherto been understood." — Standard. 

" If we mistake not, Messrs. Sonnenschein and Nesbitt's volume will altogether 
revolutionize the old methods of teaching what has hitherto been supposed a dry 
study. It is divided into three parts, viz., ' Integral, Vulgar Fractions, and 
Approximate Calculations.' New methods are given for very rapid, and in most 
cases, 'mental,' decimalization of money, weights and measures to any assigned 
degree of accuracy, and for the ready intro-conversion of the coins, weights, and 
measures of different nations. The volume must supersede the old-fashioned 
methods, and will be invaluable to young teachers, as well as learners, and will 
rapidly make its way as 'the' text-book of arithmetic. " — Naval and Military 
Gazette. 

"This is a work on Arithmetic of a peculiar, and in some respects an original 
character. Following in the steps of Professor De Morgan, the chief aim of the 
authors in explaining the rationale of the various arithmetical processes is not to 
give logical demonstrations of the several rules which a student is required to learn, 
but to carry him along some such path of reasoning as must have been travelled by 
an original discoverer ; the present concise and conventional processes being unra- 
velled, so to speak, and traced up to their first principles There is much to 

recommend in this view of teaching arithmetic ; for, as the authors remark in the 
preface, no subject is so well fitted as this for the early training of the reasoning 
powers, 'principally because the student is enabled, without apparatus of any kind, 
steadily to test all his a priori conclusions by the light of experience.' " — Educa- 
tional Times. 

"This is the second part of a treatise on Arithmetic, the first of which has been 
already favourably noticed in these columns. The subject of Fractions is here taken 
up and treated with the fulness and completeness due to the important place it 
occupies as the Key -stone of Arithmetic. ... In dealing with Decimals the authors 
have introduced the principle of 'Approximate Calculations,' by means of which 
much trouble is saved in working out results. ... It is here that the great utility 
and simplicity of Decimals is seen, and the book before us does good service in 
giving prominence to this feature. . . . We are disposed altogether to entertain a 
high opinion of the merits of this work. The way in which it leads up to the 
various rules, by mental calculations and other preparatory steps, which serve to 
break the difficulty felt by the young learner, and its general adherence throughout 
to the best principles and methods of teaching, distinguish it as a work out of the 
common run on treatises of School Arithmetic." — Educational Times. 

"We have no hesitation in saying that the right note has been struck by the 
authors of the little book, a second edition of which lies before us. ... We are 
happy to conclude with an assurance that, take it as it is, the work of Messrs. 
Sonnenschein and Nesbitt is the best in the language on the subject of which it 
treats. " — Inquirer. 

London: Whittaker Ac Co., Ave Maria Lane. 
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PEEFACE TO FIKST EDITION. 



The Second and Third Parts of our Arithmetic, bound together 
in the present Volume, treat of Fractional quantities in a two-fold 
aspect. In the Second Part the results are obtained by means of 
Vulgar Fractions, and are, often at the cost of much labour, " need- 
lessly accurate." In the Third Part, calculations are made with 
Decimal Fractions, which, in the large majority of cases, save a great 
deal of labour by systematically disregarding minute quantities. We 
have thus the power of obtaining accuracy to within any assigned 
degree, which is all that is needed in the affairs of life. To use, 
however, such methods without lapsing into slovenliness of thought, 
it has been necessary to introduce at once the notion of Limits. It 
is evident that in so elementary a treatise as this, hardly more could 
be done than indicate the existence in the human mind of such no- 
tions ; but not only is no harm done, but great good is gained, by 
opening vistas of thought to the young student, and by carefully im- 
pressing upon him that in science there is no such thing as finality. 

This consideration also must be our justification both for the 
introduction and for the superficial treatment of Converging Frac- 
tions (Part III. Chap. I.) : for their introduction, because they furnish 
the easiest conception of Approximation ; for their superficial treat- 
ment, because a knowledge of Algebra is required for their thorough 
comprehension, and they have on the whole very little bearing on 
the ultimate objects of the book. This Chapter may therefore be 
omitted at discretion. 



iv PREFACE TO FIRST EDITION 

Teachers are often in doubt as to the proper sequence of subjects 
to be taught. It has been suggested that Decimals ought to be taught 
before Vulgar Fractions, being so much more easy to manipulate. 
This theory is very tempting, but fails in the cardinal point that the 
notion of Decimals is a much later one than that of Vulgar Fractions. 
The binary divisions are in fact the earliest with which the human 
mind is acquainted. Moreover, the operations of Decimals are mere 
applications of rules previously established in Vulgar Fractions. 
Who, for example, could realize that *2 x *3 = *06, if he had not pre- 
viously understood multiplication by Vulgar Fractions ? The prin- 
ciple of appealing to the experience of the student in order to 
establish the rule, has induced us to interweave mental arithmetic 
exercises in the earlier Chapters on Vulgar Fractions. Proportion 
is treated as a later notion of Fractions, which in fact it is, so long 
as we confine ourselves to numbers. 

The methods we give for the ready Decimalization of English 
Money, Weights, and Measures, are, with a slight exception, entirely 
new. They yield, we believe, all the advantages to be derived 
from the introduction of Decimal Coins, Weights and Measures, 
without incurring the fearful inconveniences of a change, or for- 
feiting the very notable benefits conferred by the subdivision of 
the English sovereign into 20 x 12 x 4 farthings. As long as there 
are twelve months in the year, and as long as men prefer to deal 
in dozens rather than in tens, so long will 12 be a most con- 
venient factor in our coin. Whether our weights and measures 
ought to be superseded in favour of a decimal system, may be fairly 
considered an open question ; but till such change is effected, the 
methods of Part HE. Ch. VIIL, will very nearly answer the same 

purpose. 

A. SONNENSCHEIN. 
H. A.NESBITT. 

^Bwpt.^rd, 1870. 
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In the. present Edition we have made a few alterations, notwith- 
standing the disadvantages that always attend the introduction of 
changes into a School Book in general use. We had, in fact, to 
choose between the evil of stagnation and the inconvenience of im- 
provement. 

These changes (disregarding mere corrections) are : 

I. The Notion of Reciprocals has been more fully developed. 

H A separate Chapter has been introduced on the " Unitary 
Method" immediately after Division of Vulgar Frac- 
tions. 

ILL A part of the text on Ratio and Proportion has been re- 
written, notional reasoning having been substituted for 
symbolic reasoning. 

IV. Several sections in Part III. have been transposed ta 
earlier stages, viz.: 

(a) Simplification of Complex Decimals and g.o.m. and 

L.O.M. of Decimals from Ch. XIL to Ch. III. 

(b) Number of Decimal Places in a Continued Product 

from Ch. XII. to Ch. IV., with introduction of the 
two new Exercises XXI. (b) and XXIIL (b). 

(c) Compound Interest from Ch. XIL to Ch. X. 

V. The Table of Contents has been amplified. 

Of these changes, only the second requires comment, We have 
effected a complete severance between the two modes of thought ; 



VI PREFACE TO SECOND EDITION. 

ie. the more primitive mode of conscious distinct reference to Unity 
as an intermediate step, and the more advanced method of reasoning 
on relative magnitude, the reference to Unity being less prominent 
in the mind ; this last is an indispensable step towards the concep- 
tion of ratios between incommensurable quantities. 

Some writers, indeed, advocate the omission of " Proportion" alto- 
gether from Arithmetic, recommending the sole use of the Unitary 
Method, which they call "Seasoning by First Principles." We 
contend, however, that there is no special virtue in primitive methods, 
and that, on the contrary, they are necessarily cumbrous. All progress 
is towards simplicity. It is no doubt necessary that the student should 
be able to fall back upon Elementary Eeasoning, but he must not 
abide by it. We might, on the plea of " First Principles," advocate 
the rejection of Multiplication and Division in favour of Cumulative 
Addition and Subtraction. In a word, all contractions of operations 
entail the losing sight of " First Principles," and progress in any 
science would be impossible if the earlier truths had to be reiterated 
at each new step. 

By the early introduction of the "Unitary Method" there is 
gained the practical advantage that pupils are enabled to solve 
"Kule of Three" questions as soon as possible, which is a decided 
convenience in other branches of study, such as Chemistry, Natural 

Philosophy, &c. 

k. SONNENSCHEIN. 
H. L NESBITT. 

April, 1875. 



CONTENTS. 



Part II. VULGAR FRACTIONS. 

<THAP. PAGR 

I. Uniform Denominators 1 

Definition of "Fraction" 1 

"Numerator and Denominator" 2 

Improper Fractions and Mixed Numbers 4 

Addition and Subtraction T 

Multiplication of Fractions by Integers 9 

Division of Fractions by Integers 12- 

II. Interoonyersion of Denominators 18- 

Reduction to Lowest Terms 18 

i of 3 = f of 1 20 

Treatment of Remainders in Division 22 

Complex Fractions (f of}) 24 

III. Different Denominators 29 

Addition and Subtraction 29* 

Multiplication by Fractions 34 

Reciprocals 37 

Division by Fractions 39 

IV. The Unitary Method 44 

V. Various 52 

The Fraction that a is of 6 52 

Interpretation of Fractions 54 

Simplification of Fractions -L 55 

o.o.m. and l. cm. of Fractions 57 

Surface Measure 5& 

Solid Measure 62 

Miscellaneous Examples on Vulgar Fractions 64 



Till OONTENT& 

XJHAP. PAGE 

VI. Practice 70 

VII. Proportiom 77 

Ratio 78 

Proportion 79 

Inverse Proportion 87 

Chain Role 89 

Compound Proportion 96 

Proportional Parts 99 

Part III. APPROXIMATE CALCULATIONS. 

I. Converging Fractions 105 

II. Decimals (Terminating) 109 

Reduction of Vulgar Fractions to Decimals 109 

Addition Ill 

Subtraction 112 

Multiplication 113 

Division 115 

Simplification of Complex Decimals 119 

g.o.m. and L.O.M. of Decimals 120 

III. The Metric System 120 

Miscellaneous Examples on Terminating Decimals 123 

IV. Recurring Decimals 126 

Limits (Definition of) 128 

Curtailing 130 

Addition and Subtraction (Contracted) 131 

Multiplication „ 133 

Continued Product ,, 141 

Division ,, 144 

V. Progressions 151 

Arithmetical Series 151 

Geometrical Series (Ascending) 153 

Geometrical Series (Descending) 154 

Endless Geometrical Series 155 

Limit of Recurring Decimals 156 



CONTENTS. 1XT 

CHAP. PAG* 

VI. Properties or Decimals. fc 158 

Format's Theorem (§6) . 16a 

Addition and Subtraction of Recurring Decimals {not Contracted) 167 

Binals, Ternals, &c. „.... 168 

Summary of Chapter VI 169 

VII. Decimalization op Money 170 

Multiples of Sixpence 170 

The Odd Farthings 170 

Re-conversion into Money 173 

Other Fractions of a Penny 176 

Division of Money by Money 177 

VIII. Decimalization of Weights and Measures 178 

Avoirdupois Weight 178 

Troy Weight 183 

Capacity 184 

Length 185 

Surface 187 

IX. Decimals applied to Proportion 188 

X. Percentages 189 

Interest 192 

Converse of Percentage 195 

Converse of Interest 197 

Discount 199 

Compound Interest 204 

Converse of Compound Interest 206 

Equation of Payments 207 

Stocks and Investments 208 

Shares 214 

XI, Square and Cube Root 217 

Square Root 217 

Cube Root 228 

Properties of Squares and Cubes 233 



X CONTENTS. 

<JHAP. PAOW 

XII. Various 236 

Interconversion of Fractions in Different Scales 236 

International Calculations 237 

XIIL Arithmetical Complements 243 

Synthetic Division (Additive) 244 

Synthetic Division (Subtractive) 250 

XIV. Miscellaneous Examples 251 



PAET II. 

VULGAR FRACTIONS. 



ARITHMETIC. 



2/ 



Part II VULGAR FRACTIONS. 



CHAPTER L 

UNIFOBM DENOMINATORS. 

§ 1. The word Fraction is derived from the Latin fr actus, broken, 
and Fractional differs from Integral Arithmetic in that it deals with 
parts of things instead of with whole things ; but, as we shall see, 
the same notions of More and Less still apply. It is to be under- 
stood that the parts here spoken of are only such as are obtained by 
dividing the whole into equal parts. 

§ 2. If a whole is divided into two equal parts, each of them is 
called one-half; and therefore there are two halves in a whole. 

If a whole is divided into three equal parts, each part is called 
one-third, and therefore there are three thirds in a whole. 

If a whole is divided into four equal parts, each part is called 
one-fourth, or one-quarter, and therefore there are four fourths or 
quarters in a whole. 

Similarly a whole may be divided into seven sevenths, twenty-one 
twenty-firsts, thirty-two thirty-seconds, &c. 

Exercise I. 
Find one-half, one-third, one-quarter, one-fifth, one-sixth, one- 
seventh, one-eighth, one-ninth, one-tenth, one-eleventh and one- 
twelfth of £57. 15s. 

§ 3. One-half, one-third, &c, are written, £, \, \, £, £, &c. 

Two-thirds of a whole are obtained by dividing the whole into 
three equal parts, and taking two of them. 

Three-quarters of a whole are obtained by dividing the whole into 
four equal parts, and taking three of them. 
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Five-sevenths of a whole are ohtained by dividing the whole 
into seven eq'ial parts, and taking five of them, and so on. 

These parts are written, § , £ , £, &c. 

The lower figure of every fraction, then, shews us into how 
many equal parts the whole has been divided, and might therefore 
be called the Divisor; but by shewing us the number of parts into 
which the whole has been divided, it also shews us the Name of each 
part, and is therefore called the Namer, or, more commonly, the 
Denominator. 

The upper figure of every fraction shews us how many of these 
parts we take, and is therefore called the Counter, or, more commonly, 
the Numerator. 

N.B. The German words ZahUr and Nenner give the same ideas in more fami- 
liar language. In German, the ordinal fUmfte is clearly distinguished from the 
fractional Fiinftel; but unfortunately in English the word fifth has both these 
meanings, which sometimes requires to be pointed out. 

The words Numerator and Denominator are derived from the Latin numerare, to 
count, and nominare, to name. 

Example. Find § of £157. 4a 5{d. 

i of £157. 4*. 5\d. = 3) 157 4 5j 





lof 


>» 


52 8 If 
2 






= £104 16 34 








EXEROISE II 




Find (1) § of 
(2) fof 
(3)1 of 
W£of 

(5)£ of 
(6) fof 


£. 8. 

197 15 

1037 17 

23 7 

1001 15 

893 1 

347 13 


d. 

6 

9f 



9f 

6 


£. t. 

Find (7) 4 of 8043 17 

(8) ^ of 27419 12 

(9) ^ of 489 18 

(10) ii of 3584 16 

(11) Art 23 7 

(12) ^ of 65 17 


d. 
3 

Hi 
3 

9f 
9 



Exercise A.* 

(1) A journey is divided into two equal parts; what will each 
part be called ? Am. One half of the journey. 

(2) A goose weighs 7 lbs. and half its own weight ; what is the 
weight of the goose 1 Ajm. 14 lbs. 

* All Exercises numbered alphabetically are to be worked mentally. 



CP, L] UNIFORM DENOMINATORS. 3 

(3) A post is buried one half in the ground, and there are five 
feet above ground ; what is the length of the post 1 Am. 10 feet. 

(4) A post is driven through the water into the ground below ; 
J is in the ground, £ under water, and 10 feet above the water. 
What is the length of the whole post ? Arts. 30 feet. 

(5) Divide the half of 6<f. among 3 children ; what will each child 
get? Arts. Id. 

(6) How much is § of 1*. ? Am. ScL 

(7) Out of Qd. I spend £ of 1*. ; how much is left me ? Arts. 2d. 

(8) Find the difference between § of Is. and \ of Is. Am. 2d. 

(9) From f of £1 take \ of 1*. Am. 14*. 6d. 

(10) From f of £1 take § of a guinea. Ans. Is. 

(11) I sold £.of a dozen of wine; how many bottles were left ? 

Am. 2 bottles. 

(12) To | of £1 add £ of U Am, 12a. lOd. 

(13) How much is £ of an hour ? Am. 24t minutes. 

(14) How would you get ^ of a thing ? 

Am. Divide the whole into 11 equal parts and take 7 of them, 

(15) If I cut off £ of a thing, what part of the whole will be left 1 

Am. £ of the whole. 

(16) Distribute y of a guinea among 6 persons. Ans. 2s. each. 

(17) How much is ^ of a yard ] Am. 1 ft. 3 in. 

Exercise III. 

(1) Find the length of | of a mile. 

(2) Divide ^- of a mile into 8 equal parts. 

(3) Find £ of a ton. 

(4) Find f of 1 lb. troy. 

(5) Find the value of £$ + £% + £ of Is. 

(6) Find the value of § of a guinea + £\ — £ of Id. 

(7) Distribute £ of 1 cwt. of coals among four persons* 

(8) Divide the distance of ^ of 7 miles into 8 equal portions. 

(9) If I spend § of a guinea per day, how much is that in 10 days 1 

(10) Find the value of the whole amount, if | of it is £429. 
6s. Sd. 

(11) Find the value of ££, ££, £§, ££, £\ , j&j, £f, Jt% £$, jBfc 

*fc % *|, £1, £i, £&> £&> &&> *A> Afe- 

« b2 
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(12) Find the value of J of 1«., £ of 1*., § of 1*., J of 1*., f of U, 
J of 1*., £ of U, J of Is., | of U, | of U, | of U, ^ of Is. 

§ 4. We know that £ means a whole divided into 5 equal parts, of 
which we take 4 ; similarly -| means a whole divided into 5 parts, 
of which we take all 5, that is, -| is the whole ; but what is the 
meaning of £? We must evidently extend our definition of a 
fraction. £ must mean that more wholes than one are divided into 

5 equal parts each, and that we take 6 such parts. 

S_8_4_5_6 A~ _ 1 . 

i> t> f > t are eac k 1 0SS * nan un ity J 

4 = unity, and £, £, f , &c, are each greater than unity ; hence, 

If the numerator is less than the denominator, the value of the 
fraction is less than unity. 

If the numerator equals the denominator, the value of the frac- 
tion equals unity. 

If the numerator is more than the denominator, the value of the 
^•action is more than unity. 

Fractions which are less than unity are called Proper Fractions. 

Fractions which are equal to or more than unity are called 
Improper Fractions. 

Quantities consisting of an integer and a fraction are called 
Missed Numbers; e.g. 3 J, 5f, H4^£. (These are read three and a 
half; five and two-thirds, &c.) 

Exercise B. 

(1) How many halves in 1 J ? 

(2) How many halves in 5 \ 1 

(3) How many thirds in 3f % 

(4) How many thirds in 5 wholes t 

(5) How many quarters in 2f ? 

(6) How many wholes in 10 halves? 

(7) How many halves in 10 wholes ? 

(8) How many wholes in 17 halves? 

(9) How many wholes in 17 thirds ? 
(10) How many wholes in 20 fifths ? 



Am 


i 3 halves. 


91 


11 halves. 


99 


11 thirds. 


99 


15 thirds. 


n 

V 


11 quarters, 
5 wholes. 


91 


20 halves. 


99 

99 
W 


8J. 

4 wholes. 
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(11) Reduce to whole 


or mixed numbers : 






V 3 . Am. 2£. 


V- Ans. 3^. 


V- 


-4w*. 3|. 


V- » 3f. 


20 Al 


8 5 
TXT- 


Q 5 
» °TTT- 


11 12 

"9" • 99 A TT 


80 Q 


85 
T3* 


» ^T7» 


IT 02 


80 O 8 
TT- » ^TT 


85 
7' 


112 


(12) Eeduce to improper fractions : 






9f. Ans. y. 


8f ^tw. V°. 


6f 


iiiw. y. 


10* 54 


K 7 6T 
°T5' » Ttf- 


llf. 


85 
» 7 • 


a 4 70 
°TT- » TT 


1A T 187 


4f 


40 


54 20 


4-5: * 9 


3i 


11 


» IT' 



(13) I distributed seven apples among some children, giving to 
each J of an apple. How many children were there ? 

Ans. 21 children. 

(14) Which is greater, and by how much, -J or 2 wholes ? 

Ans. 2 wholes are greater by £. 

(15) If I cut up 8f yards of tape into strips of £ yard each, how 
many strips shall I get % Ans. 42 strips. 

§ 5. Eeduce the mixed number 8^ to an improper fraction. 
One whole = f| ; eight wholes = \^, and the -^ make \gg. 

Exercise IV. 
Eeduce to improper fractions : 

(1) 2*. (6) 84^. (11) 41^. (16) 5000^ 

(2) 3J. (7)864*4. (12) 41^. (17) lOOff. 

(3) 7f (8) 46^. (13) 41^. (18)1000014. 

(4) 8f. (9) 46^. (14) tty^np (19) 3001^. 

(5) 12tf- (10) 46^ (15) 400^. (20) 73Jf 

Exercise C. 

(1) How many wholes in 3 halves ? Ans. 1 J. 

(2) „ „ 5 halves? „ 2J. 

(3) „ „ 5 thirds] ,, If, 

(4) „ „ 5 quarters? „ 1J. 

(5) , ; „ 7 quarters ? „ If. 

(6) „ „ 11 quarters? „ 2f. 

(7) „ „ 11 fifths? „ 2i 
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(8) How many wholes in 15 fifths 1 Am. 3. 

(9) Find the difference between 5 wholes and 18 fifths. „ If. 

(10) If I spend % of a shilling in a day, what shall I spend in 14 
days) Am. 2*. 

(11) If I have 32-fifths of a cake, and wish to give a whole cake 
to each child, to how many children can I give it ? 

Am. 6 children and £ of a cake over. 

(12) Eeduce to whole or mixed numbers : 

%°. AnsAO. 
loo m • 

117 117 

TO* » X1 TO' 

12 8 19 8 

TO* w A ^TO' 

180 1Q 

TXT* W 10 TO' 

180 1 80 

totf- •» x too~* 

428 A 28 

tott- » *too~- 

4080 JA 8ft 

TOTF • M * v TOO"- 
4080 y« 8 

1000* >> A 1000 - 
4080 1 

4080* n x - 

§ 6. Reduce ^ and 5 ^° to whole or mixed numbers. Since there 
are 23 twenty-thirds or 29 twenty-ninths in every whole, m marly 
times as we can get 23 twenty-thirds out of 299 twenty-thirds, or 
29 twenty-ninths out of 529 twenty-ninths, so many wholes will 
there be. Divide therefore the numerator by the denominator; 
the quotient will be wholes, and the remainder, if any, will be frac- 
tional parts with the same denominator as the proposed fraction. 
23)299(13 29)529(18 

69 239 

7 
W = 13 W=18& 

Exercise V. 
Eeduce to whole or mixed numbers : 

(i) y. (6) s a 9 . (ii) w- as) •*«". 

(2) V. (7) Vr 9 - (12) W- (17) • W- 

(3) V 9 - (8) tt- (13) •4J 1 . (18) 6 ±^* 7 



15 


Arts. 


7J. 


65 
T^- 


-4*W. 


^r 


y. 


99 


6J. 


ll 

TO- 


'9> 


1 1 

1 TO- 


27 


99 


6|. 


27 
TO- 


99 


**» 


87 


w 


7f 


4*- 


99 


3to« 


87 




6f 


48 




*TO* 


V 


99 


Ter- 


99 


87 




•5f 


se 




°TO' 


T- 


•99 


TO- 


99 


V- 


99 


4f. 


65 

TO- 


9J 


°TO> 


y. 


99 


4*. 


74 
TO' 


99 


7 4 

'TO- 


45 




5. 


88 




8A- 


TT* 


99 


TO' 


99 


50 




«f 


02 




*>A- 


IT* 


J9 


TO' 


9> 



1000 
648507 
10000 • 

(5) X | T . (10) &• (Iff) "«••. (20)«S*»- 



(4) V. (9) 8 i&?. (1*) "A 9 *- (19) "-^^ 
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§ 7. Addition and Subtraction op Fractions. Let us recal the 
meaning of the symbol f . We have said above that it means 3 
pieces of equal size, each of which is called or named a quarter. 
Similarly, y means 4 equal pieces, of which each is called a seventh. 
Note that the symbol 4 performs very different functions above and 
below the line. Above the line it represents quantity or number; 
below the line, name. 

"In Addition and Subtraction we must always have the same 
kind of units, viz., so many things of one kind added to or taken 
from so many things of the same kind." (Part I. p. 59.) It follows 
that we can only add or subtract fractions of the same denomination. 





Exercise D. 


<!)*+* 


Am. 2. 


(11) 2|-j. ^m If 


(2) f + S + i 


„ If 


(12) 1-(W) „ f 


(3) i + J + f 


» H- 


(13)24+34. „ 6f. 


<*) # + f 


n H- 


(14)4 + |. „ 2|. 


(8);^* 


» 1*. 


(15) l£-f „ f 


(6) 1J + 2J. 


„ 4- 


(16) IJ + f „ 2|. 


(7) ll+2f. 


» 4. 


(17)lf-|. „ If 


(8) SJ + f 


„ 4- 


(18)2^-1^. „ 1&. 


(9) 2f+li. 


,, 4. 


(19) S-8&. „ A- 


(10) 4f-f 


» 2J. 


(20)3^-1^. „ 1,V 


Simplify £- + A + 


14 , 11 

TT + TT- 


Arts, ff = 2^. 


Simplify 8^ + 6^ 


, K14 . 11 

■ + °tt + rr- 


^n«. 19f|=19+2^ r = 21^ r . 



It is generally shorter, however, to add the fractional parts first 
and carry the wholes ; thus, in this last example, the fractions come 
to f| or 2^- ; put down -^ and carry 2 to the wholes. Similarly, 
in Subtraction we shall first deduct the fractional part, and then the 
wholes, but if the number of pieces in the subtrahend exceed that 
in the minuend, we must break up one of the wholes of the minu- 
end, or else add the value of a whole to both terms, as we have done 
in subtraction of money. Thus : 
9f— 7 =2f; 

9| — 7f = 2 ; 

9 — 7f = 8f— 7f = lf ; 
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or, 9 -7f = 9|-8f=l|; 
or, 9| — 7f = 9|-8f = lf. 

Exercise VL 

(1) 2| + 3|+5|. 

(2) 8| + 7J-rl5§+l$. 

(3) 42J + 58| + 3i+19f+lll. 

(4) 73| + 5| + 71 + 184| + 2049f 
(5)5^ + 8^+12^.+ !^. 

(6) 3^ + 52^ + 87^ + 943^ 

(7) 278ft — 189. 

(8) 278ft - 189ft. 

(9) 278ft - 189ft. 

(10) 278 — 189ft. 

(11) 278ft — 189ft. 

(12) 52^ + 86^ + 42^ + 5^ + 84^ 

(13) 584^ + 129^ + 43^ + 3^ + 4^+1^ + 6^ 

(14) 1^ + 6^+11^+17^ + 22^ + 27^. 

H R\ 9_iJL_ 4- 3 154 4. /i 265 , fl 376 , ft 487 , 7 608 . Q 709 . 

1 1 
x iooo # 

(16) 20l2i% _ 789 

(17) 2012™ — 789|f. 

(18) 2012±| _ 789™. 

(19) 2012 — 789-^f. 

(20) 2012£J- — 789|f. 

(21) 34^ + 18££ + 49™ +519f$ + ft 

(22) 4301^ — 896. 

(23) 4301^ — 896^-. 

(24) 4301 — 896^. 

(25) 4301^ — 896*o. 

(26) 100^ — (12^+16^ + 20^ + 24™). 

(27) (14^ + 16^ + 18™ + 21 JV + 23JV) — 10#. 
(28)^(5^ + 11^ + 18^+ 24^ + 31^ + 37^) - (1 T ^ 

+ ^nnr + ^tto + ^Tim + 27^^ + 33^^). 

(29) (538ft# + 169f *$) + (538ft£ - 169|^> 

(30) (538ft$ + 169f^) - (538ft| - 169f ^> 
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(32) 7£f + 7££ + 71f + 7£f + 71f + 7£f + 7£f. 

(33) 8| + 8| + 8| + 8| + 8f 

§ 8. Multiplication op Fractions by integers. 

Exercise E. 

(1) How much is 3 times J ? 4w& 1£. 

(2) „ 5 times |? „ 7 J. 

(3) „ 8 times |? „ 12. 

(4) „ 5 times §? „ 3£. 

(5) J of |? „ f. 

(6) „ £of4£? „ 11 

(7) „ i<rf2|! „ f 

(8) „ * of 2*1 „ f 

(9) How many times can we take £ out of 2\ % Ans. 3 times* 

(10) „ „ £ out of 2* ? „ 5 times. 

(11) „ „ If out of 5±1 „ 3 times. 

(12) Divide 5 J into 7 equal parts. Ans. £ to each part. 

(13) Divide 7^ into 6 equal parts. „ \\ to each part 

(14) Eepeat § fourteen times. Ans. 5£. 

(15) What is the seventh part of 5f? „ £. 

(16) Distribute 4£ cakes among 6 boys. 

Ans. -J- of a cake to each boy. 

(17) If I walk 2-J- miles an hour, how long will it take me to 
walk 8f miles 1 Ans. 3 hours. 

(18) Take £ ten times. Ans. 5£. 

(19) Divide 5% into 10 equal parts. Ans. ■$■ to each part. 

(20) How many times is £ contained in 5£ ? Ans. 10 times. 

(21) Eepeat § eight times. Ans. 5. 

(22) I distributed 8* cwt. of coals among some persons, giving 
to each 1-f cwt. How many persons were there % Ans. 5 persons. 

(23) If I spend f of a shilling a-day, how much shall I spend in 
6 days, and how long will 8s. last me ? 

Ans. \%s. in 6 days ; 28 days. 

(24) HI strip is 1§ yards long, how many strips can I make of 
10 yards 1 Ans. 6 strips. 
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(25) If I sell § of a load of hay 8 times, how much do I sell ? 

Am. 5\ loads. 

(26) If one cap is made of 4 of a yard, how many yards are 
^wanted for 7 caps ? Am. b% yards. 

(27) If 1 coat requires 2f yards, how many coats can be cut out 
■of 13f yards % Am. 5 coats. 

(28) How many strips of carpet, each If yards long, can be cut off 
* remnant 8f yards long ? Am. 6 strips. 

(29) How many times will a wheel, £ of a yard in circumference, 
turn round in travelling over 12£ yards ? An*. 15 times. 

(30) How much ground will be travelled over by a wheel, If 
.yards in circumference, after it has made 7 turns % Am. 9f yards. 

(31) How much ground will be travelled over by a wheel, 1£ yards 
in circumference, efter it has made 4 J turns ? Am. 6f yards. 

(32) Find the circumference of a wheel which makes 9 turns in 
travelling over 1\ yards. Am. £ of a yard. 

Let -j- be 1 farthing, -^p = 1 halfpenny, -y = 1 penny, -§- = 1 
shilling. 

■y- x2 = -f-=-gpr; again,^- x 12 = ^ = -|; similarly, -f x 12 = 

=8 4 7_ 

p - s* 

In each case here we have two answers, one obtained by alteration 
t>f the number of the things, and the other by alteration of the nam* 
of the things, keeping their number the same. In the same way, 

\ x4=| =J v*l whole = |. 
lW=iW vlwhole = ff. 
^ x 3 = ^f = £ , being 4 times as much as -^ x 3. 

Comparing the two answers to each of these questions, we again 
perceive that multiplication may be performed either by change of 
the number of the things or of the name of the things. 

Examine the nature of each of these changes. When the number, 
i.e. the numerator, is changed, we multiply, but when the name, i.e. 
the denominator, is changed, we divide. These two operations cor- 

* •.•= because; .*.= therefore. 
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respond to our previous notions of fractions. Thus, if we wish to 
treble any number of slices of a cake, we may either take three 
times as many slices, or make each slice three times as large. Sup- 
pose each slice to be ^ of a cake ; 3 times 4 such slices, or ^ x 3, 
will be either 12 such slices, i.e. ££, or 4 slices each 3 times as large 
as -j^-; but 3 times yj *& Ts^ii •'• *^ e ^ slices will be 4 ] hence 
^ x 3 = ^4 or t« Of these two answers, 4 being the simpler is 
.preferable. 

^x5^JJ. Here, 5 not being a measure of 16, we can at 
present apply only the first method. 

Learn by heart : To multiply a fraction by an integer, multiply 
tJie numerator &r divide the denominator. Division is p?*eferable 
where it can be done without remainder. Thus : 
18 v 9 _ 13 _ 1 3 

18 y O_84 _ IIP 

"sir* ^-Ytf- 1 ^- 
^x4 = V =:2 3. 

13 x6 = l T 3=:3i. 

U x 7 = ^ = 4^, &c. 

3A x 3 = 9|- = 10 J, or, beginning with the fraction, -^ x 3 = £ = 1 J, 
put down J and carry 1 whole : 3x3 + 1 = 1 0. Ans. 10 J. 
3^x4 = 13§. 
3^x5 = 17^, &a 

Exercise VIL 

(1)^x2,3,4,5,6,7,8,9. 

(2) H x 2, 3, 4, 5, 6, 7, S, 9, 10, 11, 12, 20. 

(3) ^ x 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 16, 18, 24, 36, 72. 

(4) ^ x 2, 3, 4, 5, 7, 9, 10, 20, 25, 30, 50. 

(5) *** x 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 20, 30, 40, 50, 60, 70, 
80, 100, 120. 

(6) 4^x2,3,4,5,6,7,8,9,10. 

(7) 11^x2,3,4,5,6,7,8,9,10. 

(8) lia^fc. x 2, 4, 5, 7, 11, 20, 24, 25, 100, 500. 

(9) What will 9 men pay for their dinner, if each pays £ of a 
crown ? 
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(10) If 1 horse eats f of a load, what will 4 horses eat 1 

(11) If I consume 2^ bushels a-week, how much shall I con- 
sume in 7 weeks 1 Also in 4 weeks ? 

(12) What will be paid for 6 articles at £l{$ each ? 

§ 9. Division op Fractions by integbbs. 

Exebcise F. 

(1) What is i of J? Ans. J. 

(2) How many thirds are there in a whole f Ans. 3 thirds. 

(3) If each third is cut in half, how many of these smaller pieces 
will there be in the whole ? Ans. 6 smaller pieces. 

(4) What part of the whole would each smaller piece be 1 Am. \. 

(5) How much then is \ of J ? „ \. 

(6) How many halves in a whole f Ans. 2 halves. 

(7) If each half is divided into three equal parts, how many of 
these smaller pieces will there be in a whole ? Arts. 6 smaller pieces. 

(8) What part of the whole would each piece be I Ans. J. 

(9) How much then is J of £ ? t> i* 
Teacher. Therefore J of J = £ of £ = £. 

Illustration : A- 





! 




E 





B 

AB is the whole, AC the half, AD the third, AE either half of 
the third, or one-third of the half, or one-sixth of the whole. 



Similarly J of i = i of J = ^: 



(10) i of i. 

(11) * of J. 

(12) J of |. 

(13) i of J. 

(14) i of A* 

(15) I + 2. 



Ans. ^. 

i 

1 
"2T* 

1 
"2T* 

1 

my 



» 



»> 



i- 



(16) 
(17) 
(18) 
(19) 
(20) 
(21) i of f 



t 

i 

1 

T 

1 



-AttA 



*• 

1 
1 
1 

i 

T2"* 
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(22) 
(23) 
(24) 
(25) 
(26) 
(27) 
(28) 
(29) 
(30) 

(31) 
(32) 
(33) 
(34) 
(35) 
(36) 
(37) 
(38) 
(39) 
(40) 
(41) 
(42) 

-jr + 2 means that 6 pence are to be distributed into 2 equal 



f of f 


ii/M. 


1 


(43) 


1 n f 1 

TT 0I TT- 


<4n#. 


1 

TTT- 


$ + 8. 


99 


1 


(44) 


1 n f 1 


99 


1 
TTT- 


♦ + 9. 


99 


1 


(45) 


1 nf l 
TT 0I TT- 


99 


1 
TTT- 


♦ off 


99 


1 
*T' 


(46) 


1 nf l 
TT 0I T2T- 


99 


1 
TTT- 


♦ + 5. 


99 


1 
TT* 


(47) 


1 nf 1 
TT 0I TT- 


99 


l 
TTT- 


1 n f 1 

T 0I T- 


99 


1 
TT- 


(48) 


1 


- 9. 


99 


1 
TT- 


l • 7 


99 


1 
TT- 


(49) 


1 

T " 


- 5. 


99 


1 
TT- 


T 0I V- 


99. 


1 
TT' 


(50) i n 


- 7. 


99 


1 
TT- 


♦ off 


99 


l 
TT- 


(51) 


1 
T " 


- 8. 


99 


1 
TT- 


♦ off 


99 


1 
TIT' 


(52) 


1 
T " 


5- 4. 


99 


1 
TT- 


♦ of f 


99 


1 
TT- 


(53) 


i - 


- 7. 


99 


1 
TT- 


♦ off 


99 


1 
ITS"' 


(54) 


♦ - 


- 3. 


99 


1 
TT- 


♦ of i 


99 


1 


(55) 


♦ - 


- 8. 


99 


1 
TT- 


1 nf ! 


99 


1 


(56) 


1 

TT ~ 


-12. 


99 


1 
T3T* 


A of f 


99 


1 


(57) 


1 
TT " 


-11. 


99 


1 
TTT- 


♦ •of f 


99 


1 
TT- 


(58) 


1 
T " 


^ 8. 


99 


1 

tt- 


♦ of f 


99 


1 
TT- 


(59) 


1 
TT " 


r 4. 


99 


i 

TT- 


A of dr 


99 


1 


(60) 


1 
TT - 


r 2. 


99 


l 
TT- 


♦ off 


99 


i 

TT* 


(61) 


♦ - 


^20. 


99 


1 
TT- 


♦ off 


99 


1 
TT- 


(62) 


♦ - 


- 5. 


99 


1 

tt- 


♦ off 


*9 


1 
ST- 


(63) 


1 
TT " 


rlO. 


99 


tift- 



parts. Am: -p- to each part, 

\ -4- 2 = -^-; similarly, \ + 2 = -^; and -f ~ 2 = 1 fp =-f-. 
In this last case, we have two answers, one obtained by alteration of 
the number, and the other by alteration of the name. In the same 
way, f. ~ 2 = y to each part, y -r- 2 = ? Here we cannot divide 
the number; can we solve the question by altering the name ? We 
have to divide a seventh into two equal parts, i.e. to find the half 
of T . Am. ^ 
also y h- 2 = ^ 

by dividing the numerator, the other by multiplying the deno- 
minator. As before, these two operations correspond to our previous 
notions of fractions. Thus if we wish to distribute any number of 
slices of a cake among three persons, we may either distribute the 
slices, or break up each slice into three equal parts. Suppose each 



y^- to each part. Similarly, f^-2 = yy to each part; 
y -r- * = TT , but T -r 2 = T , therefore we obtain two answers, one 



14 VULGAR FRACTIONS. [CH. I. 

slice to be \ of a whole cake ; in dividing 6 such slices among 3 
persons, we may either give 2 slices to each, i. e. £, or we may break 
up each seventh into 3 parts, and give to each person 6 such parts, 
of which each is J of \, or ^-, therefore each person will have ^-. 
Of these two answers* £ being the simpler is preferable. 

£-i-3. Here, 3 not being a measure of 5, we can only apply 
the method of breaking up the pieces. Am. -fa. 

Learn by heart : To divide a fraction by an integer, either divide 
the numerator or multiply the denominator. Division is preferable 
where it can be done without remainder. 

f -r- 2 = £ to each part 

8 . Q _ 8 

v ~ ° — YT 99 

8 . A _ 2 
V"* - ¥ 99 

8 . K_ 8 
■y-r-O-^ „ 

1*^2 = V 2 -2= $ to each part 

15 . Q __ 12 . Q _ 4 
ly-r-O— t -t-0— y „ 

1 5 . A — 12 . A — 3 
15 . tf_ 12 . K_ 12 



15 . £ _ 12 . fi_ 2 
15 . 7— 12 . 7 __ 12 

I-?-- 12 = V 2 * 12 = I to each part 
14f -s- 2 = 7| to each part. 
14^3 = 4^ „ 

Working: 3) 14? 

4 wholes and 2? or \f over ; Y-*-3=|f fc 
14f -5. 4 = 34 to each part. 
Working : 4) 14? 

3 and 2? or V over ; Y-=-4= f. 
14£ * 5 = 2£ to each part. 
Working: 5) 14? 

2 and 4| or V over; V-i-5«f» 
14f-f-6»2f|toeachpart 
Farfcfcy.- 6) 14? 
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Exercise VIII, 

(1) #+8,8,4,5,6,7,8. 

(2) |f +2,8,4,5,6,7,10. 

(3) ^+2,3,4,5,6,10,20,100. 

(4) 51 + 2,3,4,5,7,10. 

(6) 38| + 2, 3, 4, 5, 6, 7, 8, 12, 20. 

(6) 1423^+2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12. 

§ 10. The two rules for multiplication and division of fractions by 
integers can be summarized thus : Either perform on the numerator 
the operation indicated by the sign, or on the denominator the 
opposite of what the sign indicates. In each case division is pre~ 
ferable to multiplication where it can be done without remainder. 

Exercise IX. 

(1) |4* x 2, 3, 4, 5, 6, 7,8,25,35,175. 

+ 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 16, 18, 72. 

(2) 8^x2,3,4,7, 11,. 12, 77. 

+ 2,3,4,5,6,7,10,23,230. 

(S)Kndi,J,i$,i,fci,4 > A<rfii 

(4) Find J, i, J, i, J \, \, *, & of 860^. 

(5) A Hanoverian mile is 4£f English miles nearly. Find the- 
length in English miles of 11 Hanoverian miles. 

(6)Find§,i,!,f,;,^of2522&. 

(7) How long will 13-J- pieces be, if 3 are 8£ yards in length % 

(8) Distribute 9 J cwt. of potatoes among 7 families of 5 persons- 
each. How much will be given tp each family, and how much to . 
each person ? 

(9) H 1 person consumes ^ of a lb. a-day, how much will a. 
family of 5 persons consume in a week ? 

(10) Find the average of the following lengths : 1-^- yds., 1-fa 
yds., 1^- yds., ^ yds., 1^- yds. 

(11) I empty into a vat 2 vessels of 4£ gallons each, 3 vessels of* 
2% gals, each, 7 vessels of 1£ gals, each, 5 vessels of 4| gals. each. 
Distribute the contents of the vat into 2 equal vessels ; also into 3*. 
4, 5, 7, 12, and 29 equal vessels. 
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(12) If I walk 3£ miles an hour, how far shall I walk in 2, 3, 4, 
5, 6 hours ? 

§11. J x 8 = 1 whole; therefore f x 8 = 3 wholes, £ x 8 = 7 wholes, 
Similarly ^j- x 11 = 1 whole, ^ x 11 = 6 wholes, &c. Hence : 

Learn by heart : Any fraction multiplied by its denominator gives 
/or answer its numerator as a whole number. 





EXEBOISB X. 


(1)A*13. 


(5) 10^x19. 


(2)&x23. 


(6) 463|| x 62. 


(3) tttix 9711. 


(7) 8f x 7, 14, 21. 


(4) 6 j x 5. 


(8) 10^ x 24, 36, 60. 



Exercise G. 
§ 1 2. (1) How many times are J contained in 5 J ? Ans. 7 times. 

(2) If one cap requires 1 J yards, how many can be made out of 
5 J yards? Ans. 3 caps. 

(3) A distance of 5^ miles is divided into lengths of ^ of a 
mile each. How many such lengths are there ? Ans. 10 lengths. 

(4) By what number must £ be multiplied to give 4f ? Am. By 1 1. 

(5) How many times is f contained in 9 wholes ? Ans. 24 times. 

(6) If one dinner cost £ of half-a-crown, how many dinners will 
3 half-crowns pay for 1 Ans. 5 dinners. 

(7) Interpret 8|-rf. 

Ans. How many times are § contained in 8f . 

( 8 ) 8f -s-f Ans. 21 times. 

(9) Interpret 4f -*-£ and 4f *6. 

Ans. The first means, How many times are \ contained in 42 • 
the second means, Distribute 4f into 6 equal parts. 

(10) What are the answers then? 

Ans. 5 times ; and £ to each part 

(11) If a man spends $ of his daily wages, how many days will it 
take him to accumulate 4 days' wages ? Ans. 10 days. 

(12) (If + •) + (1* — f). Ans. 4 time* 



OH. l] uniform denominators, 17 

Exercise XL 

/f\ 7ft 1 * .*. * * 4 ^ 8 n 16 
\ x / • u Tff * *5"3> T5» Tff> Tff> T5> Tff> T5* 

(2) 76||^3|i,4i|,7||,19^. 

(3) If a wheel is 2£ feet in circumference, how many turns will 
it make in travelling over 17£ feet 1 

(4) How many times is -^ contained in 4££ ? 

(5) To how many people can I give %$ of a load each out of 5^ 
loads] 

Exercise XII. 

(1) If I consume 2| bushels in one week, how much shall I 
consume in 3 days ; also in a quarter of a day 1 

(2) Divide 3417| by 45. 

(3) If I spend alternately £J\ and £% in a day, how much shall 
I spend in 14 days, and how long will £84 last me 1 

(4) Find the value of ^ of a guinea + f of a shilling — £ of 9d 

(5) Find the value of ££ of £209. 1U 2£d. 

(6) 2tfx 2, 3, 4, 5, 6, 7, 8, 9, 10,35. 

(7) 2||-2,3,4,5,6,7,8,9,I0. 

(R\ 92« .1 8 24 113 

(9) If | of a ship cost £3259. 11*. 8£, what will the whole cost ? 
Also what will £ cost ? 

(10) If a certain number of trusses of hay were accurately distri- 
buted among 359 horses, each would have 2^^ trusses. How many 
trusses were to be divided 1 

(11) Simplify (9|£ + 11^ + 13£- + 15^- + 17^ + 19^) — 
<Sfr + 7^ + 6A + 6^ + 5A + 4i|). 

(12) How many times is the difference between \ of 1^ and \ 
of \\ contained in the sum of 3 times 10£J and 5 times 9 T | Ty ? 

(13) Find the length of 7 pieces, if each is 12-g- yards long. 

(14) Find the length of 5f pieces, if each is 60 yards long. 

(15) Find the length of 147| pieces, if 9 pieces are 113f yards 
longi 
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CHAPTER II 
INTERCONVEBSION OF DENOMINATOBa 

§ 1 . We have seen that by multiplying the numerator, the valuer 
of the fraction is multiplied ; by multiplying the denominator, the- 
value of the fraction is divided. Hence : 

By multiplying both numerator and denominator by tlie sam& 

r Jt v ft St A 

number, the value of the fraction is not altered. Thus y a »^j ss g'' 
We have, in fact, six times as many pieces as before, but each piece 
is one-sixth of the original size. 

By dividing the numerator, the value of the fraction is divided £ 
by dividing the denominator, the value of the fraction is multiplied* 
Hence : 

By dividing both numerator and denominator by the same number 

©A a/\ * a pr 

the value of the fraction is not altered. Thus : 42= 42^6 = 7' ^* 
have, in fact, one-sixth of the original number of pieces, but each 
piece is six times as great as before. 

The numerator and denominator are called the terms of the frac- 
tion. By dividing numerator and denominator of a fraction by tha 
same number, the fraction is reduced to lower terms, and when the? 
terms are prime to each other, the fraction is at its lowest terms. 

Reduce fjy££ to lowest terms. 

Applying the tests of Part L Ch. XI. § 8, we instantly find that 
both terms are divisible by 4, .\ fjrir = £tjt££' This fraction is; 
again reducible by 4, ,\ \a\ii = f&ir- We have now got rid of all 
even common measures, and applying the test for 3 or 9, we find 
the fraction reducible by 9, .-. jgift ~Tff* Repeating this test, we* 
find it reducible by 3 and not by 9, .-. £fx = T¥T- We nave now 
got rid of all common measures which are multiples of 3. Applying 
the test for 11, we find the fraction reducible by 11, .\ xlf = tt«> 
13 ajid 17 being prime to each other, the fraction is reduced to its 
loweg* terms. 

4) 4) 9) 3) II) 

Mod. op.: 61776 I 15444 | 3861 1 429 I 143 1 13 
80784 I 20196 ! 5049 ! 561 I 187 I 17 
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Reduce ££§t *° lowest terms. Here none of the tests above referred 
to reveal a common measure. Find g.c.m. of the terms. It is 59. 



1,71 



w) 



4189 
59 



4307 
118 



4189 | 
4307 i 



71 
73 



69 
to lowest terms, 
measure, and g.o.m. is found to 
already at its lowest terms. 



***u» && 



117 I 119 
Reduce iVoesVA t° lowest terms. 



The tests give us no common 
be 1. Therefore the fraction is 



1287 4760 



4) 



7850304 



4) 4) 9) 11) 413) 

1962576 I 490644 I 122661 | 13629 | 1239 



13083840 | 3270960 | 817740 | 204435 | 22715 I 2065 | 5 
Here the first five divisors were found by inspection; the last by 

the process for g.c.m. 

1239 I 2065 
413 | 413 
To test the accuracy of the result, divide the original numerator 
by the last numerator, and the original denominator by the last de- 
nominator. The two quotients should obviously be the same. 
3)7850304 5 )13083840 

2616768 2616768 

Exercise XIIL 
Reduce to lowest terms : 



a) ft 

(2) n- 

(3) ft 

(4) ft 

(5) * 

(6) ft 

(7) T^r- 



tutf* 



(8) Ah 
(»)«» 

(10) £fr 

(11) ^p 

(is) m 



(13) JLUL 



1000' 



(14) 
(15) 
(16) 
(17) 
(18) 
(19) 
(20) 
(21) 
(22) 
(23) 
(24) 
(25) 
(26) 



060 
1000* 

35 

TOUT* 

875 

10000* 

4875 

10000* 

224 

1000' 

2640 

20 70* 

824 

1002* 

2*4 

1002* 

6732? 

"0"To8"* 

3872 

02M07* 

6840 

S7TJ60* 

78473 

04653* 

1750 6 

2614T* 



(27) 
(28) 
(29) 
(30) 

(31) 
(32) 

(33) 
(34) 
(35) 
(36) 
(37) 
(38) 
(39) 



44823 

61087* 

830 

124 3' 

1177 

2675* 

11445 

18969* 

85350 

64128* 

85350 

66128* 

6171 

6782* 

14141 

16 2 8 0* 

881406 

104768* 

2760 

4486* 

5760 

7000* 

2205 

2240* 

1402 8 

28S07* 



(40) 
(41) 
(42) 
(43) 
(44) 
(45) 
(46) 
(47) 
(48) 
(49) 
(50) 
(51) 
(52\ 



6 
V* 
63 
■OTT* 
74 
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630 
0000* 
143 
9099* 
OOOO 
9999* 
720 
9 9999* 
3280 
99999* 
20811 



6216 

00 00 0* 
65065 
00 00 00* 
80«6a<*> _ 
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(53) If a dake is divided equally among a school of 76 pupils, 
30 being boys, what part of the whole cake do the boys get* and 
what the girls ? 

(54) The property of a mining company is divided into 6000 
shares. A holds 625 shares, B 800 shares, and G 900 shares. 
What part of the whole mine does each possess, and what part do 
they hold jointly ? 

§ 2. We have hitherto attached to the symbol f the interpretation 
that one whole is divided into four equal parts, of which three are 
taken. If, however, three wholes are divided into four equal parts 
and one of these parts is taken, we obtain a piece of equal sue, for 
a quarter of three must be three times as great as a quarter of one. 
Thus the same piece is obtained by taking three quarters of the 
square A, or one quarter of the three squares B, G and D. 
ABC D 



Similarly, if the line A is one inch, and B three inches, one quarter 
of B, viz. BC, is three times as long as AD the quarter of A, and is 
therefore as long as AE. 



A 1- 1 1 

? . 1 . 


■1 


D 1 1 

Learn by heart : J of 3 =| of 1. Thus : 


1 


J of £3= J of 60«.=16i. 
fof£l = 3x5«.=15t. 
J of 3».=Jof36d=9c«. 
iofU=8x3d=9& 




| of £8. 1U Sd. = i of 3 x £5. 1U ScL 




£. 8. d. 
4)6 11 8 


£. 8. d. 
6 11 8 


1 7 U 8 
8 4)16 15 



£4 3 9 



£4 8 9 
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Similarly, £ of 5 = £ of 1. Find £,of £8. 18*. 9$d. in two ways. 
7 )8 18 H £8 18 9i 

1 5 64 £ 

6 7 )4* 18 llj 

£6 7 84 £67 84 

Find in two ways : Exercise XIV. 

(1) £ of £940. Is. 3d. (4) £ of £21. 19*. Sd. 

(2) # of £1888. 13*. 14 (5) ^ of £25. 19*. llfd. 

(3) ^ of £2060.. 1*. 3d. (6) f of £17. 4*. l\d. 

Exercise H. 

(1) What is £ of 3? '" Am. f. 

(2) Divide 3 into 8 equal parts. Am. \ to each part 

(3) If I spend 6*. in 7 days, what fraction of 1*. do I spend per 
day? Am % %o£ls. 

(4) Distribute 7 yards iDdbp 11 equal parts. 

Arts, yj of a yard to each part, 

(5) Divide 11 yards into 7 equal parts. 

Am. 1£ yards to each part. 

(6) If 2 oranges are divided among 3 children, what will each 



child get t 




-4w*. 


§ of an orange. 


(7) Divide 4 cakes among 7 


children^ Am. £ of a cake to each. 


(8) Divide 7 cakes among 4 children. Am. £• or If cakes to each. 


(9) * of 9. 


Ana. H. 


(16) A of 30. 


Am. 1£. 


(10) * of 6. 


» t or £ 


(17) 8.+ 9. 


8 

n v, 


(11) £ of 15. 


„ If. 


(18) 7 +. 10. 


7 
» TIP 


(12)^ of 8. 


8 
» XT' 


(19) 10 -r 7. 


w 1 V 


(13) ^of30. 


., i|* 


(20) 15 -- 4. 


» Vor3f. 


(14) ^of20. 


J> $• 


(21) 67 -r 12. 


» ^Tff* 


(15)^ of 25, 


s 


(22) 12 ~ 67. 


12 



From this it follows ttyat every fraction indicates a division, and 
every division a fraction, the dividend being the numerator, the 
divisor the denominator., and the quotient the value of the, fraction. 
It is well to remember that 

Dividend, Divisor, Quotient, 

Numerator, Denominator, Fraction, 
are two sets of names with identical meanings. 
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EXBROJSB XV. 
(1) A of 111. 
(2)^ of 74. 

(3) Divide 60 things amongst 42 persons. 

(4) „ 42 things amongst 60 persons. 

(5) w 108 things amongst 144 persons. 

(6) „ 144 things into 108 equal parts. 

(7) „ 520 things among 195 persons. 

(8) „ 195 yards into 520 equal lengths. 

} 3. Distribute 75419 into 156 equal parts. 

156)75419 (483 to each part 
1801 
539 
71 orer. 

We can now dispose of this remainder 71. It is to be distributed 
into 156 equal parts, each part will therefore be y^ of 71 = r5T* 
The complete answer, therefore, is 483^^ to each part 

15372 + 792. 792) 16872 (19 JV 

7452 
824 | 81 

16043-72. 



792"| 198 | 22 An*. 19/ r to each part 



8 )16048 
9 ) 2005| 

222ft. An*. 222ft to each part 

N.B. On comparing this process with that given in Part L Ch. IX. § 15, et seq., 
it will be seen that they are identical. 

Exercise XVI. 

(1) 17429+387 (10) 8465+5855 

(2) 150768-1-1224 (11) 155554+2489 
(8) 150768+182 (12) 78048+42 

(4) 111114+41 (18) 4016098+1517 

(5) 86854+45 (14) 18467+2400 

(6) 1000000+1625 (15) 77900+1685 

(7) 195+610 (16) 12219+165 

(8) 26818+78 (17) 438+2100 

(9) 26818+28 (18) 2100+488. 

§4. £517. 6*. 114 + 7. 

7 )517 6 11 
£73 18 If 
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When there are no farthings in the dividend, the pence oyer 
should not be reduced to farthings, but at once expressed as a frac- 
tion of a penny. 

Find in two ways £ of £417. 6*. 5d. 



9)417 6 


5 


417 6 


5 




46 7 


« 




5 






5 


9)2086 12 


1 




£231 16 


lOj 


£231 16 


10* 




£53. 8*. 9±d-r7. 


7)53 8 
£7 12 








Here the \\d. over must be made into farthings, Le. 


fourths, 


* . 7 _ 5 










£103. 8*. lOfd-r- 


6. 

6)103 8 

£17 4 


10* 
HUH 






Here the 4§ over 


must be made into fifths of a 


penny. 


v+« 


*=f£ = ^ofapenny. 








£23281. 15*. 7 ^d. 


+ 615. 

615)23281 15 
4831 
526 
1053 
4385 
80 

967 
852 


74(37 17 1JJ 








705 # 


615- 705 I H1 - 


■I 47 






2 ' 


1230 | 246 


1 82 





EXERCISR XVII. 

<1) £4617. 13*. M. - 2, 3, 4, 5, 6, 7, 8, 9, 10. 

(2) £4617. 13*. 5tf.-17, 151, 367, 5928. 

(3) £4617. 13a 5d-.42, 63, 84, 108. 

(4) £3815. 6s. 2\d. - 2, 3, 4, 5, 6, 7, 8, 9, 10. 

(5) £3815. 6*. 2frf.-17, 151, 367, 5928. 

(6) £3815. 6s. 2fd.-r.42, 63, 84, 108. 

(7) Find in two ways : | of £23. 14*. 2d., £23. 14*. 2£d., 
£23. Us. 2|d, £23. 14*. 2|d 
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(8) Find ^.of £897. 12a 10A,£897. 12a 10J<*.,£897. 12«. 10|JL 

(9) Divide 3417| by 42 in three different ways. 
(10) Find the value of £^, £ of a guinea, £ of 1*. 

§ 5. Complex Fractions. 

It is required to find | of f. | of | = ^ (Part II. Ch. L § 9\ 
.•.|of| = ^ r ,and.-.|of| = 5x 1 » r = ^. Similarly, | of * = 3 x * 
off = 3x^=if. Hence * of | = | of J = jf 



















C 




K 




L 






















































i 






D 




<* 




H 


























R 



From A to C is | of the whole AB, .-. AD is | of AB. 
AG is £ of AD or £ of £, .\ AH is £ of £, or 15 times the piece 
AK, ie. |£ of AB. 

Again, AE is J of AB, .-. AF is § of AB. 

ALis|of AFor|of|, .-. AH is | of £ = j£ as before. 

Learn by heart : To simplify a complex fraction, multiply the two 
numerators together for the new numerator, and the two denominators 
for the new denominator. 

Exercise K. 



(1) i of 3. 


Ant. \. 


(8) J x 4. 


Am. 


If 


(2) i of 4. 


» 1J. 


(9) J x 3. 


99 


£ 


(3) \ of \. 


1 


(10) J x 2. 


99 


i- 


(4) \ of *. 


- i- 


(11) f x 2. 


99 


ij. 


(5) \ of \. 


1 


(12) | x 3. 


99 


H- 


(6) J of 1J. 


1 
» IT* 


(13) 3r4. 


99 


!• 


(7) i of \\. 


3 
99 TTF* 


(14) 4-5-3. 


99 


i*. 
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(15) 4* 4, 


-4ns 


1 


(51) iof 1. 


Aw, 


1 

TTF* 


(16) J* 3. 


» 


1 


(52) * of |. 


99 


1 


(17) |-3. 


59 


1 


(53) 4 of f. 


99 


1 
7* 


(18) H -s- 4. 


99 


1 
7' 


(54) 4 of |. 


99 


8 
TTF' 


(19) 1§ * 4. 


99 


5 


(55) f of |. 


99 


9 


(20) 4 of 6. 


99 


6 


(56) 4 of f. 


9> 


1 


(21) 4 of 7. 


99 


if 


(57) |of I 


99 


8 

7' 


(22) J of f 


99 


1 
T2? 


(58) 4 of f 


99 


5 

XT- 


(23) |of 4. 


99 


1 
IT' 


(59) § of 4. 


99 


8 
T7* 


(24) |of f 


99 


5 
4"Y« 


(60) A of 10. 


99 


5 
7' 


(25) 4of5|. 


9) 


4 
7* 


(61) A of 12. 


99 


if 


(S6) |of5|. 


9> 


27 


(62) A of A- 


99 


1 


(27) 5| - 


r 7". 


99 


4 
7* 


(63) A of A- 


99 


1 
T7TF* 


(28) 5| - 


- 7, 


99 


27 
77' 


(64) A of A 


99 


7 
TTS" 


(29) 5| - 


L. 2 


99 


14. 


(65) A of A- 


99 


7 
T27T- 


(30) 5| - 


-If. 


99 


4. 


(66) A of 214. 


99 


7 


(31) 6- 


- 7. 


99 




(67) A of 4f 


99 


2 
7' 


(32) 7 - 


- 6. 


99 


i*. 


(68) A of 44. 


99 


2. 


(33) |h 


- 6. 


99 


1 


(69) A of 4f 


99 


*f 


(34) t- 


- 7. 


99 


1 
4"Y« 


(70) A - 


-10. 


99 


1 

TTS" 


(35) | x 6. 


99 


6 


(71) A " 


- 12. 


99 


1 
T77* 


(36) Jx 7. 


99 


if 


(72) 10 -. 


- 12. 


99 


5 

7« 


(37) A of 13. 


99 


iA- 


(73) 12 - 


- 10. 


99 


If 


(38) A of A 


99 


1 
T4"7- 


(74) 44 - 


H12. 


99 


2 
7' 


(39) ^ of 11. 


99 


11 
T7" 


(75) 44 -, 


- 8. 


99 


8 
7- 


(40) A of A 


99 


1 
ITT- 


(76) 44 - 


_ s 


99 


8. 


(41) A of ^ 


99 


4 
TT7' 


(77) 44 n 


■< 7. 


99 


24 
77* 


(42) ^ of ^. 


99 


28 
TT7' 


(78) 44 -1 


"If 


99 


3. 


(43) 11 -h 13. 


99 


11 
TIP 


(79) 44 - 


. 2 
7' 


99 


12. 


(44) 13 -s- 11. 


99 


1 2 
1 TT- 


(80) 44 - 


- 2. 


99 


92 

J 7- 


(45) A + 11. 


99 


1 
TTS' 


(81) 6- 


- 9. 


99 


2 
7' 


(46) A + 11. 


99 


TT5' 


(82) 9-i 


- 6. 


99 


If 


(47) H + ". 


99 


1 
T7* 


(83) 4 of 6. 


99 


2 
7* 


(48) H + A- 


99 


11. 


(84) 4 of 9. 


99 


If 


(49) 4 of 8. 


99 


If 


(85) *of 4. 


9) 


1 
TT" 


(50) |o 


f 5. 


99 


5 

7' 


(86) Jo 


f f 


99 


5 
7T- 
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(87) £of 4 of 27. Ant. 2f (101) 4 of 4 of ^ An*. ^. 

(88) 1 of 4 of 45. „ 4f (108) 4 of * off „ ^ 
(89)1 off „ A- (103) 4 of 1 of A. „ ^V. 
(90) 4 off „ A- (104) ^ of | of f „ VW- 

„ (91) 4 of 4. „ 2f (105)^ of ^. „ ^ 

(92)J of 4 of 4. » #• (106)Aof^. „ ^ 

<93)|of20. „ ISf (107) ^ of 12. „ f 

(94)1 of t of 20. „ Iff- (108) A of 15- „ If 

(95) | of 4 of 20. „ 5^. (109) ^ of 46. „ 2. 

(96)1 of ^ », ft (110) ^ of 23. „ f 

(97)1 of 4 of A- n if (HI) A of 320. „ 5f 

(98) 4 of ^. „ 41. (112)^ of 60. „ ^ 

(99)1 of 4 of ^ „ &. (113) 4 of ^. „ If. 

<ioo) 4 of 4 of ^ „ 14. (114) 4 of ^ „ 4J. 

Exercise XVIIL 

Prove by finding values that : 
(l)4of£f = |of£f. 

(2) | of | of 1 cwt. =. f of T of 1 cwt 

(3) T of | of 1 yard = f of $ of 1 yard. 

( 4 ) I of tt of 1 mile^ of | of 1 mile. 

•§ 6. Simplify | of & of £f of 20. 

4*8- 4 * 8 
T 01 TT- 9x11 

4*8 *12 - 4x8x12 

T 0I TT 01 T* - 9x11x13 
4of^of||of20 = ^^of20. 

Since \ of 3 = f of 1 (Part IL Ch. IL § 2), 9x J xl3 of 20 ~ 

20 „ 4x8x12 - ftA 4x8x12x20 T „ ftn K . OAll „.,. 

*xllxl3 > aDd 9xllxl3 of S°~ 9xllxl3 a fttf - Pfflr « gftfr 
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Learn "by heart : To simplify a complex fraction, multiply together 
all the numerators for a new numerator, and all the denominators for 
<a new denominator. 

Simplify ^ of ^ of ^ of # of || of 11. 

* of • of™ of « of i* of 11= 4x9xl0xl5xl4xU 
*T 0I 7TF 01 TT 01 Tir 0I *T 01 il 21x20x11x16x25 

400) 3) 11) 7) 

831600 I 2079 I 693 I 63 I 9 
1848000 I 4620 | 1540 | 140 | 20 

This reduction to lowest terms mi^ht have been performed before 
actually multiplying the several numerators and denominators. 

Since 4x9 is 3 times as much as 4x3, 4 x 9 x 10 x 15 x 14 
x 11 is 3 times as much as 4 x 3 x 15 x 14 x 11. Hence, dividing 
hj 3 the one factor 9, divides the whole numerator by 3; and 
generally : — A product is divided by any number if one of its factors is 
divided by that number, and therefore any one factor of the nume- 
rator may be divided by a number, provided some one factor of the 
•denominator is also divided by that number. 

Note that this rule applies only to a series of factors, and not to a series of 
<tddenda, where each number must be divided in order to divide the sum. 

The several numerators and denominators may therefore be 
* ( cancelled" against each other, thus : 

4 and 16 become respectively 1 and 4 

9 and 21 „ 3 and 7 

15 and 25 „ 3 and 5 

10 and 20 „ 1 and 2 

11 and 11 „ 1 and 1 
and the fraction will be 

13 13 _ 

* ^ * „t W ftf VI „* U - * 1x3x1x3x14x1 

1 4 



M w W vx l\ " x \* v * $$ vx **- 7x2x1x4x5 



which admits of further cancelling. 7 and 14 become respectively 
1 and 2; and this 2 cancels against the 2 in the denominator, 

leaving -= — ? — 5 — - A — s- =Aw before. 

WT o 1x1x1x4x5 * w 
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1 
Mo4.cp.: 13 18$ 

1 1 



Simplify | of f of || of | of ff of 6A 

1 



0t XS 75 
8 



I^DBEOISB XTX. 

(l)fof^ (21) | of f of A of 4 

(2) J off. (22) | of f of A- 

(3) f of 2^. (23) ^ of f of 4 of A of 12. 

(4) £ of § of f of 4. (24) A off of }f of f of 39. 

(5) 4 of ff of A of 81. (25) ^of A of ff of # of ff 

(6) A of ff of ff of 2ff of ff of & of 20. 

(7) f of |f of A of 111. (26) f of 20 + $ of 61. 

(8) ^offf offf of7f (27) £-0* 7 — A of 6. 

(9) f off off off. (28) &of 2 + ^of3+Aof4 
(10)^of3f + A of 5 + ^ of 6. 

(11) If of ^ of 1^. (29) f of2f + f of2f + f of 1|- 

(12) | of fff of || of 17. +^of3|. 

(13) ffofff. (30) ^of 16 + l|of20 + Aof 

(14) f of | of 1 of f of f 36, + A of 8 f 

(15) |f of |f of || of Iff. (31) »| of ^ of |f of If 

(16) f off offoff off off of (32) | of | of A of | of | of | 

| off of A of 10. of 8. 

(17) A of A of A of A of A- (33) A of ff of AV- 

(18) A of f of 4 of f of | of If (34) A of A of f| of 48. 

(19) A of ff of 1 A. (35). ff of f of |f .. 

(20) A of A of 30. (36) ff of A of ff of 12. 
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CHAPTEE III 

DIFFERENT DENOMINATOB& 

§ 1. Add £ and £. " In Addition and Subtraction we must always 
have the same bind of units" (Part L Ch. V. § 17) ; hence £ and £ 
cannot be added in their present shape. 

Add y ^d £. Am. £, because ^ = f . Can we not similarly 
reduce £ into thirds ? A whole has 3 thirds, therefore £ = £ + £ of 
£ = £ + J, therefore \ + £ = (J + £) +£ = f + £. But as a whole is 
6 sixths, i = #and§ = 4;.-.| + J = f + J = 4 + J = J.* Theresult, 
however, can be obtained by a simpler process. 

1— 2_8_4_5__a_7fi_0_10_ll_12__18__14_15__16_17_18 
x ~ 1 Z—5-T~W-V-T =s -5-V-T7r-Ti:-T2-T5-'TZ-T-5-TV-TT-T59 

• 1_ S _ 8 *_. 4 i_ S _ « _ 7 _ 8 __ 

••T-T-T-¥-Tff- IT" TT "TIT ~TF> 



1 _ 



s _ 
v - 



8 _ 



4 



5 

TT 



6 

T3> 



We see from this that halves and thirds can both be converted 
into sixths, twelfths, eighteenths, &c, 



2 _ 5' 



+ * = 



or 

or 



1.1-5 

a" + tf - IT 

— 6 t 4 __ 10 _ 8 
~T2- + T2--Ta--T> 



-TF + TF-TF~F> 



and so on with other common multiples of 2 and 3. But the L.C.M. 
is obviously the best Illustrations : 



A 




E 













AC = f, AD = f j 



AB=1 

AD = | 
AE = i 

f + i = 



1 
"2"" 



1 — 8 



&) i f U = 6<*.,£of U = 4d (£ + £) of U = 6<J. + 4A=10A = 



11 This mode of reasoning is here given historically, as being that most commonly 
suggested by the more intelligent pupils. 
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VULQAB FRACTIONS. 



[CH. Ill* 



EXBR0I8E L. 
To be worked mentally from diagrams drawn on the black board. 



(i) i+i 


4««. f 


(6)Jx2. .An for J. 


(2) W 


i 


(7)* + * » 4 time 


(3) W- 


„ 3 times. 


(8)(l+J) + f 7tim« 


(4) W- 


„ Twice. 


<»)* + * . W* 


(5)Jx3. 


» nr l 


(io)|-i „ * 



(11) A post is driven through water into the mud below; £ is 
buiied in the mud, J is under water, and there are 5 feet above 
water. Find the length of the post Am. 30 feet. 





H 























f a 



(12) i + f 


-^7W. A* 






(17)iofJ. ^«.A- 


(13) i-f 


1 
» TT' 






(18) | + A- » 8 times. 


(14) | + f 


1 5 

w At*- 






(I 9 ) I-t*- » 9 times. 


(15) *-i 


1 
» XT' 






(20) lf+lf „ 3^. 


(16) J off 


1 

» IT' 






(21) l$-lf. „ A- 


Eeduce to low 


est terms : 








(22)^,vl«*. 


* (24) A- 


Ana 


1 

IT* 


(26)A-^«*-f- (28)i§.iln«.|. 


(23) A- n 


h (25) A- 


99 


1 


(27) A- » !• 


(29) i + i + 


i+* 






An*, l^ft. 


(30) lJ + Sj 


- + 3J + ^ 






.Aw. lO-Ali- 



(31) If (£ + £) of a sum of money is £3. 10s., what is the whole 
sum? Ana. £6. 

(32) On Monday I spent § of my money, on Tuesday £ of it, and 
had then XI. 10*. left. How much had I at first 2 Am. £!&. 
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<33)* + |. Ans.&. 




(38) 


8 S 

TV 








Arts. /^ 


(34) £— £. „ ^nr» 




(39) 


8 n f8 
T 01 V 








8 

»» tit- 


(35)iofl. „ &. 




(40) 


l x 1 J- * x 1 x * 
T + Y + T + TTr + -JTT' 


i i 

99 A-j^^ 


(36)^of|. „ ^. 




(41) 


2£ + l 


i + 


02 




718 
99 'TIF^ 


(37)$ + !- „ 1A- 
















(42) Express f as a fraction whose denominator is 20. 


-4n*. ^. 


(43) „ A 


99 






99 






6 
99 ^"0"^ 


(44) „ k 


99 






99 






10 
99 TO"*- 


(45) „ | 


99 






99 






15 

99 -5TJ"* 


(46) „ & 


99 






99 






14 
99 W- 


(47) 2^A- 












^4?is. 


44 times.. 


(48) 2i-l|. 














-^H*. -J4- 


(49) 13^-(lf + 2| + l^) 














718 

99 • "jnr*- 


<50)(W) + a-i)+(i< 


rfj 


;)• 










ii 

99 7V- 


Reduce to lowest terms 
















(51) ft 4««. &. (53) £4. Ant. £ (55) £$. 


Arts, 


1 


(«)- 


Ar 4w* ^ 


(52) &• „ £ (54)^. 


99 


1- (56) A- 


99 


1 
T* 


(58), 


8 8 



EXEBCISE XX. ' 

Shew by finding values that : 

(1) Q + $)ot£l=l<ti£l. 

(2) „ 13*. 9d.=£of 13*. 9d. 

(3) „ 1 oz. troy = 4 of 1 oz. troy. 

(4) „ 1 yard = £ of 1 yard. 

(5) (J + t)ofXl = lAof£l. 

(6) „ 13*. 9^ = 1^ of 13*. 9d. 

(7) „ 1 oz. troy = 1^ of 1 oz. troy. 

(8) „ 1 yard - 1^ of 1 yard. 

(9) „ £2. 1 1*. 6d. = 1 T V of £2, 1 Is. 6<L 
(10)(-J-f)ofXl=^ofjBl. 

< n ) (I + i) of 1 oz - tr °y = 1 w oz - tr °y- 

§ 2. f + ^. L.O.H. of 8 and 12 is 24. 

1—84. JL-8 . 5 _ 15 

1 _ 2 . 7 . . 14 
T2~~ "ST* Tif~'54" 

. i+ T _i£±L 4 _ ! .._ 1 S 
••f + TT~ 24 "IT - •'IT 
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24 

8Tl5 
2 14 



[ch. m. 



«=1A 

Wording: 8 in 24, 3'; 8x5=16'; 12 in 24, 2*; 7x2=14', Ac 



1.8.4. 7 .5 
^ r + y + T + T y + T . 


l.c.il of 2, 3, 9, 12, 6, is 




86 








— 


18 




12 


24 




4 


16 




8 


21 




6 


80' 




86)109(3^1 






1 



$i| + 19 si + 429JI + & l. o. m. of 48, 45, 18, 60 - 720. 



8 

19 

429 

456 



75 
15"" 


,0 
^95 


16 


496 


40 


680 


12 


204 



9; *) 
1575 1 175 85 

720 80 16 



720 | 80 | 16 "*•" 

! of | + f 0^ + ^8 + 1-5 + ^x4 + !* 

- * + A + I +A+i« +3A> 

l.c.m. of 5, 12, 3, 40, 15, 16 = 240. 
240 



2*. -4** *58Aw 





48 


96 




20 


140 




80 


160 




6 


18 


1 


16 


208 


8 


— 


15 


4 


240)637(2 






157 



Arts. 6}& 



05 _78 — Q20 7« .OH 

7 s 911 __7io«_9SS _i.io 
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EXERCKB XXI. 
/1\ «i«. liT. Ul. 1.1. I.«. 4.11. * . 11 

(2) 12| + ?tV; 12|-7A; 85^ + 27ft; 85^ -27ft. 

(3) w + l*i; i+t+f+ti f + ^ + A + ^ + ft- 

(4) 5ft+llft + 24ft + ^+17A + H + HA- 

(5) 9* + 15ft + 103ft + lft + 10*. 

(6) 1473-279; 1473^-279; 1473 -279ft; 1473^ - 279ft ; 
1473^ -279ft 

(7) & + 7A + "A + 10ft + HJ + 100 + 77A- 

(8) A + A + 9£J 20^+11^ + 51 + 305; 278ft-30A» 

(9 ) i + i + i + i + i + i + i + i+^j i + | + » + * + | + « +J + 4 



TO"' 

nn\ i _ i • i — i • i _ i • i — i- i _ i • i — i. i — i. i i 

/11\ 5 .11 .14 4.19. llxUxH. © a. « j.17 

(12) 118^- 17A; $*&-*m-> 125A-10&> 40*-30&. 

.8.11 



4- 



(13) £-£ + j-j + £; T + i~T n "*T' 

(14)|of^ + iofi;|ofif + fofft;^ofll+Aofia. 
(15) ^ «f 210 + ^ of 210 +| rf 7^. 

(i«).3&+7ft+«ft+*ft 

^^of^ + A^flA + fof^ 
<18)&of63-&of7|. 
(19)^rf7f + ^efl0|-|of2^. 

(20) a. ■nr + TOT + 1000 + 10000 > ttfo" + ioooo + iooooo* 
k to + tot + Tinnr + loooo + ioioof 

* 1 -i_ 2 _l 3 _i_ 4 _i_ 5 

y* TiF*Tinr + .TiOT* 10000 + i0400O» 

* tV + TTT0TF + i 0*000 + 1O0OOO00* 

* TO" ^ TOTT ^ TWOTP 

/• y$v * unnr + 100 J ow 

9- H + tVo - + toott + 10V00 + 10 llov> 

A 148 j_ 8471 j. 62643 

* TTJTF + T07nr + 1000000- 
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(21) Which is the greater of each of the following pairs, and by 
how much : £ or ^; T 4 T or Jf ; ^ or £| ; £■ or ^? 

(22) Also of £ of J and £ of f ; ^ of 3£ and ^ of If* 

(23) Add together the sum and the difference of ^ of 7f , and 
A of 3 A- 

(24) Find the difference between £ and ^ ; ^ and -^ ; \ and 

857142 . 1 Aru * 1 
1000000 * TTO" ttllu 1000* 

(25) 4sa-4-i»-iu-s»-sa-s»-s^ 

(26) 48A-(lt + lH+l« + 2» + 2A + 2ff + 3^). 

(28) (8A + »» + 17« + 40) - (30^ + lift). 

(29) (17SJJ + 98^) + (17*W- 98^)l 

(30) (172|| + 93^)- (172|| -93AV). 

(31) «t+y+A*s + A*s + «i+* + H+s + *<rf*. 

(32) A bequeathed to his two sons J of his property each, to 
each of his three daughters £ of his property, to his nephew ^ of 
his property, and a like sum to his niece ; the remainder, XI 000, to 
a hospital. Find the value of the whole property, and the shares 
in money of the several heirs. 

(33) A was condemned to pay -|£ of the costs of a law-suit ; B 
had to pay ££ of the same costs ; C had to pay the remainder, 
amounting to £12. lis. Find the costs of the whole suit. 

(34) In a cricket-match, 11 players made a certain number of 
runs ; the first made ^ of the total number, the next three each ^ 
the next five each ^, and the two last 18 runs between them. The 
other side made successively £, £, £, £, ^, ^, A> A> A> A a*" 1 A 
of their opponents' totaL Which side had won, and by how much I 

§ 3. Multiplication by Fractions. 

£7. 13*. 6d. x §. We have shewn (Part L Ch. V. § 17) that in 
multiplication one of the factors must be so many times. £7. 13a. 6d. 
cannot mean times ; what sense, then, are we to attach to "§ times"? 
£7. 13a. 6c?. x 5 may be interpreted : Find the cost of 5 articles at 
£7. 13a 6d. each; and similarly, £7. 13*. 6d. x $ would be inter- 
preted : Find the cost of § of an article at £7. 13a. 6d. for one. 
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This cost will evidently be % of £7. 13s. 6d. Are we, then, to 
conclude generally that x means ofl Certainly not, until we have 
tested this extension of meaning by the three principles laid down 
above (Part L Ch. V. § 15). 

(a) It has an intelligible meaning. 

(b) It does " not alter the sense attached to the symbol in the 
earlier cases," for, calling £7. 13*. 6d. "a collection," multiplying 
that collection by 5 means taking 5 of them. Does it " remain sub- 
ject to the general rules already established"? The only general 
rules hitherto established are that multiplication may be performed 
in any order ; thus 5x3 = 3x5; and that though one of the num- 
bers must mean times, it is indifferent which does so ; thus £5x3 
= £3x5. 

We have shewn above (Part II. Ch. II. § 5) that * of § = f of £, 
and it follows immediately that \ of £§ = f of £$, and we can also 
see that § of £7. 13*. 6d = 7 x £§ + 13 x§*. + 6 xJA 

Definition of multiplication : Treat the multiplicand as a unit, 
and take as many of that unit, or such apart of that unit, as is 
indicated by the multiplier. 

Hence, generally : X = OF. 

N.B. Beginners are apt to connect the word of with, division, but division can 
only be interpreted by "of" by altering the divisor ; thus to divide by 2, 3, &c, 
is to take J> •}> &c, and not 2, 3, &c, o/the dividend. 

We now see that multiplication of fractions by fractions is equi- 
valent to simplification of complex fractions! 

§ 4. We might have anticipated this conclusion from our earlier 
notions of multiplication, viz. that half the multiplier yields half the 
product ; a third of the multiplier yields a third of the product ; 
two-thirds of the multiplier yields two-thirds of the product ; and 
80 on. Compare : 

£12x6=<672. 

£12 x (\ of 6)=i of £72=£36. 

£12 x (i of 6)=| of £72=£24. 

£12 x (| of 6)=f of £72=£48. 
D2 
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' The conclusion of § 8, however, stows that this holds ferae also 
for multipliers below unity, thus ; 

£12x1 =£12. 

£12 x (^ of 1)=1 of £12 =£6. 

£12x(iofi)«iflt£12n:£4. 

£12x(tafl)*t«t£U<*4l 

We have hitherto connected multiplication with increase, agreeing 
therein with the derivation of the word] hut we have already 
seen that this connection fails in the case of multiplication by 1, 
where the multiplicand remains unaltered, and now we see that 
when the multiplier is less than 1, the product is less than the 
multiplicand. 

f xl|xl2x5|x«(=f of V of 12 of V off) 
18 8 8 3 

1 * 11 

2 

Tb© step in parentheses may he omitted. 

!W£x§!x3Jxl0x5fx T 
11 11 

$ * 3 $ $ 

XSxVrxKx^xiixMxl x . s 1QA 

Wx*x^x*x WZX* * e ^ . 

T i i i * i 

I 



Exercise 3CXH 

<2) 4£x6; 4|xBJ; H*«*i lOOfx*^ 

(3) 7ix«x|f x,frx5; 4Jx5ix5»xl3. 

(*) tt x tt J tt x -nr > :nnr x ts4to > iinr x 10000 x iooVooo - 

(«) ^ x 81^ r x4 T ^ nr ; 7A x 8Ax9A- 

(6)2ix20ix|»;^xf;x3i;|xfx|j4ix4ix4|x4f 
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§ 5. Eeoiprooals. 

£ x £ = 1. If flie product of two numbers is unity, each is called 
the reciprocal of the other. Thus 1 is the reciprocal of 1, 3 of J> 
Jof3,|ofl|,l^of|,&c. 

Exercise M. 

(1) Find the reciprocal of £ Ans. If. 

(2) „ 2* ' „ f. 

(3) „ H .......... . „ *. 

(*) » V • • ' » *2* 

(5) „ T. M *. 

(6) „ A- n 1*> 

(7) By what number must ^ be multiplied to give fop product 1 I 

(8) By what must 5 be multiplied to give for product 1 % „ $. 

(9) By what <>§ be multiplied to give, II n ^ 

(10) Given product 1, one factor f, find the other factor. „ If* 

(11) By what must any number be multiplied to give 1 1 

Ans. By its reciprocal. 

(12) By what must a number be multiplied to give 2 1 

Ans. By twice its reciprocal. 

(13) By what must a number be multiplied to give 111 

Ans. By 11 times its reciprocal 

(14) By what must a number be multiplied to give £1 

Ans. By £ of its reciprocal 

(15) By what must a number* be multiplied to give 8$ I 

An*. By 8-| times its reciprocal 

(16) Write out ten pairs of reciprocals, 

§ 6. If 2 miles take 1 hour, 1 mile takes £ of an hour. 

If * » 1 9} 1 » * » 

If 4 y I ,, I „ T „ 



and so on. 



tt T „ 1 „ 1 „ | 

i 

19 TO » 



B<0 » I , 1 - -*- 
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[oh. in. 



Again: 
If £ of a mile take 1 hour, 1 mile takes 2 horns. 



K * 


n 


1 


„ 1 


W 


3 


If i 


99 


1 


„ 1 


» 


4 


If * 


99 


1 


„ 1 


f» 


7 


K^r 


99 


1 


„ 1 


» 


40 


and so on. 













Again: 

If f of 1 mile take 1 hour, 1 mile will take £ of 9 hours = £ of 
1 hour. 

If ^ of 1 mile take 1 hour, 1 mile will take J of 11 hours = y 
of 1 hour. 

■ If ^ of 1 mile take 1 hour, 1 mile will take $ of 10 hours= y 
of 1 hour, 
and so on. 

Illustration: If AB is $ of AC, then AC is | of AB. 



Exercise N. 

(1) If A has £ of B's money, what part of A's money has B ? 

Ana. £ of A's money. 

(2) If to every gallon of milk we add f of a gallon of water, how 
much milk must be added to a gallon of water ? 

Am. i\ gallons of milk. 

(3) A lb. avoirdupois is l^j- of 1 lb. troy ; what fraction of a 
lb. avoirdupois is 1 lb. troy % Am. \$\ of 1 lb. av. 
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(4) A score is If dozen ; what will a dozen cost if a score costs a 
doubloon 1 Arts, £ of a doubloon. 

(5) If -J- of an article cost a guinea, what will the whole cost 1 

Ana. £ of a guinea = £1. 4* 

(6) If in working a question I obtain the result that 1 apple is 
to be given to -J- of a boy, to what rational answer is this equivalent ? 

Am, 1 boy gets £ of an apple. 

§ 7. Division by Fractions. 

a + ^ What does this mean ? In Part I. Ch. VIII. §§ 1 and 5, 
we have stated that the sign -r bears two interpretations, either of 
which we may adopt if intelligible. In this case, neither is. intelli- 
gible ; for, 1st, ^ being larger than § cannot be contained in it ; 
and 2nd, we cannot attach any idea to a distribution of § into ^ 
equal parts. A further extension of the meaning of the symbol •*■ 
becomes necessary. 

£15-HE3=5 times, because 8 x 5=15. 
£15 -j- 3 = £5, because 3x5=15. 

Thus we see that, under either interpretation, divisor x quotient = 
dividend. It follows that division means in each case : What must 

{the divisor by \ 
hi tJ d ' ' ( to get the dividend ? This meaning 

applies to the question proposed, which is therefore, By what number 
must ^ be multiplied to give § ? or, What must be multiplied by 
£r to give £? 

If we multiply it (viz. ^) by y , we obtain unity ; but we wish 
to obtain, not unity, but only £ of unity ; we ought therefore to have 
multiplied only by § of y . Hence, £ -r ^ = § of V° = § * V . We 
thus see that to divide by ^ is equivalent to multiplying by its 
reciprocal, y. But this process of reasoning holds for any other 
fractional divisor. Hence, generally : To divide by a fraction, mul- 
tiply by its reciprocal. The same rule evidently holds also for 
integral divisors, for to divide any number by 3 is to take \ of it> 
Le. to multiply it by |, and so on. 
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Learn by heart : To divide by any number, multiply by Us reciprocal 

(a) 48&-7 = |of4S9 = jx489 = 4 £° = 69f 

(J) 4^7 = |of|=*x| = ^. (CfcPartIL Ch.Lp. 14.) 

( c ) tt- n a A x 11 = 3 - (Ct Part IL Ch. I. p. 16.) 

* 7 1 

W A+*-b x }-» Verification : gx}-^ 

3 8 4 
8 

M Q* • 94 _ 21 . 14 _?\ w 5 14 
W J *~ J T- ¥ ~ T - 3- X ^=TT- 

2 
8 7 

Verification: \$ x 2j = 3x^ = V =2|. 

8 1 
We see now in its entirety that which indeed was dimly perceived 
before : (1st) that multiplication and division are opposite operations, 
by which we mean that they neutralize each other ; (2nd) that they* 
are interconvertible ; every multiplication is a division by the reci- 
procal of the multiplier, and every division is a multiplication by 
the reciprocal of the divisor. 

§ 8. We might have anticipated this conclusion from our earliur 
notions of division, viz. that half the divisor yields twice the quotient ; 
a third of the divisor yields three times the quotient ; twice the 
divisor yields half the quotient; therefore two-thirds (|) of the 
divisor yields half of three times the quotient, ie. three halves (f) of 
the quotient. 

£12— 6 = £2. 

£12-f-(* of 6)=2 x £2 =£4. 
£12-=-(iof 6)=3x£2 = £6. 
£12-K$of 6)=fx£2=£3. 

The conclusion of § 7, however, shews that this holds true also 

of divisors below unity, thus : 

£12— 1 = £12 

£12l(i of l)'=2x£12=£24. 
£12-Hi of 1)=3 x£12=£36\ 
£12-Hf of l)=|x£12=£18. 

We have hitherto connected division with decrease, but we see 
that this connection fails in the case of division by 1, which leaves 
the dividend unaltered, and now we see that when the divisor is 
<&s? than 1, the quotient is more than the dividend. 
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EXEKAttB XXIII. 

0) 8 + f (24) H + I* 

(2> f- + 81 05) I* + 7f 

(3) I + f (26) « + 1*. 

(4) 4+4, (27) # + 6$ 

(5) 14+ *. (M) tt$ 4- ||i 
(8> 14+ 6. (29) 5f + 4$. 
(7) 1|+ 3. (30) 18| + If 
(8> 14+ f (31) 9| + 4f. 
(9) 14+14. (32) 1004 + 8*. 

(10)4 +lf (33) 234 +114. 

(11)1+1* (34)5884+914. 

(12) 3 +14. (35)1819^+81|. 

(13)84+44. (88)- 21 +(44°f34V 

(14) 11 + 76. (37) I8444+ (4 of 33|). 

(18)11 + 55. (38) 34 +(4x14). 

(16) 55+11. (39) (3^,- x 5^) + 1720. 

(17) 14+ f. (40) (34 xf of 4)+ If. 

(18)14+14. (41) (fix-*) + (4*4x|). 

(19) 5^ + 15. (42) (134 x 4 x A) + (4 * Itt x H% 

(20) 54+34. (43) £8. Is. \0d. + If 

(21) 10 + 24. (44) 13«. Sid. + 44. 

(22) 25+ 34. (45) 4 days, 5 hours+ 14. 

(23) f4 + 7 J. (46) 3 qrs., 5 lbs., 8 oz. + 6f 

(47) Find the cost of 1 article if -^ cost 6«. Sd. 

(48) if I earn 8s. 5d. in If days, how much is that a-day ? 

(49) If a soldier step J of a yard, how many steps will he tak& 
in 1| miles f 

(50) Divide (« + H + A + *) by (»-» + *-©. 

(51) Divide (4| - 2£) by (6£ - 2£). 

Exercise XXIV. 
(Miscellaneous Questions on the four Rules.) 

(1) Find the sum of 4^, 5|, 7|f , *&<* 10**- 

(2) What quantity exceeds 5| by 4£? 

(3) From what quantity must 6$ be deducted to leave £ of 3$ f 
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(4) There are two fractions, the less is IO77, their difference is 
€^y. Find the greater. 

(5) If from a certain quantity 2| be taken, 4|£ is left Find the 
quantity. 

(6) Of two weavers, A and B, A wove 9^ pieces more than B, 
who wove 6^J pieces. Find the total quantity woven. 

(7) 5^ exceeds a certain fraction by (4 -s- 2£). Find the fraction. 
<8) T^hat fraction falls short of ^ by ^ 1 

(9) What fraction is that to which ^ must be added to give £| I 

(10) There are two fractions, the greater is 12^, and their differ- 
ence is 7£|. Find the less. 

(11) What fraction increased by y^ becomes ^f 

(12) Find a fraction which, repeated 3 times and increased by 
14f, makes 100. 

(13) Find a fraction which, repeated 3 times and diminished by 
14|, makes 100. 

(14) In a pair of scales, one contains 7^ lbs., the other contains 
11£ lbs. Find the number of lbs. which drags down the heavier 
scale. 

(15) Find the product of 4| and 3| ? 

(16) What fraction must be divided by 7£ to yield 7£? 

(17) From what number or fraction can 4££ be taken 9 times 
exactly ? 

(18) From what fraction can 3| be taken 2£ times, leaving 
remainder 3£ ? 

(19) Of what fraction is 10 j| the 10th part ? 

(20) What fraction divided by 4£ gives the quotient $ 1 

(21) What is the 7th part of 1£? 

(22) What fraction is that of which we must take 6f to get 5£? 

(23) By what fraction must 10 be multiplied to give 7 1 

(24) The product of two fractions is f ; one factor is 1J. Find 
the other. 

(25) Given divisor 3£, quotient 3£. Find dividend. 

(26) Given dividend ■££, quotient 6£. Find divisor. 

(27) Given dividend ££, divisor 6£. Find quotient 

{28) Given dividend 12^, quotient 3, remainder 1 T 5 T . Find divisor. 
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§ 9. Literal Summary op the Kules on Fractions. 
Let a, b 9 c, d y m> &c, represent any integers whatever. 
Formula. Examples. 

(°)T = (T ofl > xa =,T ofa - £=(*ofl)x2=$of2 

(Ch. L § 3, CL IL § 2.) 

03)* If a < 6, ±<l. ^<1 

t If a > 6,-f->l. $#>1 

(Ch. I. § 4.) 

(CL L § 5.) 
(2) -!=«*&. V = 23 + 5 = 4f 

(Ch. L § 6, Ch. II. § 2.) 

/„\ <* . & . c _ o+6+e 4 . « . t _ 4+6+7 _it 
(«) -g-+-j+-5= j— Iff+TT + TT i9 TT 

a b _ a— b it n _ 17 - 12 _ j 

1"d~~d~ " ** 19 ** 



(Ch. I. § 7.) 



7x6 






^x6 = -^=4f = 2A;or, 



6 6 b-r-m 



nr x O — .„ . „ — ir — Anr 



(Ch.L§8.) tf xd = I8T6 == * 



'7 



w T^ m — b~ = b^ "" r4 "-w-""^ 0r -i85l""" 

(Ch. L § 9.) 

f fl\ a — axm _ «■?■» 2 o _ 20x3 _ 6 . nr _ 20-5-5 _ 4 

W 6"6xm"6T5 "~~ 25^3"™ '25-5-5 T 

(Ch. H. § 1.) 

(Ch. II. § 5.) 

/*.\ a nf c — axe « n f 8_ 5x3 _is 

(Ch. n. § 6.) 

* Bead, " If a ta leas than 6." + Bead, "If a is greater than b." 
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Formmi*. BamnpUt. 

w T^T* — oTdT* *** 7x8 ' nBT" ^ 

(cl m. §§ i, 2.) 

0<>4*4 = T° f 4 t**-*** 



(CL m. § 3.) 



«4»4-i 



6 a 

(Ch.IlL J 5.) 



TF*T = 



(Ch. IIL § 7.) 



CHAPTER IV. 

THE UNITARY METHOD. 

§ 1. Find the cost of 27 articles, if 12 articles cost £4. 17a 6cL 

Statement : 12 articles cost £4. 17a. 6c£. 
Question: 27 „ £x, 

where x stands for " the quantity to be found." 

Mod. up.: 12 articles cost £4. 17*. 6d 

1 article costs ...^ of £4. 17a. &*. 
27 artioks cost ...f£ of £4. 17s. &*. 



9 

If 



« «f £4. 17,. U = ^^ =£10. 1*. 4ftdL 
4 4<m. £10. 19*. 4fdL 



* Read, -£ plus or minus £- 



OH. IT.] TMB UNITARY METHOD. 45 

Ekbroisa XXV. (a). 

(I) Had tike oost of 30 articles, if 18 cost £5. 7a. 6<f. 

. (2) „ 45 „ 20 „ £7. IU *d. 

(8) „ «0 „ 25 „ £0. 17*. lOi. 

(4) „ 150 „ 210 „ £15. 15*. 

(5) „ 210 „ 150 „ £15. 15*. 

(6) „ 68 „ 153 „ £37. 8a 9d. 

(7) If it takes TJ hours to travel 150 miles, how long will it take 
to travel 220 miles? 

(8) If 1800 men require 475 cwt. of food, how much will 2250 
men require ? 

(9) If I pay £3. 15». for the loan of £100, what shall I pay for 
the loan of £385? 

(10) What shall I pay for the loan of £566 at 5 per cent. (i.e. at 
X5 for every £100)? 

(II) Find the iriterest on £43*9 at 7 J per cent. 
(12) Find the interest on £1050 at 7| per cent 

§ 2. How many articles can he bought for £28, if 11 articles 
cost £15. 8*.? 

Statement : £15. 8*. buy 11* articles. 
Question; ££8 9 x „ 

Mod. op.: £15. 8*. =308*. buy 11 articles. 

%8. buys -g^g of 11 articles. 

£28. D#. =560s. buy ......Iff of 11 articles. 

20 

8 



1 Arts. 20 articles. 

* Always place btft the quantity of the same denomination as the answer required. 
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EXBBOKB XXV. (b). 

(1) If for £17. 18*. 44. I can buy 60 articles, how many can I 
buy for £10. 15*.? 

(2) If 30 men earn £53. 3*. 1 \d. in a week, how many men will 
it take to earn £177. 3*. 94.? 

(3) If 10 oz. of gold cost £38. 18*. 94., how many ounces can 
be bought for £408. 16*. 10J4.? 

(4) If iron plates cost £20 per ton, what weight can I buy for 
17*. 64.? 

(5) If £3. 15*. pays for the loan of £80, how much can I borrow 
for £5? 

(6) How much money at 5 per cent, can I borrow with £72. 15*. 
a year ? 

(7) How much at £3. 15*. per cent, can I borrow with £100 1 

(8) If an agent is paid £2. 10*. for every £100 worth of goods 
sold, how much must he sell to earn £27. 15*.? 

(9) Find the interest on £777. 15*. at 7 \ per cent 

(10) „ £843. 10*. at 4 ., 

(11) „ £1050. at 3f 

(12) „ £19. at 10 

§ 3. If 3 cwt., 3 qrs., 21 lbs. cost £3. 18*. 94., what will 2 tons 
17 cwt., 3 qrs., 10 lbs. cost? 

Statement : 3 cwt., 3 qrs., 21 lbs. cost £3. 18. 94. 
Question : 2 tons, 17 cwt., 3 qrs., 10 lbs. cost £x. 

Mod. op.: 

8 cwt., 8 qrs., 21 lbs. * 441 lbs. cost £3. 18*. dd. 

1 lb. costs ... -fa of £3. 18*. 9d. 
2 tons, 17 cwt., 3 qrs., 10 lbs. =6478 lbs. cost ... V& of £3. 18s. 9<*. 

Vft 9 of £3. 18*. 94. =£57. 16*. 9*4. 

Ans. £57. 16*. 9f4> 
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Exercise XXV. (c). 

(1) If 15 tons cost £17. 10*., what will 8 tons, 15 cwt. cost? 

(2) If 6 cwt., 1 (jr., 15 lbs. cost £13. 14*. 7$d. 9 what will 18 cwt.,, 
19 lbs. cost? 

(3) If 5 oz., 10 dwts. of gold cost £21. 8*. 3f d., what is the value 
of 3 oz., 5 dwts.? 

(4) If 1 lb. troy of silver is worth £3. 3*., what is the value of 
6 silver spoons each weighing 4 oz., 11 dwts.? 

(5) If on a velocipede I can travel 20J miles in 54 minutes, how 
long would it take me to travel 35 miles ? 

(6) If the sun passes over 360° of longitude in 24 hours, how 
long will it take from the meridian of London to that of New York,, 
which are 75° apart ? 

(7) If for the loan of £325. 10s. I pay £16. 5*. 6d, what should 

I pay for the loan of £59. 15s.? 

(8) If a partner holding £747. 12s. 6d. in a concern draws a 
profit of £56. Is. 5\d. 9 what ought a partner holding £812. 15s. to 
draw? 

(9) If for the loan of a sum of money for 7 months I pay^ 
£7. 17s. 6d. f what ought I to pay for a year? 

(10) If I pay £1. 17s. lOd. commission on an amount of £75. 
13s. 4c?., how much is that per cent. (i.e. on £100) ? 

(11) If a house rated at £45 pays a tax of £3. lis. 8d., what 
must a house be rated at that pays a tax of £5. 14s. 8d.1 

(12) If Government Stock costing £92. 12s. 6d. yields a profit 
of £3. 10s., what profit should I get from Stock costing £271. 14s.fr 

(13) 3000 Prussian feet exceed 3000 French feet by 100 Prussian 
feet ; how many French feet are there in 1000 Prussian feet? 

(14) If 8 kilometres are 4 miles, 7 fur., 168 yds., how many miles 
are there in 11 kilometres, and how many kilometres are there in 

II miles? 

(15) If 7 doz. and 9, bottles of wine cost £22. Is. 9d., how much 
wine shall I get for £11. 17s. 6&f 
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§ 4. If 4 of an article cost £1. 17*. 6<£, what would 1^ article? 
•cost? 

Statement : | articles cost £1. 17a. 6d. 
Question: 1^ w £«. 

Mod. op.: i=\i articles cost £1. 17«. 6A 

^ articles cost ^ of £1. 17*. 6<i 

lA=il=ft articles cost ff of £1. 17*. 6* 

or, 

* articles eest £1. 17«. 6*. 

\ articles cost £of £1. 17#. 6A 

1 article cost { of £1. 17*. 6rf. 

A articles cost ^ of f of £1. 17«. 6d. 

1&«H articles cost tf off of £1. 17a 64. 

'Which may be condensed thus (see Ch. III. § 6) 2 

t «rtieles<soet , £1. 17s. M. 

1 article cost f ef £1. 17«. U. 

1A articles cost « of f of £1, 17*. fo£ 

m 2*. &Z. 

1V x-|-x£V\X».W.=19x2x2«. 6rf.=£4. lot. 

^**. £4. Ife 

Exercise XXV. (<*). 

(1) If I of an article cost 3s. 9d., what would 2| articlflB coat I 

(2) If g| guinea* gain 4*. 6d., wits* will be the profit on 3& 
-guineas! 

(3) If on a velocipede I travel 8$ miles in 7^- mjuttntes, h<wr 
*nany miles ahaH I txayel in 00 minutes, and feow Jong shall I take 
to travel £0Buleef 

(4) If 26$$ ffftnos are worth £1, how many (francs shali I get 
for L6&, end how much sterling money for a Napoleon (20 francs)? 

(5) If a French ton is ££ of an English ton, how many English 
tons, &e.> are there in 700 French tons, and how many Ufaenoh Ions 
in 700 English tons? 
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(6) If a stick 7| feet long throw a shadow of 8f feet, how high 
will the steeple be whose shadow is 50 yds, 6 in. long ) 

(7) A certain wheel makes 1760 turns in travelling a distance of 
2 miles ; how many turns would it make in travelling 1000 yards J 

§ 5. K 17 men require 4§ days to build a certain wall, how long 
will 13 men take? 

Statement ; 17 men require 4£ days. 
Question : 13 „ z. 

Mod. op.; 17 men require 4£ days. 



» 



1 man requires 17 x 4$ 

13 men require ...^ of 17 x 4$ „ 

^xl7x4*=W=5tf. Am. 5*f daya. 



Exercise XXV. (e). 



(1) If from a sack of flour I can make 45 loaves weighing 3 lbs. 
each, how many 4 lb. loaves can I make from it 1 

(2) If I have enough money to buy 50 articles at 3*. 6c?. each, 
how many articles at 2& Id. each can I buy ? 

(3) If 30 bushels keep 50 horses for a week, how many horses 
would they keep for 25 days ? 

(4) If 30 bushels keep 50 horses for a week, for how long would 
they keep 15 horses) 

(5) If 30 bushels keep 50 horses, for a week, how many bushels 
would be required to keep 69 horses for the same time ? 

(6) How many yards at 5*. 6d each must be given for 30 yards 
at 3*. M. each? 

(7) The savings of a professional man are sufficient to purchase 
an annuity of £375, paying £80 cash for every £6. 10*. a year; how 
large an annuity will his money purchase if he waits till he has 
only to pay £65 cash for £6, 10*. a year ) 

E 
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§ 6. If 2 tons, 5 cwt. can be carried over 150 miles for 14*. 6d. f 
how far should 8 tons, 15 cwt be carried for £1. As. 2dA 

Statement : 2 tons, 5 cwt. can be carried for 14*. 6d. over 150 miles. 
Question : 8 tons, 15 cwt. „ £1. 4*. 2d. „ x „ 

Mod. op.: 
2 tons, 5 cwt. (45 cwt.) can be carried for 14*. 6d. (174d) over 150 miles. 



1 cwt. 


„ „ 45x150 


tona, 15 cwt. (175 cwt.) 


„ „ tIt of 45 x 150 


»> 


„ Id. rh of y^ of 45 x 150 


>> 

1 

w 

w 

w 


£1. 4*. 2d. (290cL) ||f of ^ of 45 x 150 


3 

W 

c^xl50=*r = 6^f. 
7 


1 


Jul. 641m: 



or thus : 

2 tons, 5 cwt. (45 cwt.) can be carried for 14*. 6d. (17 id.) over 150 miles. 

1 cwt. „ „ 45x150 „ 

lcwt. „ Id. yfj of 45x150 „ 

8 tons, 15 cwt. (175 cwt.) „ „ ...-fa of ^fa of 45 x 150 „ 

„ £1. 4s. 2d. (290d.) 290 x ^ of ^ of 45 x 150 „ 

290x^x^x45x150=64^, as before. 



Exercise XXV. (/). 

(1) If 50 yards of calico 21 inches wide cost 11*. 5|<£., what 
would 87J yards 27 inches wide cost ? 

(2) If 2 tons, 5 cwt. can be carried over 150 miles for 14*. 6d. f 
what weight can be carried a distance of 200 miles for £1. 4a. 2d.% 

(3) If 12 spoons, each weighing 14 dwts., 14 grs., are worth 
£3. 5*. 7^d. 9 what is the value of 21 spoons each weighing 1 oz.t 

(4) If £275 gain £37. 10*. in 9 months, what should £990 gain 
in 2 \ months ? 

(5) Find the interest on £450 for 2 years at 4 per cent 

[Statement : Interest on £100 for 1 year is £4.] 
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(6) Find the interest on £760 for l£ years at 4 J per cent. 

(7) Find the interest on £45 for 8 months at 3| per cent. 

(8) "What sum of money will in 2| years at 5 per cent, yield 
£87. 10*. interest ? 

(9) At what rate per cent, will £75 yield £1, 15s. interest in 7 
months ? 

(10) At what rate per cent, will £120 yield £3. 12*. interest in 
146 days! 

Exercise XXV. (g). 

(1) If 750 men require 22,500 rations of food, how many rations 
will 1200 men require? 

(2) If the clothing of 750 men costs £2831. 5*., what will the 
clothing of 3500 men cost ? 

(3) If 7 cwt., 1 qr. cost £26. 10*. 4d, what will 43 cwt., 2 qrs. 
cost 1 

(4) A garrison of 536 men has provisions to last from March 1st 
to Dec. 6th ; how long will the provisions last if the garrison is 
increased by 588 men ? 

(5) What is the cost of 172 pieces of lead, each weighing 3 cwt., 
2 qrs., 17| lbs., at £8. 17*. 6d. for 19J cwt,? 

(6) If a wheel makes 2f turns in 1 minute and 17 seconds, how 
often will it revolve in 7 hours ? 

(7) If travelling at the rate of 12 J miles an hour I require 15 J 
hours to complete the journey, in how many hours shall I complete 
it if I increase the rate of travelling by 7 J miles an hour ? 

(8) If £59. 10*. is required to buy an annuity of £8. 10*. a year, 
how much would bo required to buy an annuity of £50 ? 

(9) If with my money I can buy an annuity of £50 at the rate 
of £85 cash for every yearly £3. 10*., what annuity will my money 
purchase if I pay £75 cash for every £3. 5*. a year ? 

(10) Find the interest on £548. 10*. 6& at 4£ per cent. 

(11) What sum of money will at 5 \ per cent, produce the same 
interest that 1000 guineas produce at 3| per cent. I 

e2 
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(12) If in 1375 ounces of air there be 13| ounces of vapour, how 
much vapour would be contained in 1000 ounces of air % 

(13) In what time will £524 at 5 per cent, yield £4. 7s. 4d. 
interest ? 

(14) If a house rated at £85 pays £4. Is. lOd. rates, what will be 
paid upon a house rated at £245 ? 

(15) In "quick" marching, soldiers take 110 steps of 30 inches 
per minute ; at the "double" they take 150 steps of 36 inches per 
minute ; if 1000 soldiers marching quick in fours take \ an hour to 
pass a house, how long will 720,000 men eighteen abreast take at 
the double % 



CHAPTER V. 

VARIOUS. 



§ 1. What fraction of 50 is 20 1 

l=-^of20; .-. 20 = f°|£of50. Am. |of50. 

This answer means that 50 must be multiplied by f to give 20. 

Hence the above question, What fraction of 50 is 20 % means : By 

what must 50 be multiplied to yield 20) which is the question 

asked in division. 

Hence, what fraction of 50 is 20 = 20 ~ 50, and generally. 
„ b ia a = a + b. 



Answer, in every 


case, a+b, oi 


'£• 1 


[Part 


H.Ch. 


IIL § 7.) 




Exeboisb XXVI. 


(a). 






(1) What fraction of 8 is 3 ? 


(8) 


What fraction of f is 1\ 1 


(2) 


3 is 8? 


W 




99 


!**•*» 


(3) 


9 is 5) 


(10) 




99 


A»H« 


W 


Sis 9? 


(11) 




99 


3£isA» 


(5) 


12 is 9? 


(12) 




» 


XI is 1*. % 


(6) 


9 is 121 


(13) 




99 


£1 is 6<U 


(7) 


H» fl 


(14) 




» 


£1 is 3d? 
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(15) What fraction of £1 is Id. ? 

(16) „ £lis£d.t 

(17) „ £1 is \d. 1 

(18) „ XI is 16a. 1 

(19) „ £1 is lift? 

(20) „ £1 is 2s. lOd. ? 

(21) „ £1 is U 2fd ? 

(22) „ £1 is 4ft U±d. ? 

(23) „ £1 is 13«. id. ? 

(24) „ £1 is 17ft lOf <*. I 

What fraction of £3. 4*. 6d. is £2. 11*. 3d ? 

£3*. 4ft 6<J. =774 pence; £2. 11*. 3d. = 615 pence; and 615 
pence is J|£ of 774 pence. f^ = fS#. ^ fri 

What fraction of 5 tons, 8 cwt., 21 lbs., is 3 cwt., 17 lbs., 8 oz. ? 

5 tons, 8 cwt, 21 lbs. = 193872 oz. ; 3 cwt., 17 lbs., 8 oz. = 5656 oz. 
5656 oz.= T |f|| ¥ of 193872 oz. ^^ = rfjfr = flft. 

Reduce 3 years, 73 days, to the fraction of 1 year, 219 days. 
This means, What fraction of 1 year, 219 days, is 3 years, 73 days ? 

3 years, 73 days = 1168 days; 1 year, 219 days = 584 days. 
«« ^ r46 = 2. Am. 2. 

What fraction of ££- is £$ ? 

Reduce £ of 1ft to the fraction of 8f guineas. 
|ofU-(8|x2U) = |^Vof2U=^«r=4x ¥ | T = lr ^ T . 

Arts. rf-f r 
Reduce 1 oz. troy to the fraction of 1 oz. av. 
1 oz. troy = 480 grs. ; 1 oz. av. = ^ of 7000 grs. = 7 f£° grs. 

4-ftO • 7 000 — AftAx/ 16 — 182 ,1 17 An* 1 17 

Exercise XXVI. (&.) 

(1) What fraction of £58 is £29 ? 

(2) „ £29 is £58? 

(3) „ £3. 17«. i\d. is £1. 11*. l\d. % 

(4) „ £1. lift 1 \d. is £3. 17ft C\d. ? 

(5) „ £8. 10ft lOd. is 15*. id. ? 
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(6) What fraction of 15$. id. is £8. 10*. lOd. t 



(7) 
(8) 
(9) 
(10) 
(11) 
(12) 
(13) 



£3. 2«. 7\d. is £1 ¥ 

£1 is £3. 2$. l\d. * 

2 tons, 13 cwt., is 1 ton, 1 cwt., 1 qr. f 

2 lbs., 10 oz. ay., is 1 lb., 4J oz. a v. ? 

5 lbs., 9 oz. troy, is 6 oz., 15 dwts. 1 

2 yrs., 73 days, is 146 days? 

5 toD8,8cwt,21 lbs.,is3cwt.,171bs., 12oz.t 



(14) Eeduce £2. 10*. 6d. to the fraction of £1. 10a 9d. 



(15) 
(16) 
(17) 
(18) 
(19) 
(20) 



6*. 7d. 

2 lbs., 10 oz. av. 

5 minutes 

1J pints 
1 lb. ar. 



£8. 

2 lbs., 10 oz. troy. 

lday. 

1 guinea 

2£ gallons. 

1 lb. troy. 



§ 2. Interpretation op Fractions. 

We have found that the symbol f bears the following inter- 
pretations : 

(a) A quarter of one thing taken three times. 

(/3) A quarter of three things taken once. 

(y)3 + 4. 

(S) The fraction that 3 is of 4. 

(e) The number by which 4 must be multiplied to give 3. 

These are but different modes of expression for the same notion, 

and any one may be selected according to convenience. If the 

numerator and denominator are both abstract integers, they are all 

immediately intelligible. 

41. 
Examine the symbol -^x Tta interpretations (y) (3) and («) are 

readily intelligible, but (a) and (JJ) require an extension of language. 

(a) may be given in these words : " Of equal pieces such that 4 
of them make the whole, take 3." This wording applies to -|j- 
substituting 2J and 4£ for 4 and 3 respectively. *' 

(fl) may be given thus ; " Of equal pieces such that 4 of them 
make 3 wholes, take 1." This wording also applies to -li- by mak- 
ing the above substitution. 
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We proceed to examine whether these five interpretations will all, 
when applied to the symbol -tt- yield the same result. 

(a) If 2\ pieces make a unit, each piece must be £ of 1 ; for 2£ 
of £ = £ of £ = 1. If now we take 4£ of such pieces, we obtain 4£ 
x*=Yxf = W£ An$. If 

(/3) If 2£ pieces make i\ wholes, each piece must be 4f times as 
great as if 2 J pieces made 1 ; that is, 4-J- x £ = 1£ as above. Am. If 

(y)H+H-H**=if ^~if 

(J) What fraction of 2| is 4j1 1 is f of 2|> .-. 4| is (4£ x *) 
of2J; 4*x* = lf i M If 

(«) By what number must 2£ be multiplied to give 4f ? (Ch. 
IH §7.) 4£-2£ = lf Am. If 

We thus see that the interpretation chosen will not affect the 
result, whether the terms of the fraction be integral or fractional. 
The interpretation (y) is of easiest application, and therefore most 
generally adopted. 

§ 3. Simplification op Fractions. 

By simplification of a fraction, is meant finding the simplest pos- 
sible expression whose value is equal to that of the given fraction. 
Hence the answer to a simplification of fractions ought always to be 
either an integer, a proper fraction at lowest terms, or a mixed 
number. 

*"** Sr ■ 8 

8 * -ft* -i- 1.1 9- gQ ^_ 40- ftfr y ^X -0-41 A n9 11 

— J|- -Ot~ X 21- T "21-^X^-3-- *2f. AIM. 4*. 

1 2 



Simplify 



♦ + * 

2*- If 



2±-i$ 2^-ih A ^ ,TT ~$r X T~*"~ * m - l * 

2 1 

% \ 

***** - X*. x IS. x M x W =1 Ant 1 

ltfof* « »5 " ~ 

l l 



1 


i 




5 


* 




|x 


w. 


= i. 


*H 


* 




a 


i 




% 






i 
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Simplify -r-jr 



6 +r7 



57 

imp 



-i-- 8 . a . 8 .850. 1 _ 57 J n . 

Simplify f of £ + 4^ 

18 111 
2f x4frx 7 x5f _ X8(x IS x^xtft* 8t x7x45 __ o 48 .. *q i j,^ 591 
3ixAx8|x 4 "Hx^xSl x )Bfcx4x& W "*TF- -"*■ "*T** 

4 11 ? 1 

Simplify (A+ft + fr^ + j'tt-*), 

20, 2.1 _ 100 + 30 + 8 _138 
T8" ''" TT "*" TT Jgg TFT* 

1 -lj.fi-2. 1 — 2 . 1 _ 2 

2.2.2 _ 110 + 90 + 66 _ 2 ee 
T + TT + TT J95 *VT- 

8 
1 8181 
133 . 266 __ VH*W _ 8 ,! . , x 

"166" " "495"" WxtyA ~T" *' *' 

W 2 
1 

Exercise XXVIL 
2* x 8| 

8| K 1| 

2* x 8j 
81-7-2* 
2* + 8* 
8i-2f 

2* + 3* + 4* 

*+♦+* 

* - (♦+ A) 
*+A-yV 

1A_X6J^ . 2 n f f02 _ 8\ ^ H 



(1)£ 


(9) 
(10) 


wi 


(11) 


w 3- 


(12) 


w* 


(13) 


(7) i 


(14) 
(15) 



(8) g (16) 3i^i^M- 
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(17) 1_ (21) 1_ 

2 + 1 2 + 1 

3i-| 1+^ 

(18)1 



15 + 1 

2+T 8 + 1 

8+T i+JL 

(19)1 (22)3 + ^ 



1 + 1 15 + 1 

T" i+L 



25 + 1 

1 + 1 

7 tL 
4 



(20) 1_ 

1 + 1 

1 + 1 

1 + 1 

1 + ?_ M\ i±i±n of I of 2j^lH 

§ 4. G.C.M. and L.C.M. op Fractions. 

The meaning of the expressions Measure and Multiple requires 
to be rendered somewhat more precise. If of two quantities the 
first is contained in the second an integral number of times, the 
first is a measure of the second, and the second a multiple of the first. 

Examine f + f f + f=fx£. 
4 3 

1 ' 

This quotient is integral only because the 2 is a measure of the 8 

and the 3 of the 9, as otherwise the denominators would not dis- 
appear. Generally : If ~ and -^ are two fractions at their lowest 
terms, ~ -s- ~ is integral only if c is a measure of a, and d a mul- 
tiple of 6. 

In order, therefore, that one quantity should measure a series of 
quantities (of course at their lowest terms), its numerator must be a 
measure of each numerator, and its denominator a multiple of each 
denominator of the series. Hence 6. o. m. of a series of fractions = 
G.c. m. of numerators + l. o. m. of denominators ; and conversely, L.O.M. 
of a series ** L. c. m» of numerators + g. c. m . of denominators . We may 
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also remark that the resulting g.o.m. or l.c.m. will be at its lowest 
terms; for if the g.c.m. of the numerators, say, have any factor, 
and that factor is contained in any one of the original denominators, 
one at least of the given fractions would not be at lowest terms. 

Find g.c.m. and l.o.m. of ^, £|, ££. 

g.c.m. of 9, 12, 27, is 3. g.c.m. of 35, 25, 50, is 5. 

L.C.M. of „ is 108. L.O.M. of „ is 350. 

.•. G.O.M. required is yf^, and L.C.M. required is *£ 8 =21£. 

Exercise XXVIIL 

(1) Find g.cm. and l.c.m. of 5|, 7£, 8}, 4f, 9*, 6^. 

(2) „ . „ 33*and50f. 

/*\ 1111111 

\°J » » Y* "B"? T> T> TT» TTT* TS* 

(4) „ „ 50*, 67£, 44f, 84*, 707. 

(5) „ „ 225| and 181£. 

(fi\ 4 5 6 7 8 9 

§ 5. Surface Measure. 

The extent of a surface expressed numerically is called its area. 

A square surface which measures an inch each way is called a 
square inch. 

A square surface which measures a foot each way is called a 
square foot. Similarly we have square yards, square miles, &c. 

The area of a surface is expressed by the number of such square 
units that it contains,* or that would be required to cover it 

Find the area of a table 7 feet long and 4 feet broad. 

A ti 



D 

• It will be seen that we only deal here with rectangular plane surfaces. 
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Lot the line AB represent the length, which contains 7 linear feet, 
and AD the breadth, containing 4 linear feet. If lines he drawn as 
in the figure, the space ABCD will be divided into square feet, and 
there will be 4 rows of 7 square feet each, or 7 columns of 4 square 
feet each, i. e. 7x4 = 28 square foet. 

Similar reasoning will in every case shew that the number of 
units in one side multiplied by the number of units in the other, 
will give the number of square units in the area. 

Let I = the number of units in the length. 





„ 6 = 


» 




„ breadth. 




» <* = 


„ square 


units „ area. 






ThenZx 


: b = a. 






Exercise XXIX. 


From length, 


breadth, find area : 


(1) 15 linear feet, 


7 linear feet. 


(2) 10 


„ yds., 


3 


» 


yds. 


(3) 5 


„ in., 


2 


» 


in. 


(4) 1 


„ foot, 


1 


99 


in. 


(5) 2 


„ yds., 


4 


» 


feet. 


(6) 12 


„ in., 


12 


J» 


in. 


(7) 3 


„ feet, 


3 


99 


feet. 


(8) 1760 


„ yds., 


1760 


99 


yds. 



The following table will now be evident : 

144 square inches =1 square foot. 
9 square feet =1 square yard. 
Since a = Z x &, if a and I are known, b can be found ; for the 
question is, By what number must I be multiplied to give a 1 Ans. 
a -T- Z, or SL, Hence, -y = b ; similarly, -£ = I. 

Exercise XXX. 
rom (or; I ^ rea> an( j one g^e, find other side : 

(1) 36 square yds., 9 linear yds. 

(2) 28 „ in., 7 „ in. 

(3) 100 „ feet, 5 „ feet. 

(4) 100 „ miles, 10 „ miles. 
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Find the area if the length is \ ft. and the breadth \ ft. 



A 


E 


B 










F 




G 




D 










Let AB m 1 foot, AE = \ ft., AD = 1 foot, AF = \ ft., then 
ABCD is 1 square foot, and AEGF is \ of 1 square foot, i.e. 
£ x \ square ft. Similar reasoning will shew in every case that if 
the length is -j- and breadth -y, the area is -zr x 

Next suppose length -$• ft., breadth £ ft. 






Examination of the diagram shews that, as before, length \ ft, 
breadth £ ft, gives ^ sq. ft. ; but length •£, breadth f , gives 4x2 
x -£j = ^, ie. -^ x -|. Hence in every case, whether the given dimen- 
sions be fractional or integral, lxb = a, and consequently ij- = I, and 

Find the area if the length is 5 ft, 4 in., and breadth 2 ft, 9 in. 
5 ft, 4 in. = 5J ft. ; 2 ft, 9 in. =2| ft. 
4 
5-J x 2f = ij* x 21= V = 14 f 8< 1- ^ = 14 S< 1- ft -» 96 S< 1- in - 
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Or, 5 ft., 4 in. = 64 in. ; 2 ft., 9 in. = 33 in. 
64 x 33 = 2112 sq. in. 
12 )2112 
12)176 

14 sq. ft. and 8 x 12 sq. in. Am. 14 sq. ft., 96 sq. in. 

Required the length of carpet £ yd. wide, to cover a room 20 ft., 
10 in. long, 15 ft., 10^ in. broad. 

The area of the floor is ^ x —i sq. yds. The area of the carpet 

is the same; and as its width is known, the length is found by 
dividing the area by the width, £ yd. 

1 
204 15| 4 _125 127 * - 16875 = 48*l» vds. 

2 

Exercise XXXI. 
(1) Find the area, given : 

a. Length, 1 yd., 2 ft., 9 in. breadth, 2 ft., 8 in. 



6. 


n 


2 yds., ] 


L ft., ' 


7 1 


in. 


99 


10^ in. 


c. 


99 


17 yds., 


2 ft., 


,3 


in. 


99 


1 yd., 1 ft, 10 in. 


d. 


99 


10 yds., 


2 ft., 


,11 


. in. 


99 


1yd. 


e. 


99 


1 ft., 1£ in, 






99 


1ft. 


/. 


99 


36 yds. 








99 


4 yds., 1 ft., 5 in. 


9- 


99 


A y4 








19 


fyd. 


h. 


99 


Ayd- 








99 


fft. 


k. 


99 


2| ft. 








19 


5|in. 


1 


99 


£in. 








99 


|in. 



(2) A room is 20 ft. long, 14 ft., 6 in. broad, and 11 ft., 9 in. high. 
How many square feet of carpet will be required, and how many of 
paper? 

(3) What length of carpet, 2 ft., 3 in. wide, and of paper, 1 ft., 
9 in. wide, will be required ? 

(4) How many acres in a square furlong ? 

(5) A rod or pole is 5£ yds. How many square yards in a square 
rod? 

(6) Express in acres the difference between half a square mile and 
half a mile square. 
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(7) Find the difference between 2 square furlongs and 2 furlongs 
square. 

(8) The difference between 3J square yards and 3J yards square. 

(9) Find the one side, given : 

a. Area, 50 square ft the other side, 3£ yds. 



b. „ 185f square ft. „ 4 yds., 2 ft, 7£ in. 

c. „ 6| square ft. „ 10| ft. 

(10) How many pieces of paper, 12 yds. long and 21 in. wide, 
will paper a room 5£ yds. wide, 7£ yds. long, 8| ft. high, and what 
will be the cost at 2s. lO^d. per piece 1 

(11) Find the difference in expense between carpeting a room 
18 ft. long, 13 ft, 8 in. wide, with Brussels, 27 in. wide, at 5*. 6d. 
a yard, and with Kidderminster a yard wide at 3*. 9d. a yard. 

(12) Find the cost of 9 Venetian blinds, 7 ft, 10 in. long, and 4 ft. 
1\ in. wide, at 8%d. per square foot 

§ 6. Solid Measure. 

The space filled by a body, expressed numerically, is called its 
volume, or cubic content 

A cube which measures an inch each way is called a cubic inch, 

A cube which measures a foot each way is called a cubic foot 

Similarly we have cubic yards, &c 

The volume of a body is expressed by the number of such cubic 
units that it contains, or that would fill the same amount of space. 

Find the volume of a block of marble, 5 ft. long, 4 ft broad, and 
3 ft. thick. 
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Let AB be the length, 5 feet ; AD the thickness, 3 feet ; AG the 
breadth, 4 feet. 

The area of the face, ABCD = 5x3 = 15 square feet. If the 
breadth were 1 foot, as AK, the block would yield 15 cubic feet ; 
but being 4 feet broad, the block yields 4 x 15 -= 60 cubic feet. 

Similar reasoning will in every case shew that the number of 
square units in one face must be multiplied by the number of linear 
units in the side independent of that face. Let I, b, t, be the num- 
ber of units in the length, breadth and thickness respectively ;lxb 9 
bxt, txl, are the areas of the several faces ; and lxbxt = v, v being 
the volume. 

The following table will now be evident : 

1728 cubic inches =1 cubic foot. 
27 cubic feet =1 cubic yard. 



From length, 

(1) 8 ft 

(2) 10 in. 

(3) 1 yd. 

(4) 2| yds. 

(5) 10 yds., 1 ft. 

(6) 1 mile 

Since v = I x b x t, 
t 



Exercise XXXII. 
breadth, thickness, find volume : 

5ft 3ft. 

10 in. 10 in. 

1 ft 1 in. 

*f yds - f y d8 - 

2 ft., 8 in. 1 ft, 10£ in. 
15 yds, 10J ft 



Ixb 



'*•>&-*•> 



^f= & *^=<*'; 



(1) Given volume, 

a. 120 cub. ft. 

b. 5760 cub. in. 

c. 9 cub. yds., 7 ft, 1512 in. 

d. 1 cub. yd. 

e. 4£ cub. ft 

(2) Given volume, 

a. 60 cub. ft 

b. 5 cub. yds., 25 ft 

c. ft^g- cub. yds. 

d. 2\ cub. in. 



Exercise XXXIII. 

length, and breadth, find thickness : 
8 ft. 5 ft. 

1 yd. 1 ft, 8 in. 

6 yds., 7 in. 2 ft, 3 in. 
4 yds. 2 yds., 1 ft. 

H yds. 2\ in. 

area of one face, find the third side : 

12 sq. ft. 

17 sq. yds., 7 ft. 

I| sq.ft. 

150 sq. yds. 
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(3) Given volume and one side, find area of one face : 

a. 343 cub. yds. 7 yds. 

6. 1 cub. yd. 1| in. 

e. 3 J cub. in. -j^ in. 

d. If cub. ft. 1 yd. 

(4) How many bricks are there in a wall, 7 yds., 2 ft, 4 in. long, 
2 yds., 2 ft, 3 in. high, 1 ft, 1| in. thick ] A brick is 9 in. long, 
4| in. broad, 3 in. thick. 

(5) A pile of stones is 12 yds. long, 4| yds. broad, 5 ft. high. 
How many stones are there, each being 1 foot long, 4| in. broad, 
5 in. thick f 

(6) How many cubic feet of wood are there in a block of timber, 
15 ft, 10| in. long, 2 ft., 7| in. broad, and 1 ft, 2 in. thick ? 

(7) Gold can be beaten out to the thickness of 200*000 °* an kck 
How much surface can a cubic inch of gold be made to cover 1 

(8) If f of a cubic foot of gold is beaten out to cover 1 acre, find 
its thickness. 

(9) Find the value of a mass of timber, 6 yds., 2 ft, 4 in. long, 
1 ft, 9 in. broad, 10 in. thick, at l\d. per cubic foot 

(10) Find the area of the reservoir that would contain the 
daily water supply of London, 83361824 gallons, if each gallon has 
277|| cubic inches, supposing it to be 6 feet deep ? 

(11) Find the cost of lining with tin a cubical box, one edge of 
which is 4 ft, 6 in., at Is. 6d. per square yard. 

Exercise XXXIV. 
Miscellaneous Examples on Vulgar Fractions. 

s (1) Find the value of: 

a. || of £2. 13*. \\d. 

b. || of 7 cwt, 3 qrs., 9 lbs. 

c. || of 2 years, 73 days. 

(2) Find the value of 4£ guineas + 3| of 2s. 6d. + £& - $ of 1*. 

(3) Simplify (7 A- + 6f ) + (7 £■ - 6f ) + (7 A of 6|) - (7* x 6|) * 
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(4) Interpret the symbol X, and apply it, where possible, to the 
following : 

a. £7x3. c. £7x0. e. ££x|. g. » x £* . 

6. £7x1. d. £fx*. /. ££x». A. ££x£*. 

(5) What fractions of £1 are 13& 8d. 9 17*. 10|d, 2s. 3^.1 

(6) Divide 5f of 2s. 6d. by £ of U 

(7) A can do a piece of work in 4 days, and B in 5 days. In 
what time will they do it together ? 

[A in 1 day does £ of the work ; 
B „ -J of the work ; 

«\ A and B together „ do £ + £ = ^ of the work ; as many 

times, then, as -^ of the work is contained in the whole work, so 
many days will A and B together require. 1 + ^ = *° = 2f .] 

(8) A can do a piece of work in 12 days, which B can do in 10 
and C in 15 days. In what time will all three together do it ? 

(9) A can do a piece of work in 14 days ; B works twice as fast as 
A, and C can do it in 10 days. In what time can all three together 
doit? 

(10) A can mow 2 acres in 7 days, B can mow 3 acres in 10 days. 
In what time will the two together mow 1 acre ? 

(11) A and B together can do a piece of work in 8 days, A alone 
•can do it in 12 days. In what time could B alone do it f 

2| . 12 . i 

(12) Simplify i y»; x * . 

(13) Express ^ of 1 lb. troy + -^ of 1 lb. av. both as troy and 
as av. weights. 

(14) Multiply 49££ by 50^, and add -^ to the result. 

(15) Eeduce \\%\ to lowest terms. 

(16) Arrange in descending order of magnitude, ££, £f , £f. 

(17) If the step of a man be 2\ feet, and that of a horse 2f feet, 
how many horse-paces are equal to 50 man-paces ? 

(18) Find the smallest exact number of feet which is an exact 
number of horse-paces and of man-paces. 

f 
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(19) Find the largest quantity which is contained a whole number 
of times in each of the following : 2|, 6^. 11 J, 19 J. 

(20) Find the value of J^^ + ^d. 

(21) The area of a certain room is 265£ square feet ; its length 
is 17| feet. Find its breadth. 

(22) The volume of a log of wood is 115 cubic feet; its breadth 
is 3| feet ; its thickness, 1 1£ inches. Find the length. 

(23) What fraction of 12*. 6d. must be added to y of 1 guinea to> 
make £1 ? 

(24) Multiply the sum of | of £100, and ^ of £6. 6* 8d. 9 by £ of 

l±t * 

1* 

(25) Find L.O.M. of £, 1^, ff, 3f§. 

(26) On Monday I spent f of my money, on Tuesday § of the 
original sum, and had then £11. 12*. 6d. left. How mnch had I 
at first? 

(27) If on Tuesday I had spent f of what was left me from 
Monday, and had then had £11. 12*. 6d left, what would my 
original sum have been ? 

(28) Simplify ||±f|-f 

(29) A person bequeathed X 5 T of his property to A, £ of it to B> 
I to C, and J to D. The remainder, £550, to charities. What was; 
the value of the whole property ? 

(30) If 1 bushel last 3f days, how many days will 4^ bushels 
last? 

(31) Divide the sum of 8| and 4| by 

a. the sum \ 

b. the difference V of their reciprocals. 

c. the product ) 

(32) Machine A can pump 3 gallons in 5 minutes, machine B 
fvorks half as fast again as A, and C at half B's speed. In what 
time would A alone pump 1 gallon ? 

B „ 4 gallons ? 

C „ 1£ gallons ? 

A, B and C together 2| gallons ? 
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(33) Divide the sum of f of 3^, l* of 17, and £ of 5£ of £|, by 1 9. 

(34) Simplify & of ||L of (2J + 3|). 

(35) Express £ of 13*. id. as a fraction of £5. 

(36) If f of an estate be worth £450, what is the worth of £j of it ? 

[£ is worth £450 ; 
1 „ £of£450; 
^ „ «xjx£450.] 

(37) A can do a piece of work in 10 days, B can do it in 12 days, 
and C in 9 days. In what time will all three do 2 J such pieces of 
work ? What share of all the work is done by A, B and C respec- 
tively 1 If £1. 10*. 1 Id. is paid per piece of work, how much should 
each receive for the 2J- pieces ? 

(38) A man can do a piece of work in 5 days, which a woman 
would take 8 and a boy 12 days to finish ; the man worked 1£ days 
and was joined by the woman ; both together then worked for I J 
days, leaving the remainder to be finished by the boy* How long 
will he take to complete his task, and which of the three will have 
done the largest and which the smallest share of the work 9 

(39) Give three different interpretations to the symbol f* and 
apply each to ii. 

(40) I had f of a ship and sold f of this share for £1200, IfiThat 
is the value of the whole ship ? 

(41) If 220 gals, of creosote, at Id. per gal., give as much heat as 
2£ tons of coal, what will be the cost of the quantity of creosote 
that has the heating power of 1 ton of coal 1 

(42) The value of an oz. of standard gold is £3. 17*. I0$d. What 
fraction of £1000 are 625 oz. of gold % 

(43) Find the value of § of f of fj of 7 articles, if $ of If x 2 J 
articles cost £15. 7*. Sd. 1 

(44) A cistern of 960 "gallons is emptied by two pipes, A and B, 
in 5 and 7 minutes respectively. How much water will pass through 
each pipe if both are opened together ? 

(45) A and B together can do a piece of work in 6 days, A and 

f2 
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C in 8 days, B and C in 9 days. In what time could all three 
together do it ? 

(46) A brick is 9 in. long, i\ in. wide, and 3 in. thick. How 
many bricks are wanted to build a wall 520 yds., 9 in. long, 15 ft 
high and 1 J ft. thick ? 

(47) What will be the cost of painting the four walls of a room 
which is 24 ft., 3 in. long, 11 ft., 9 in. broad, and 11 ft, 6 in. high, < 
at 1*. 6d. per sq. ft f 

(48) Find the average of 21§, 73|, 0, 3^, 82, 17^ 5J> 9^ 

(49) If I spend on the first day £ of my money, next day f of 
what is left, and so on for 4 days, what fraction of the original sum 
will be left? 

(50) By what must the difference between f| and £f be 

a. increased, \ 

b. multiplied, I to give 12 1 

c. divided, j 

(51) Divide 15*. 9d. by 2£. 

(52) Divide 15*. 9d. by 2«. 7Jd 

(53) Divide 15a. 9d. by £2|. 

(54) A cistern can be filled by pipes A and B in 5 and 6 minutes 
respectively, and emptied by C in 4 minutes. In what time will 
the cistern be filled if all three are opened f 

(55) From 1 lb. troy are coined 46f£ sovs. Express the weight 
of 1 sov., both by troy and av. weight. 

J£ 



(56) Simplify 


1&* 


* + § + (* 

6f) + (lH> 
ll*x6f 




x Tf of 


(57) Simplify 


1 


+ *o£l| + 


(i* + : 


*i) + imp 



(58) The area of a certain floor is 145 J sq. ft ; its length is 15 
ft, 4£ in. Find the width. 

(59) A court-yard is to be paved with tiles 10J in. square. How 
many tiles will be wanted if the court is 7 yds., 2 ft, 4 in. long, and 
4 yds., 2 feet wide I 
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(60) How many tiles would have been wanted if each had an area 
of 10J sq. in. 1 

(61) State and prove the rules for the multiplication and division 
of one vulgar fraction by another. Shew that the multiplication of 
two proper fractions will give a product less than either of them. 

(62) Simplify 



mxa 

a. t . 

6x111 






*. wxa + wxo 


r . bxe exa 6xa 






1 


a e 






*(T + 7)" k 


% a . e 






" (W)"* 


«• T X 4- X ^ X ^» 

a 

(63) Simplify #=A + 

TF + T + T 




-2} 
■2* 


*(W)*»«* 



(64) Divide 1 lb. troy and also 1 lb. avoirdupois by 17 lb. 10 ozl, 
6 dwts., 15 grs. troy; 

(65) A room is 8 yds., 2 ft., 3 in. long, and 5 yds., 9 in. broad. 
Find the cost of covering it with carpet £ yd. wide, at 4*. 6d. a yd. 

(66) If the value of one rupee is Iff*, how many rupees can be 
bought for £7f£? 

(67) If 56 cubic feet, 1044 cubic inches, of timber are required to 
floor a room 29£ feet long, and 25J feet wide, what is the thickness 
of the boards ? 

(68) Find the fraction of £1 which is equivalent to the excess of 
§ of a guinea above the sum of £ of la. and £ of 7s. 6rf. 

(69) The cargo of a ship worth £45000 belongs to three partners ; 
A owns £ of f of it ; B's share is equal to 3^ times f of A's share, 
and C owns the remainder. What part of the cargo is owned by 
each partner, and what ought each to receive from the sale ? 

(70) If the circumference of a wheel is 3£ times its diameter, 
how many times will a wheel 1 yd., 1 J ft. in diameter, revolve in 
travelling 3£ miles I 
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CHAPTER VI. 
PRACTICE. 

§ 1. Practice is another mode of performing multiplication. 

Ca3B I. Find the cost of 428 articles at 2*. each. 

2*. = ^ of XI, .-. 428 x 2*. = X 4 A 8 = £42 A = X42. 8 florins = X42. 
16*. Similarly 3259 x 2*. = X325. 9 florins =X325. 18*., and any 
number of times 2s. may be obtained by doubling the last figure for 
the shillings, and calling the rest pounds. 

Exercise XXXV. 
(1)371x2*. (6) 4572x2*. 

(2) 8643x2*. (7) 9724x2* 

(3) 615x2*. (8) 1376x2*. 
(4)8497x2*. (9)7948x2f. 
(5) 1729x2*. (10) 320x2*. 

Case H Find the cost of 367 articles at 12a each. 
12*. = 6 florins, 367 x 12*. = (367 x l fl.) x 6 = (X36. 7fl.)x6« 
X216. 42 fl. = X220. 2 fl. = X220. 4*. 
Wording: 36,7x6=42 (florins) 4', carry 4; 86, 4CX, cany 4; 18, 22\ 
5493 x14s. 549,3x7 = X3845. 2*. 
Wording: 21, 2T, cany 2; 63, 65', cany 6; 28, 84', cany 8; 85, 3^. 

Exercise XXXVL 

(1) 4378 xl2f. (6) 7341 x4f. 

(2) 987x14*. (7) 8267x6*. 

(3) 6716x16*. (8) 9752x8*. 

(4) 3545 xl8t. (9) 723x12*. 

(5) 8714x8*. (10) 8769x10*. 

Case IIL Find the cost of 1389 articles at U each, 
1389 x U. = J of 1389 x 2*. = J of X138. 9 fl. = X69. 9a 
Wording: 2 in 13, G, cany 1 ; in 18, 9'; in 9 fl., O'*. 

7356 xk=} of X735. 6 fl. = X367. 16a 

Wording: 2 in 7, 3', cany 1 ; in 13, #, cany 1 ; in 15, T, cany 1 ; in 16 fl- 
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Exercise XXXVIL 

(1) 9802 xU (6) 1280 x It. 

(2) 8491 x It. (7) 1579x1*. 

(8) 4624 xU (8) 658 xU 
(4) 3765 xU (9) 713 xU 
(5)537xl«. (10) 5046 xU 

Case IV. Find the cost of 4769 articles at 17* each. 
4769x16*. =£3815 4 
„ x !«.= 238 9 

„ x17j.=£4053 13 

Exercise XXXVIIL 

(1) 4253 x8i. (6) 3048x19*. 

(2) 8674 x7«. (7) 956 xlU 

(3) 2587x9*. (8) 5010 xl7#. 

(4) 483 x 18t. (9) 3466 x 19*. 

(5) 5724xl7«. (10) 8888 x St. 

Case V. Aliquot Parts. An aliquot part of any quantity is 
a measure of that quantity. Thus 6*. Sd., being J of £1, is an 
aliquot part of £1. Similarly \\d. (£ of 6d.) is an aliquot part of 
<>d. 21 lbs. (yy of 3 cwts.) is an aliquot part of 3 cwts. The useful 
aliquot parts of £1 are 10*., 6«. 8d, 5s., 4*., 3*. id., 2s. 6d., 2s. t 
Is. Sd. f 1*. 

Find the cost of 419 articles at 3& id. each (3* id. m J of £1.) 

419 x 3* id. =£*£• =£69. Id*. Sd. 

Exercise XXXIX. 

<1) 846 x 10*. (14) 1452 x 2t. 6d 

<2) 789 x 4c (15) 17x10*. 

<3) 8736 x 2b. 6d. (16) 2881 x 5s. 

(i) 1234 x Is. Sd. (17) 43 x 6s. Sd. 

<5) 477 x 3*. id, (18) 787 x Ss. id. 

<(6) 3124 x5*. (19) 29x5*. 

<7) 385 x 6s. Sd. (20) 76047 x Ss. id. 

<8) 4457 x 2s. 6d. (21) 451 x 2s. 6d. 

(9) 1494 x 3*. id. (22) 4284 x 6*. Sd. 
(10) 779 x6«. 8<Z. (23) 2318x5*. 
<11) 387 x 109. (24) 51 x 4*. 

(12) 7773 x 2s. 6d. (25) 1717 x 5s. 

(18) 765 x Is. Sd. (26) 11 x Ss. id. 
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(27) 1837 x it. (32) 588 x U Bd. 

(28) 2655 x 8*. 4c*. (83) 848 x St. id. 

(29) 2470 x 2*. 6tt (84) 8786 x 2*. 6<*. 

(30) 4776 x 1*. 8c*. (85) 567 x 2*. 6c*. 

(31) 38 x 2%. 6c*. (36) 11111 x U. 8c*. 

Case VI. The useful aliquot parts of 2& are 1&, Sd. y 6d., 4ci., 3d % 
2d. ; those of Is. are 6a., id., 3d., 2d., \\d. and Id. ; of 6c*. are Zd. % 
2d., \\d., Id., \d. y \d. 

Find the cost of 477 articles at Sd. each. 

477 x Sd. = \ of Ml. 7 fl. - £15. 18a 

Wording: 3 in 4, 1', carry 1 ; in 17, 5', carry 2 ; in 27 fl., 9 fl. =!&*. 

Find the cost of 643 articles at Sd. each. 
64 t 3x8ci. = £21.8*. 8d. 

Wording: 8 in 6, 2'; in 4, 1', carry 1 ; (18 fl. =26*.) ; in 26, 8*> carry 2$. ; in 
24, a. 

Find the cost of 5261 articles at Sd. each. 
526 4 lx8ci. = £175. 7«. id. 

N.8. Compare the wording of the first with that of the two following examples 
iere given. In the first the number of florins is divisible by 3. 

Exercise XL. 

(1) 5430 x 8c*. (19) 6658 x 8c*. 

(2) 5124 x 2c*. (20) 4507 x 4c*. 

(3) 1524 x 6c*. (21) 8155 x 3c*. 

(4) 1740 x 6c*. (22) 7346 x 6c*. 

(5) 3432 x 4c*. (23) 3751 x 2c*. 

(6) 41296 x3c*. (24) 4414 x 4c*. 

(7) 3456 x 8c*. (25) 9255 x 3c*. 

(8) 26413 x 2c*. (26) 7646 x 8c*. 

(9) 5899 x6d. (27) 5273 x 2c*. 

(10) 4106 x 3c*. (28) 2851 x 8c*. 

(11) 2745 x 4c*. (29) 7108 x 3c*. 

(12) 12113 x 3c*. (30) 6498 x 2c*. 

(13) 5468 x2c*. (31) 2537 x 4c*. 

(14) 6794 x 8c*. (32) 9059 x 6c*. 

(15) 8142 x 6c*. (33) 1439 x 2d. 

(16) 8182 x 2c*. (34) 3413 x 6c*. 

(17) 4533 x 6c*. (85) 17222 x 3c*. 

(18) 2330 x 4c*. (36) 21329 x 3c*L 



Cff. VI.] 



PRACTICE. 



7& 



Case VII. Find the cost of 1749 articles at £3. 7*. 9£d. each. 



1749 x £3.= £5247 

„ x 6*. = 524 14 

„ xl*. = 87 9 

„ x 6<*. = 43 14 6 

„ x 3d. = 21 17 3 

„ xjd.= 5 9 3} 



£5930 
D is obtained by halving C, 
E „ „ D, 



4 0} 



F 



finding the quarter of E. 



Find the cost of 2359 articles at £1. 14*. 7|rf. each. 



2359 x£l. = £2359 
„ xl4*. = 1651 6 
„ x6d. = 58 19 6 
„ xljd. = 14 14 104 
„ xjrf. = 2 9 1J 



£4086 9 6} 
C is found as in Case VI. 
D „ by dividing C by 4, 
E „ „ Dby6. 

Find the cost of 947 articles at 16s. llfeZ. each* 

A 947x16*. = £757 12 

B „ x8rf. = 81 11 4 

C „ x3<*. = 11 16 9 

D „ x|rf. 2 19 2j 

£803 19 31 
B and C are obtained as in Case VL 
D is one-fourth of C. 







Exercise XLI. 






£. 8. 


d. 




£. I. d. 


(1) 7000 @ 


5 10 





(7) 529 @ 


4 8 74 


(2) 394 


1 18 





(8) 7641 


8 7 llf 


(3) 1776 


4 17 


6 


(9) 82465 


13 H 


(4) 3458 


2 13 


4 


(10) 8762 


10 1 li 


(5) 43728 


8 18 


6 


(11) 385 


5 7 6J 


(6) 4639 


1 17 


3 


(12) 1044 


8 19 10i 
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r 


£. s. <L 




£. 6. d. 


(18) 157 @ 6 18 9f 


(20) 854 ® 


5 8 


(14) 7235 10 16 7* 


(21) 720 


11 10 7J 


(15) 586 4 4 4( 


(22) 87 


10 6 81 


(16) 725 12 111 


(23) 256 


20 11 4} 


(17) 678 9 2* 


(24) 749 


40 14 6 


(18) 965 8 2 51 


(25) 865 


15 51 


(19) 182 7 8 8} 


(26) 1870 


8 14 91 
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(27) Taking a year to be 365 days, find the wages for a year, if 
the daily wages be U, is. 6d., 7a. 4d, £1. 2s. 6(2., £3. 4*. lOd. 



Case VIII. Find the cost of 2037J articles at £A. \U. Id. each. 



2087 x £4. = 


£8148 





„ xlO*. = 


1018 10 





„ xl*. = 


101 17 





„ x6d. - 


50 18 


6 


„ xlc*. = 


8 9 


9 


1 of £4. 1U Id. = 


2 5 


»4 



£9380 1 01 



2675| articles at XI. 18*. 3£d 



2675 x£l. = £2675 



„ Xl8«. as 

„ xZd. = 

„ Xid. - 

I £1. 18*. 81c*. = 



2407 10 

33 8 

5 11 

4 






9 

*r 

8A 



18 



12 9j 
£5122 7 21} 



9 
1 
8 

iT 



Similarly, if the fraction of the article were £, ^, &c, we may 
Hist find the cost of \> ^ &c, and then by multiplication the cost 
«of the remaining f , ^, &c. 



Exercise XLIL 



<1) 4261 x £8. **. Z\d. 

(2) 712|x£5. 7». id. 

(3) 28#x£20. ^ id. 



(4) 537Ax£83. 4*. 9<£ 

(5) 821|x£7. 10*. 33<*. 

(6) 246&x£14.4*. 4JA 
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Case IX* Find the cost of 9 cwt, 3 qrs., 18 lbs. at £7. 10& 8tf. 



per cwt. 



9 cwt. at £7. 10*. U. = £67 16 
2 qrs. ,, = 3 15 4 

1 qr. „ = 1 17 8 

14 lbs. „ = 18 10 

4 lbs. „ =0 5 4} 



B. 
C. 
D. 
E. 



2 qrs. = £ of 1 cwt. 
1 qr. = \ of 2 qrs. 
14 lbs. = \ of 1 qr. 
4 lbs. = \ of 1 qr. 



£74 13 2? 

Find £ of £7. 10$. 8d 
„ £ofB. 

„ £ofC. 
„ |ofC. 



Find the value of 7 oz., 14 dwts., 11 grs. of gold, at £3. 17*. 10£dT. 



per oz. 



7oz.at£3. 17i.l04<*.=£27 
10 dwts. 

4 „ 
8 grs. 
2 „ 
1 gr. 



=£27 5 14 
= 1 18 1U 


= 15 


6A 


= 01 


m 


= 00 


*m 


= 00 


Wi 


£30 1 


Mfc 



82 


20 


— 


80 


32 


288 


8 


184 


2 


286 


— 


303 



Vthf — *•%• 



Exercise XLIII. 

(1) 7 tons, 5 cwt., 1 qr., 21 lbs. at £10. 4*. per ton. 

(2) 11 cwt., 3 qrs., 14 lbs. at £8. 10a per ton. 

(3) 4 cwt, 1 qr., 17 lbs. at £3. 3s. per cwt. 

(4) 4 oz., 11 dwt, 17 grs. at £5. 10*. per oz. 

(5) 14 miles, 2 fur., 143 yds. at £42 per mile. 

(6) 3 qrs., 19 lbs. at £7. 8s. 4d per cwt. 

(7) 4 hours, 17 min., 17 sec. at 45 miles per hour. 

(8) 11 tons, 11 cwt., 23 lbs. at £3. 19* per ton. 

(9) 4 oz., 7 dwts., 11 grs. at £3. 17*. 10$d. per oz. 
(10) 23 lbs., 14 oz. ay. at £18. 10s. per cwt 

* Students who intend to pursue the study of Arithmetic into Fart III. are 
'advised not to waste much time over this barbarous rule, which we give reluctantly 
in deference to use and wont. 
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Case X. Find tae cost of 149 tons, 13 cwt, 3 qrs., 10 lbs., at 
£43. 8*. id. per ton. 



149 x £43 =£6407 

„ x8*. = 59 12 

„ x4d. = 2 9 

10 cwt. at £43. 8«. id. per ton 21 14 
2 „ 

* f» >» 

2 qrs. „ 

1 qr. „ 
71b*. 
lib. 

2 lbs. 



4 6 10 






2 3 5 


112 




v-^ 


1 1 8( 




56 


10 10} 


— 


28 


2 8A 


7 


63 


4AV 


— 


73 


9H 


2 


34 


£6499 2 6J* 




«#= 



Find the dividend on £537. 8*. lOd. at 9*. 1\d. in the £. 



Dividend of 20*. in the £= £537 
5*. „ 
4*. „ 
6rf. „ 
11^. „ 
id. „ 



8 10 



480 



134 7 


2* 


— 


240 


107 9 


n 


— 


96 


13 8 


m 


24 


312 


3 7 


m 


6 


78 


11 


mi 


— 


173 


£259 4 


mi 




Ut 



Exercise XLIV. 

(1) 421 tons, 11 cwt. at £5. 12*. 6d. per ton. 

(2) 75 tons, 9 cwt, 1 qr. at £12. 10*. 6rf. per ton. 

(3) 137 oz., 12 dwt at £3. 17*. 10|d. per oz. 

(4) 511 miles, 5 fur., 77 yds. at £417. 18*. 9d. per mile, 

(5) 4*. \0^d. in the £ on £5811. 17*. 6d. 

(6) 71 days (of 12 hrs.), 9£ hrs. at £7. 7*. a day. 

(7) 111 yds., 1 ft., 1 in. at 5*. 6|rf. per yd. 

(8) 5s. 4|d in the £ on £826. 14*. lOd. 

(9) 37 cwt, 3 qrs., 24 lbs. at £10 12*. Sd. per cwt. 

(10) 76 gals., 3 qts., 1 pt at 14*. 9d. per gal. 

(11) 23 years, 17 weeks, at £10. 10*. a year. 

(12) Find the price of 14 ingots of gold, each weighing 3 lbs.* 
7 oz., 14 dwts., 21 grs. at £3. 17*. I0^d. per oz. 
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(13) 3 cwt, 2 qrs., 16 lbs., at £3. 7s. M. per cwt 

(14) 3 acres, 1 rood, 14 poles, at £125 per acre. 

(15) 15 silver plates, each weighing 7 oz., 11 dwts., 6 grs. at 
<k &d. per oz. 
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PEOPOETION. 



§ 1. Find a number that shall be the same fraction of 12 that 6 
is of 8. 6 is § or £ of 8, .-. we have to find f of 12. Am. 9. 





Exercise XLY. 






What quantity is the 


same 


fraction 






(1) of 20 




that 4 


is of 5 1 


(2) „ 35 




» 6 


» 


15? 


(3) „ 35 




„15 


» 


6? 


<*) » 2f 




11 


>? 


If? 


(5) „ 104 




» H 


99 


2? 


<6) „ 104 




„io* 


» 


11? 


(7) „ £2. 10*. 8d. 




„ 3 


99 


4? 


(8) „ £10. 10«. 




„ 1 cwt., 3 qrs. 


J» 


2 cwt., 2 qrs.? 


<9) „ £8. 7s. U. 




„ 2 yrs., 73 d. 


JJ 


3£ yrs.? 


(10) „ 1 oz. troy 




99 1«. 


3J 


£1? 


(11) „ 1 oz. troy 




„ Id. 


J» 


£1? 


(12) „ 1 lb. troy 




,, 1*. 


>> 


£1? 


<13) „ £1 




„ 1 oz. 


99 


lib. troy? 


<U) „ £l 




„ 1 dwt. 


» 


1 lb. troy ? 


(15) „ £1 




„ 1 qr. 




1 ton? 


<16) „ £1 




„ 1 fur. 


9» 


1 mile? 


(17) „ 2s. Gd. 




„ 1 pole 


99 


1 furlong ? 


<18) „ £1. U 




„ 6|yds. 


99 


3| furlongs ? 


d9) »-£■ 




„ 3x1* 


9) 


6xl|? 


(20) „ The reciprocal 


of 10 


„11 


99 


its reciprocal? 


(21) „ 1000 sheep 




„ 3 men 


99 


5 men? 
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§ 2. The fraction that one number is of another is called the> 
ratio of the first number to the second. In every ratio, therefore* 
there must be two quantities (or "terms") of which the first is 
called the Antecedent and the second is called the Consequent. 

Of the ratio f , the numerator 3 is the antecedent, 4 the conse- 
quent. The ratio | is commonly written 3 : 4, and is read 3 to 4. 
We see that 3 : 4 is one more interpretation of f , and we have the* 
following sets of interchangeable terms. (Cf. p. 21.) 

Numerator, Denominator, Fraction, 
Dividend, Divisor, Quotient, 

Antecedent, Consequent, Ratio. 

[Note, however, that every ratio must be an abstract number (or 
fraction), and hence that the Antecedent and Consequent must bo 
quantities of the same kind. Ratio, in fact, is Relative Magnitude, 
which can of course only subsist between quantities whose magni- 
tudes can be compared.] 

§ 3. Since antecedent, consequent and ratio are only different 
names for numerator, denominator and fraction, whatever holds true? 
of fractions must also hold true of ratios. Thus, for example, 

By multiplying or dividing both terms of a fraction by the same- 
number the value of the fraction is unaltered (Ch. II. § 1). Simi- 
larly, 

By multiplying or dividing both terms of a ratio by the same* 
number the ratio is unaltered. 

E.g.: since 4 = ^, 4:5 = 8: 10. 
. Again : as £ > § , so 3 : 4 > 2 : 3. 

Exercise P. 
Which is the greater of each of the following ratios : 



(1) 5: 


8 or 6: 9. 


(6) 4 : 8 or 6:12. 


(2) 7: 


10 or 6: 9. 


(7) 7^: 10 or 3: 4. 


(3) 10: 


7 or 9 : 6. 


(8) f: lor f: #, 


(4) 8: 


9 or 10 : 12. 


(9) f: lor #: f 


(5) 4: 


8 or 8:14. 


(10) 25 : 30 or 15 : 18. 
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§ 4. When two ratios are equal, the four terms are said to h* 
in proportion ; thus the four numbers, 25, 30, 15, 18, are in pro- 
portion ; since 25 : 30 = 15 : 18. (Read : 25 is to 30 as 15 w to 18.> 

In every proportion there must therefore be four terms, viz. two- 
antecedents (25 and 15), and two consequents (30 and 18). The- 
first and fourth, or outer terms, are called the Extremes ; the second 
and third, or inner terms, are called the Means. It is also convenient 
to call the two extremes or the two means similar terms, and ono 
extreme and one mean dissimilar terms. Thus in the above pro- 
portion 25 and 18 are similar, and so are 30 and 15; but 25 and; 
30, 25 and 15, 30 and 18, 15 and 18, are dissimilar. 

Notice that since by a proportion we mean the equality of two- 
ratios, a proportion is true only if the two ratios or fractions reduced, 
to lowest terms prove to be identical ; thus §$- = {» and £-| = £.* 

§ 5. There is another mode of testing proportionality. To com- 
pare two fractions we reduce them to some common denominator, 
for which we may choose the product of the two denominators. 

E.g. to compare §£ with |f , we may reduce them to the common 
denominator 18 x 30, and they become q Q 18 and 18 3Q , and. 

generally the numerators will be respectively the first numerator x 
the second denominator, and the second numerator x the first deno- 
minator. If these products are equal, the fractions are equal, and it 
not, not. 

Translating this conclusion into the language of ratios : Two ratios 
are equal if the first antecedent x second consequent = second ante- 

* Two fractions at lowest terms cannot be equal unless they are identical. To 
compare, for example, •& with -^ we multiply each numerator by the number of 
times the other denominator contains the g.o.m. of the denominators, and these 
two multipliers are therefore prime to each other. In this case they are 3 and 2. 
The new numerator of the first fraction will then contain 3 ; but the new numerator 
of the second fraction cannot contain 3, for the old numerator did not contain 3, 
the fraction being at lowest terms, and the multiplier now introduced cannot- 
contain 3, being prime to it. Hence to suppose the two fractions equal, involvea- 
the possibility of an integer divisible by 3 being equal to an integer prime to 3, . 
which is absurd. 
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cedent x first consequent. In other words : Four quantities are in 
proportion if the product of the extremes is equal to the product of 
the means, and if not, not. 

If any number be broken up into two pairs of factors (as 36 = 4 
x 9 = 3 x 12), these two pairs are the similar terms of a proportion 
{4 : 3 = 12 : 9); the product of the extremes being equal to the 
product of the means. 

§ 6. The four numbers, 4, 3, 12, 9, can be arranged in eight dif- 
ferent ways, in each of which the tests for proportionality will hold. 

4: 3 = 12: 9. 12: 9= 4:3. 

4 : 12 = 3 : 9. 12:4=9:3. 

3: 4= 9:12. 9: 12= 3:4. 

3: 9= 4:12. 9: 3 = 12:4. 

There are sixteen other ways of arranging these four figures, but 
In no one of them does either test hold. 



Exercise XLVL 

(1) Break up 60 into two pairs of factors, and write down the 
resulting eight proportional arrangements. 

(2) Do the same with 15, 21, 25, 100, 2|. 

§ 7. The question of most frequent occurrence in Proportion is 
the following : Given any three terms to find the fourth. Putting 
the letter x for the missing term, the following four cases arise : 

L a?: 12 = 10: 15. 
ii. 8 : x = 10 : 15. 
iii. 8: 12 = a; : 15. 
iv. 8:12 = 10: x. 

(i.) translated means : A certain number is the same fraction of 12 
that 10 is of 15. Find the number. 

10 is ££ of 15. 10x12 

.-.sis 3$ of 12. Ans ' 15 m *- m 
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(ii) means : 8 is the same fraction of a certain number that 10 is 
of 15. Find the number. 

10 is \% of 15* 
.-. Sis^ofz. ijjcS 

orsis|£of8. (Ch.III.§6.) Am * 10 " 1A 

(iil) means : 8 is the same fraction of 12 that a certain number 
is of 15. Find the number. 

8isAofl2. ^_ 10 

.-. x is ^ of 15. An8 ' 12 - m 

(iv.) means : 8 is the same fraction of 12 that 10 is of a certain 
number. Find the number. 

8 is t% of 12. 
.\ lOis^ofic. 12*10 , r 

orajisVoflO. An8 ' — 8^ = 15 - 

The same result might have been obtained mope, readily from the 
test given in § 5. 

If the missing term be an extreme, the question is, What number 
multiplied by the other extreme gives the product of the means 1 
Ana. The product of the means divided by the other extreme. 

If the missing term be a mean, the question is, What number 
multiplied by the other mean gives the product of the extremes? 
Ana. The product of the extremes divided by the other mean. Or, 
in other words, The product of any two similar terms divided by 
one dissimilar term gives the other dissimilar term. 

rr» .* , , bxe . axd axd , bxe 

Thus if a: o = c: d, a = -j-; 6==-^-; c = ^-; d=-^-. 



Since "the product of any two similar terms divided by one 
dissimilar term gives the other dissimilar term," the two similar 
terms to be multiplied will give the numerator of a fraction, and the 
given dissimilar term the denominator. Aence the dissimilar term 

G 
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may be cancelled against either of the two similar terms, or if con- 
venient the dissimilar term and eitlier of the similar terms may be 
multiplied by the same number. 

Thus if 8 : 10 = 6 : x, then 4 :5 = 6 : x, and 2 :5 = 3 :*; 

also 3x8;3xl0 = 6:z, and 5x8: 10 = 5x6:3, 

and 3x5x8 : 3 x 10 = 5 x 6 : *, &c. 
Generally : If a : b = c : d, m x a : m x b = c : rf , and wxa:6= 
7n x c : d, &c, where m represents any multiplier, integral or frac- 
tional. In other words, " Any two dissimilar terms may be multi- 
plied or divided by the same number without disturbing the propor- 
tion." 

Exercise XLVH 

L State the following proportion in the eight different ways and 
find the value of x from each way. x : 10= 12 : 15. 

II. Find the value of x from the following ; 

(1)*:2 = 3:4 (7) _I_ :*»=*: 1. 

(2)2:3 = 3:4 V ' 2+J_ ** 



(3) 2J:3J=a;:4J. 



8* 



(4) 6*: 1=3:*. (8) x . 1 = 1 . 21 

(5)4:5 = 5:*. W AM ' Ba1 



i *= =-r 



1 




1 . Q 




= 


I 2 


4+1 




6 + 1 


5+1 


6 + 1 




6 


4 



iV 



24 ' 34 * 24+34' 

III. Place x in the first, second, third and fourth terms succes- 
sively, and find its value in each case, the other three terms being : 

(1) 12, 15, 20. (3) 3J, 3£, 2f 

(2) 1,2,3. W (W), (* + *),( W> 
§ 8. Find x from 2| : 7| = 8f : x; 

1 4 . 1 5 _. 3 5 . 0. 



x5 
x2 
x4 

+7 



14 :5xV = V :* 
2xl4:5xl5=V :* 
4x2x14 : 5x15 = 35 :* 
4x2x2 :5xl5=5 :x 

5x5xl£ 

4x2x8 w "" <B Tr 
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This example shews that any denominator may be transferred as 
a factor to a dissimilar term. Shortly, thus : 

%:T4 = H|:* 
V4 5 « 
2 15 5 

Examine the proportion £5 : £8 = £7 : x. Here we can attach 
n> sense to the product of the means, (Part L Ch. V. § 17.) 
The question is : Of what sum of money is £7 the same fraction that 
£5 ia of £81 The concrete quantfty £5 is the same fraction of the 
concrete £8 that the abstract number 5 is of 8, therefore substi- 
tuting abstract for concrete numbers, the rules previously given 
become intelligible. 



Find x from £h 0*. 


7\d. :£1. lZs.=£l.Si.id.;x 






*1A 
W 
5 


: £1U = £1. Ss. id. : * 
: « 

8 *=Jof£l. 


Si. id. 


=£2. U id. 




5 


Ur > 

: $$*. = £1. 8#. id. i x 
8 

*=fof£l. 
or, 


Ss. id. 


as before. 




\$$ halfpence : \$$ halfpence =£1. 8*. id. 
6 8 x=t of £1. 


: x 
St. id. 


as before. 


We see 


that the choice of the unit is immaterial. 


It is best to 


choose the 


largest which is readily obvious. 







§ 9. Find the cost of 35 articles at £1. 18*. 10Jd. for 21 articles. 

The beginner will find it convenient first to arrange the problem 
thus: 

Statement : 21 articles cost £1. 18* 10&<£ 
Question: 35 „ £x. 

02 
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It is clear that the ratio of the two numbers of articles must equal 
that of the two prices, or that 21 : 35 =* £1. 18*. lOJdL : «. Hence 

3 : 5, &c.; .-. s = gx £1 - ^ 10 ** = £3. 4* 9Jd 

If 14 articles cost £3. 17*. 7d. 9 how many articles can be bought 

for £1. 10s. b\d. 9 

Art. £. «. d 
14 cost 3 17 7 
* M 1 10 5} 
14 : * = £3 17 7 : £1 10 5f 

II is* however, usual to make x the fourth term ; thus : 

£8. 17t. U. : £1. 10*. 5]cZ. = W : * 
\\%\ farthings V$$ farthings 3j 
Wt 209 1 

•*. 20^x1 w ^ 

88 88 •*—»•** 

4m«. 5i articles. 

If the profits on £125. 14«. 9±d. be £6. 15*., what capital must 
I invest to get a profit of £168. 15*. ? 

Capital Profit. 

£125 14 9* brings £6 15 
* „ 168 15 

£6. 15*. Od. : £168. 15*. = £125. 14*. 9*4. : * 
\ty§ shillings W§ shillings 

1 25 

£125. 14*. 9Jc*. x 25 =£3143. 9#. S\d. Ans. 

If 11 J articles cost £2. 5«. I0d. 9 what will 19JJ articles cost? 

Art. £. t. d. 
1H cost 2 5 10 
19» „ * 
\\i : WH = ^2. 5*. 10c*. : * 

- X*. SXS 

4 « ftfcl0ix7 M<i ^ |tii|ML 



en. vn.] p&opoETioif. 85 

Find the cost of 1 Ion, 15 cwtt, 8 qrs,, 5 lbs., if 13 cwt, *0 ^rs., 
21 lbs. cost £A. 16*6£d.? 

Tons. cwt. qrs. lbs. £. t. d. 

18 21 <x*t 4 16 6i 

1 15 3 6 „ x 

Cwt. qrs. lbs. Tons. Cwt. qrs. lbs. £. t. d. 

18 21 : 1 15 8 5 = 4 16 6* : x 
1477 lbs. : '4009 lbs. 

How much spirits of wine can I get for 4*. 3£d. at 23*. per gallon? 

Gallon. £. $. d. 
1 18 

* 4 3} 

£1. 3». : 4*. 3J& = 1 : * 
Wx\W : W = *x5j :« 
1 $ a 

2 8 1=14 pints. Am. 

Here £1. 3*. is expressed as 23 x 12 x 4 farthings without multi- 
plying out j 4*. 3f <£. are 207 farthings, and 1 gallon is 4 x 2 pints. 
It is best, where possible, merely to indicate operations, without 
performing them, as this facilitates cancelling. Tnus here the one 
gallon of the third term is expressed as 4 x 2 pints, because the 
factors thus introduced cancel against factors <o? the £rst term. 

Exercise XLVHL 

(1) Find the cost of 72 articles, if 40 cost £&. 1&. 8|tf. 

(2) If 15 sacks of potatoes cost £4. 4s., what shall we pay for 50 
sacks) 

(3) What Is the cost of 104 yards at £1. lis. 6d. for 91 yards 1 

(4) What will be the weekly keep of 195 horses, if 117 horses 
can be kept for £46. 16*. 9<2. I 

(5) What will be the carriage for 161 miles at 16*. 6d. for 276 
miles? 
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(6) How many articles can be bought for £15 if 10 cost £25 1 

(7) If 15 sacks of potatoes cost £4. 4*., how many can be bought 
for £2. 12*. 6d. % 

(8) How many yards can be bought for £33. 6*. 8d. at £100 for 
300 yards? 

(9) If 45 yards of trench are dug by 15 men, how many men 
would be required to dig in the same time 63 yards 1 

(10) If a railway ticket for 125 miles cost 7*. 9f £, how far ought 
I to be able to travel for £3. 2*. 6d. ? 

(11) Find the cost of 4 tons, 17 cwt., 3 qrs., if 11 cwt., 2 qrs. 
cost 19*. I0%d. ? 

(12) Gold costs £3. 17*. 10|d per oz. troy. Find the value of 
1 lb. av. 1 

(13) How many oz. troy of gold shall I get for £103. 16*. 8d. I 

(14) Find the wages for 2 years, 8 months, at £10. 15*. per 
annum. 

(15) A and B divide between them a hogshead of claret (23 
dozen), costing £34. 10*. A takes 150 bottles. How much has B 
to pay ? 

(16) If 3 qrs., 5 lbs. cost 3*. 8|df., what will 2£ cwt. cost! 

(17) How long will £368. 19*. Id. keep me, if £96. 0*. Id. suf- 
fices from March 17 to June 20 ? 

(18) How much old brandy can I get for £1. 17*. 6d. at £3 per 
gallon 1 

(19) Taking the diameter of the earth at 7917 miles, and the 
highest mountain at 29,000 feet, by what fraction of an inch ought 
this mountain to be represented on a globe 1 yard in diameter ? 

, (20) If 6 cwt., 1 qr., 21 lbs., cost £5. 9*. 5\d. 9 what weight can 
be bought for £17. 17*. 1 

(21) 4£ articles cost 9*. 10A Find the cost of 10| articles. 

(22) How many articles can be bought for 17*. 4£d., if 8| articles 
are bought for 2*. 2§d. ? 
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(23) A owns ^ of a ship, B owns ^ of it If A*s share is 
worth £2950, what is B's worth! 

(24) If for £1700 I buy ^ of a ship, what fraction of it can I 
buy for 1270 guineas ? 

(25) Find the fourth proportional to 4f , 5f , 7 j£ [i.e. place x in 
the fourth term], 

(26) The value of a fraction is $£, the numerator is 33$. What 
must the denominator be 1 

§ 10. Compare the following questions : 

(1) If 8 articles cost £30, what will 12 cost? 
' (2) If 8 men do a piece of work in 30 days, how long will 12 
men require? 

In (1) more articles cost more money ; in (2) more men require 
lets time. Articles and their prices, horses and their provender, 
men and the work they can do, &c., are said to be in direct propor- 
tion, which means that twice as many articles cost twice as much 
money, three times as many articles cost three times as much, and 
so on, of twice as many horses require twice as much provender, &c. 
But men and the time required are in a different relation to each 
other ; for twice as many men require half the time, three times the 
number of men require one-third of the time, and so on. Quantities 
thus related to each other are said to be in inverse proportion. 

Direct. Inverse. 

(1) M If 8 men earn £30, M (2) | If 8 men require 30 days, m 
1 12 men will earn £x. 1 1 12 „ x days, j, 

In (1) the number 30 is to be altered in the ratio of 8 : 12. 
In (2) w „ 12 i 8. 

Hence the resulting proportions are : 

(1) 8 : 12 = 30 ix. Ana. £45. (2) 12 : 8 = 30 : *. Ana. 20 days. 

Before " stating" a proportion, we must always determine whether 
the problem is one of direct or of inverse proportion. The beginner 
will find it convenient to indicate his conclusion by arrows as above. 
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Exercise XLTX. 

(1) If 8 men can mow a field in 5 days, bow many men will mow 
it in 2 days % 

(2) If 8 men can mow a field in 5 days, bow many days will 10 
men require % 

(3) If we require 75f yds. of carpet f yds. wide, to cover a 
room, bow many yards of carpet 1 J yds. wide, will be required ? 

(4) Tf £483 gain £27. 15s. interest in 1 year, bow mucb capital 
will make tbe same profit in 7£ months ? 

(5) If witb a given sum of money I can buy 112 dozen at 7*. ijd. 
per dozen, bow many articles can I buy at 10*. 6d. per doeenl 

(6) If tbe wages of an Austrian workman be 1*. Sd. a day, and 
of a Lancashire workman 4&, bow many of tbe former can be bind 
for the wages of 37$ of the latter ? 

(7) What sum of money will at 3| per cent, yield the same 
interest that 400 guineas yield at 5 per cent ? 

(8) The capital of a company is raised by tbe issue of 1750 shares 
at £45 each. What would be the value of each share, if 3000 shares 
bad been issued to raise the same amount 1 

(9) If 6352 stones, 3 ft. long, are required for a certain wall, bow 
many stones, 2 ft. long, will be wanted 1 

(10) What length of land must be cut off from a piece 13$ poles 
wide, to contain an area equal to a field 88 yds. long and 55 yds. 
broad ? 

(11) If 6f bushels last If days, how many days will 14$ bushels 
last) 

(12) If the daily allowance is 6§ bushels, the store will last If 
days. How long will the store last with a dairy allowance of 14& 
busbels f 
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§ 11. Chain Rulbl 

All questions of proportion can be stated in the shape of a frac- 
tion. It is convenient to draw the line perpendicularly. Find the 
cost of 45 articles if 20 cost £6. 6*. This question stated thus : 
£x I 45 art. 
20 art. I £6. 6*. 
is read: "How many pounds for 45 articles if 20 articles cost 
£6. $8.1" 45 x £6. 6*. is the numerator and 20 the denominator of 
the fraction sought. Cancelling, we obtain, 9 x £1. 11a. Cd. =£14. 
3*. 6d. Am £14. 3& 6d. 

1 111 6 

The* chain** is correct for direct proportion (1) if each Hne begins 
with the denomination with which the previous line ended, (2) if the 
chain finishes with the same denomination with which it began, and 
(3) if the original sense of the question is preserved when read off 
as above. 

This rule is applicable with advantage to such questions as the 
following : How many pounds of tea must be given for 28 lbs. of 
rice, if 4 lbs. of sugar are worth 1 lb. of coffee, 15 lbs. of sugar are 
worth 14 lbs. of rice, and 30 lbs. of coffee are worth 7 lbs. of tea ? 
Denominator. Numerator, 
tea x 28 rice 
rice 14 15 sugar 
sugar 4 1 coffee 
coffee 30 7 tea 
This chain is stated correctly; for the second and third terms, the 
fourth and fifth terms, the sixth and seventh terms are respectively 
of like denomination, and so also are the first and last. Moreover, 
when read oflj the statement preserves the original sense. The 
problem might be broken up into a number of separate questions of 
direct proportion. Thus : 

How much sugar for 28 rice if 14 rice = 15 sugar ? Am. * 
sugar. 

How much coffee fbr ? 8x . sugar if 4 sugar.= I coffee % Am. 
18x15x1 coffeet 
14x4 
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How much tea for 
Jxl5xlx7 



•JL 1 **! coffee if 30 coffee = 7 teat An*. 
14x4 



14x4x2 
meat 



tea, which is the fraction obtained above in one state** 



x 

4 



1 



7 

X t=H. dm. H lbs. tea. 

Questions of this kind occur very rarely, but problems of " arbi- 
tration of exchange" are of daily occurrence, and are solved most 
readily by Chain Rule. 

How many pounds sterling must be paid for 32830 francs, if 35 
francs are worth 36 roubles ; . A\ Austrian florins = 2-^ Prussian 
thalers, 12 roubles = 5 Austrian florins, and £1 = 6^ thalers. 



£ x 


w»fr. 






fr. TR 


HHr. 






t. « 


6fl. 






«• ** 


Wrth. 






*■ SA 


1£ 






?X 


ft 






U 


27 






w 


V» 






T 


* 






X 


vm 








*w 


5x27: 


< 10=1350. 




10 


A»s. £1360. 



Exercise L. 

(1) Find the cost of 72 yds. at the rate of £5. 12*. 6d. for 10 yds. 

(2) If 7 J cwt. cost £26. 10*. 4c?., what will 43£ cwt. cost? 

(3) If 3 paces are equal to 2 yds., how many paces will there be 
in 106§ yds. ? 

(4) If 5 balls of lead weigh as much as 9 of iron, and 7 of marble 
as much as 3 of iron, how many balls of marble will equal in weight 
35 balls of lead? 

(5) If 1 dollar is worth 4s. \\d, and also 5 fr., 17 centimes, find 
the value of a franc in sterling money (1 fr. = 100 centimes). 
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(6) How many francs are worth £1, if 49|d buy one dollar, and 
100 dollars fetch 517 fr. ? 

(7) Find the value of the wool from 14,000,000 sheep, at £8. 16*. 
per cwt., if 11 sheep yield 25 lbs. of wool. 

(8) How many francs for £1, if 35 Flemish shillings = £1, 480 
rees are worth 3 francs and 400 rees are worth 3£ Flemish shillings ? 

(9) If the rent of land in France be 140 francs per hectare, cal- 
culate the rate per acre in English money, 25 francs being equal to 
£1 and 100 hectares to 247 acres. 

(10) If 1 metre = 39^ in. and £1 = 25| fr., what is the cost in 
English money of 1 yd. at 1^ fr. per metre ? 

(11) If 11£J Dutch florins are given for 24^ francs, 385 florins 
for 442 marks Hambro' and 68J marks for 32 Russian roubles, how 
much English money should be given for 2010 roubles at 25 J fr. 
per £1 ? 

(12) If 3 lbs. of tea are worth 4 lbs. of coffee, and 6 lbs. of coffee 
are worth 20 lbs. of sugar, how many lbs. of sugar can be had for 
9 lbs. of tea? 

(13) The day's journey in Turkey being 10 hours of 4£ English 
miles each, and 11 English miles being equal to 12 Roman miles, 
how many Roman miles are there in 13 days' journey in Turkey ? 

(14) If £3 = 20 thalers, 25 gulden = 62 francs, 25 thalers = 93 
francs ; find how many gulden are equal to £1 sterling. 

(15) If £1 = 25£ francs, 9£ florins = 20 francs, how many florins 
for £1? 

(1 6) How much capillaire must be added to 580 gallons of dry 
gin, if to 100 gals, of gin is put 45 lbs. of sugar, and 1 gallon of 
capillaire has the sweetening power of 13 lbs. of sugar? 

(17) Find the cost of 30 pieces of lead, each weighing 1 cwt., 12 
lbs., at 16s. id. per cwt. 

Exercise LL 

(1) A person takes 2 paces to walk 3 yds. How many yds. will 
he get over in 250 paces ? 

(2) How many paces will he take in a mile ? 
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(3) The clothing of a regiment of 750 soldiers amounts to £2831. 
5s. What will the clothing of 3500 men tost f 

(4) A bankrupt owes £1954, his assets are £840. 12* 6\d. What 
will a creditor for £153 recover! 

(5) The circumference of the earth at the equator is 24,900 tittles. 
At what rate per hour is a person there carried round, one whole 
rotation being made in 23 h., 56 min. ? 

(6) If the 6d. loaf weighs 4 lbs. when flour costs £3. 5*. a sack, 
what ought it to weigh if flour cost £2. 15*. a sack f 

(7) If the 4 lb. loaf cost 6<2. when flour is £3. 5*. a sack, wnat 
ought it to cost when flour is £2. 15*. a sack? 

(8) If the 6eZ. loaf weighs 4 lbs., what ought the 8£d loaf to 
weigh ? 

(9) If in a picture a tree 33 feet high is represented by a drawing 
1| inches high, what should represent the height of a house 45 feet 
high? 

(10) How high must a shrub be which is represented in the pic- 
ture by £ inch? 

(11) If a country 630 miles long is represented in a raised map 
by a length of 5\ feet, how high ought a mountain of 15,750 feet to 
be represented on the map \ 

(12) If \\ inches represent the distance of the moon from the 
earth, how far off should the sun be placed, the actual distances 
being taken as 238,793 and 95,517,200 miles respectively f 

(13) If \\ inches represent the distance of the sun from the 
earth, how far off should the nearest fixed star be placed, its distance 
being taken as 20,185,649,876,000 miles? 

(14) If light takes 8 min., 13 sees, to travel from the sun to the 
earth, how long will it take from the moon to the earth, and how 
long from the star ? 

(15) The area of a certain garden is \\ acres, the width being 
425 ft. What will its area be if the width be made 510 ft..f 

(16) A certain garden is 440 feet long and 100 ft. broad. What 
would be the breadth of a garden of the same size whose length was 
363 ft. f 
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(17) Find the ooefc of 7 tons, 12 cwt, 3 qrs., at XL 10*. lOd. for 
3 cwt, 1 qr. 

(18) Find the cost of a tankard, weighing 1 lb., 7 oz., 14 dwts., 
at £1. 14*. lOd. for 5£ oz. 

(19) If the carriage of 15 tons, 15 cwt., cost £1. 12*. 6d, what 
will be the charge for carrying 3 tons, 17 cwt 1 

(20) If 15*. 9d. pays the carriage on 2 tons, 17 cwt, what weight 
can be carried for a guinea 1 

(21) If goods are carried 45 miles for 7*. 6d., how far ought they 
to be carried for 10*. 6d. ? 

(22) If for a certain payment 15 tons, 10 cwt. are carried over 
100 miles, how far ought 4 tons, 13 cwt to be carried % 

(23) If for a certain payment 10 tons, 9 cwt are carried 150 
miles, what weight ought to be carried over 200 miles ? 

(24) If from every £92. 10$. of capital I obtain £3 income, how 
much shall I obtain from £740 1 

(25) A bankrupt pays 9*. ±\d. in the £. What will be lost on a * 
debt of £324. 13*. 4d.? 

(26) My gross income is £730. 15*. What will be left me after 
paying 5d. in the £ income-tax 1 

(27) Find a fourth proportional to : 

a, 6,9,10. d. | of |, ^ of |, | of |. 

fc 7,8,9. e. (4 + i),(W),iaff 

r Ol Ql 17 /111 

C * **> 0l 5> L *' /• ~2i> IP IJ" 

(28) Find the cost of 2 tons, 7 cwt, 3 qrs., at £5. 18*. for 15 
cwt., 1 qr. 

(29) Find the cost of 73 yds., 1 qr., 3 nls., at £39. 11*. Sd. for 
1000 yds. 

(30) If 1| articles cost £5^, how much will 2£f articles cost ? 

(31) K £f buy T of 1 article, what will £2| buy 1 

(32) A train goes from London to Bristol in 3£ hours, travelling 
at the rate of 3 miles in 5 minutes. (1) How far is it to Bristol ? 
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(2) How long would it take to Exeter (194 miles) at the same rate I 

(3) How long will it take to Bristol and to Exeter if the rate be 
increased to 40 miles an hour ] 

(33) If 770 gallons of creosote have the heating power of 8f tons 
of coal, how many gallons a day would be required for o, steamer 
which consumes 50 tons of coal daily ? 

(34) Find the cost of 1 lb. avoirdupois of gold, at £3. 17a 10|d. 
per oz. troy. 

(35) Find the weight of 4361 sovereigns in av. weight at the same 
Tate. 

(36) 10 cubic inches of gold weigh as much as 193 cubic inches 
of water. What is the size of a nugget weighing as much as a 
cubic foot of water ? 

(37) If 4£ tons of coal fill a cellar 9 ft. long* 5 ft. broad, 5 ft. high, 
what space will be required for the coal of a steamer carrying 3 
weeks' consumption, at 20 tons per day ? 

(38) The space between the freezing and the boiling points of 
" water is divided into 180, 80, 100 degrees respectively on Fahren- 
heit's, Reaumur's and the Centigrade thermometers. How many 
degrees of the second and third are equivalent to 18, 27, 45 and 63 
degrees on the first ? 

(39) In Fahrenheit's thermometer freezing point is marked 32° ; 
on the others, zero ; so that 32° F = 0° C = 0° R Translate the fol- 
lowing readings into readings of the other two : 41° F ; 8° E; 40° C ; 
40° R; 90° C; 86° F; 0° C; 100° C; 100° F; 50° 0; 50° F; 
50° K. 

(40) 90 degrees are 100 grades. How many grades are equal to 
65f degrees, and how many degrees are equal to 65% grades ? 

(41) If 600 men can dig a cutting 750 yards long in 23 days, how 
long would 460 men take ? 

(42) How long would the 600 men take if the cutting were 800 
yards long % 

(43) What part of the 800 yards would £ of the number of men 
dot 

(44) How long would £ of the men take to do the 800 yards f 
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(45) How many men would it take to do the 750 yards in £ of 
the time) 

(46) If 24 men dig a ditch in 3 days, how long would they take 
to dig a ditch half as long again, half as deep again, and half as 
broad again? 

(47) How many men would it take to dig the second ditch in 
the same time 1 

(48) What will be my new expenditure, supposing it to have 
been originally 300 guineas, if I alter it in the ratio of 7 to 12 ? 

(49) If brickwork, 84 ft. high, 73| ft. long, cost £700, how must 
I reduce the* thickness so that it may cost only £600 1 What re- 
duction of height would have given me the same result ? What 
would be the cost if both height and length were thus reduced ? 

(50) If 3 cwt., 2 qrs., 12 lbs. cost £9, what is the price of 6 lbs. ¥ 

(51) A bankrupt's debts amount to £4586. 8s., and his effects to 
3822 guineas. How much will a creditor receive on a debt of £700 ? 

(52) A railway train travels J of a mile in 18 seconds. How 
many miles an hour does it travel at this rate 1 

(53) If 35£ lbs. of sugar cost £1. 2*. 2£d, how much will 2 cwt., 
1 qr. 23 lbs. cost ? 

(54) If £100 put out to interest for 9 months becomes £103, 
what sum would amount to £193. 2s. 6rf. in the same time ? 

(55) If y^ of 3| of i of 5£ of 22 lbs. of sugar cost 8J&, how 
much will 1 ton, 1 1 cwt., 3 qrs. cost ? 

(56) If ^- of A of ^ of a ship cost £3710, what part of the 
ship can be bought for £100 ? 

(57) If a garrison of 1500 men have provisions for 13 months, 
how long will their provisions last if it be increased by 700 men ? 

(58) If a man's step be 2 ft., 4 in., and a horse's 2 ft., 9 in., how 
many steps of the horse are equal to 108 steps of the man 1 

(59) If 432 and 750 be two among several factors of a number, 
what must I substitute for the latter if the former be altered to 540, 
in order that the final product may remain the same 1 
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(60) A coat requiring 2£ yards of cloth, 1£ yda wide, is lined 
with silk 39 in. wide. How many yards of silk will be required f 

(61) If the quotient be altered from 730 to 219, what must the 
dividend be, which was before 1,000,000, so that the divisor, may, be. 
unaltered! 

§ 12. Compound Proportion. 

If 20 men earn £15 in 4 days, how many men wOI earn £24 
in 6 days T 

Here the result is affected not only by the alteration of the amount 
earned, but also by that of the number of days. The problem may 
be resolved into two separate proportions thus : 

(1) If ^ 20 men earn £15 IS in 4 days, 



^ 20 men earn £15 ^ in 4 days, 

I a? „ £24 J, in the same time. 

15:24 = 20:*. Ana. 

(2) If f 2?iL?i men earn £24 in f 4 days, 
T x „ the same in ^ 6 days. 



15 : 24=20 : x. Arts, ^^i men. 



o : 4 = — — - : x. 

lo 

4 4 

An*. ^>c4 asV = 21 x mB1L# 

1$ x $ * » 

3 1 

The same resulting fraction, 20 x 24 ^ \ will evidently be obtained 
by the following method. Statement : 

Men. £. Days. 



^20 f 15 | 4 
\ x J 24 4 6 



15 : 24 
6 



*}- 



20 



Am ?L X ?_ 4 lias above, 
Am ' 15 x 6 ww "* 



* The interpretation that must be given to such an answer as this is, that £24 
will pay for 6 days the wages of 21 men, with enough to spare to pay the third 
part of the wages of another man. 
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Hence each pair of numbers of like denomination must be sepa- 
rately considered with reference to that pair in which the x occurs, 
marking each direct proportion by a downward, and each inverse 
proportion by an upward arrow. 

If 9 men can in 10 days, of 12 hours each, dig a trench 45 yards 
long, 1 \ ft wide, and If ft. deep, how many hours a day must 8 
men work to dig a trench 4 J yds. long, 2\ ft. wide, and 5 ft. deep, 
in 13 days? 

Ft. wide. Ft. deep. 

u 



Men, 




J'i 



1st. Put a downward arrow to the pair containing x. 

2nd. Consider the men : more men, less hours. Inverse. .\ place 
to the men an upward arrow. 

3rd. Consider the days : more days, less hours. Inverse. Arrow 
upwards. 

4th. More length, more hours. Direct. Arrow downwards. 

5th. More width, more hours. Direct. Arrow downwards. 

6th. More depth, more hours. Direct. Arrow downwards. 

Now " compound" the several proportion sums as follows : 



6 



a 


a 


w 


VI 


« 


\i 


\i 


■ *i 


\i 


* 


H 


w 


$ 


t 


« 


* 


V* 


Bl 


« 


* 


* 


t 



$ Ans. 6 hours. 

The justification of this method of compounding will perhaps be 
rendered more evident to beginners by the use of the language of 
Fractions. 

9 men require 12 hours, .*. 8 men require | of 12 hours. 

Again, for 13 instead of 10 days, they require |£ of § of 12 hours. 

H 
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For 4J, yds. instead of 45 yda length, they require i| of ^ of £ 
o£ \2 hours, a 

For 2| ft. instead of 1£ ft. width, they require ^i of §- of « 
of | of 12 hours. * * 

And lastly, for 5 ft. instead of 1£ ft. depth, they require -^ of 
^. of * o$$% of £ of 12 hours. 

The only difference between this result and that previously ob- 
tained is, that the numerators here were in that case means, apd the 
denominators extremes. Every pair may thus be looked upon as 
a fraction, and in each case we have to determine which is the 
numerator. 

Any factor common to both members of the pair may be struck 
out before commencing operations. 

If I travel 300 miles in 6 days of 8 hours each, in how many 
days of 10 hours shall I trayei 450 miles, travelling half as fast 
again! 

Males. Days. Hours. Speed. 



IMW2 f 6 f H4 fl 
j»3 jar ^V*5 |U 

j .... 



6 

3 $ 6x4 



Ant. if days. 
Exercise LII. 

(1) If £240 be the wages of 6 men for 21 weeks, what will 28 
men earn in 23 weeks ? 

(2) How many men can I employ for 7 months for £453. 12a, if 
the wages of 50 men for 12 months is £1080 ? 

(3> If I pay £lf to 13 men for 3f days, what will be the.wa^es 
of 30 men for lOf days ¥ 

(4) If 36 persons consume 240 pecks of corn in 3Q days, how 
long will 100 pecks last 90 persons 1 
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(9) If 15 pumps, working 8 hours a day, can raise 1260 tons of 
water in 7 days, how many pumps, working 12 hours a day, will he 
required to raise 7560 tons of water in 14 days ? 

(6) If 24,000 yds. of cotton cloth, If yds. wide, Be worth £400 
when raw cotton is at ±\d. per lb., what is the value of 12,600 yds; 
of ewfcton cloth, 1 \ yds. wide, when raw cotton is at 9^4. per lb., 
supposing the cost of manufacture to have risen in equal proportion % 

(7) If the corn of 13 horses for 63 days cost £17. 6#. 8d. when 
corn is 4ft per bushel, how many horses will in 56 day a consume 
oora to the value of £10. 13s. 4d. when corn is 4& 6d. per bushel) 

(8) If 48 pioneers in 5 days, of 12^ hours each, can dig a trench 
139 J yds. long, 4£ yds. wide and 2£ yds. deep, how many hours per 
day must 360 pioneers work during 42 days to dig a trench 4910^. 
yds. long, 4| yds. wide and Z\ yds; deep ? 

(9) If 6^ men can perform a piece of work in 15 days of 10 
hours each* how many men will perform a piece of work four times 
as large in a fifth of the time, if they work the same number of 
hours a day, supposing that 2 of the second set can do as much 
work in an hour as 3 of the first set ) 

(10) What is the interest on £100 for 1 year, if the interest on 
£1303. 6*. 8d. for 10 years is £488. 15s. ? 

(11) If a block of marble be worth £50, what will be the value 
of a block twice as long, 3 times as broad, and \ of the thickness ? 

(12) If a cubic block cost £50, what would be the price of a 
cubic block 3 times as- long % 

(13) If a block of marble weigh 50 cwt*, what is the weight of a 
block of iron, the dimensions of which are to those of the former in 
tfoe, proportion of 2 : 3, 3 : 4, and 4 : 5- respectively, weights of 
equal blocks of iron and marble being in the proportion of 77 : 27. 

§ 13. Proportional Parts. 

Break up a given quantity into two parts^whose ratio shall be 
that of the numbers 2 and 3. The two parts are f and f of the 
given quantity, fox. thesa added together give the whole quantity, 

h2 
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and they are in the required ratio. Similarly, to break up a quantity 
into three parts whose ratios to one another are those of the numbers 
4, 5, 6 (which is expressed by 4 : 5 : 6), break up the whole into 
4 + 5 + 6 = 15 parts, and take 4, 5 and 6 such parts severally. Ans 
^, ^ and ^, or ^, £ and £ of the given quantity. 

Generally : Divide the given quantity by the sum of the given 
numbers, and multiply the quotient by each number separately. 

The ratios of two or more numbers are not altered if they are all 
multiplied or divided by the same number (C£ § 6); thus 2:3:4 
= 20 : 30 : 40, and £, £, £ = 15 : 10 : 6 (each term being multiplied 
by 30). The general rule for simplifying ratios is to divide the 
given numbers by their g. c. m. if they are integers, or to multiply 
them all by the l. c. m. of their denominators if they are fractions, 
This will evidently reduce them to the simplest integral form. 

Divide £10. 10«. into 4 parts, having the ratios 4:7:8:9. 
4 + 7 + 8 + 9 = 28. The fractions are ^, ^, ^, ^ of £10. 10* 



A of £10. 


10*. 


= 





7 


6 


A 


» 




= 


1 


10 





* 


» 




= 


2 12 


6 


A 


>» 




SB 


3 








* 


»» 




- 


3 


7 


6 



£10 10 
Ans. £1. 10*.; £2. 12*. 6rf.; £3 ; £3. Is. 64. 

N.B. It is well always to verify the separate results by addition. They should 
of course give the original number to be divided. 

If three persons invest £200, £350 and £750 respectively in the 
purchase of a property which yields an income of £109. 4*., how 
should this be divided among them ? 

200 : 350 : 750 = 4 : 7 : 15. The shares should be ^, & and 
Jf of £109. 4a 

it of £109. 4*. 

■a*ir »> 



H 



= £4 4 





= 16 16 
= 29 8 
= 63 








£109 4 
Ans. £16. 10*.; £29. 8r; £68. 
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If A invest £300 for 4 months, B £150 for 7 months, and C 
£200 for 9 months, how should the profit be divided ? 

If we take as a unit the investment of £1 for 1 month, A has 
invested 300 x 4 such units, B 150 x 7 units, and C 200 x 9 units. 

Wx4 : Wx7 : Wx9 
= § x4 : $ x7 : 4 xSt 
= 8 : 7 : 12, 

and the shares are fa -^ and Jf- of the profit 

The sum of £15 was to be divided among the three head boys of 
a class in proportion to their marks. They obtained respectively 
f , § and £ of the total number. What should each get ) 

§ : § : £ = 9 : 8 : 6, .*. fa ^ and ^ of £15 are the respective 
shares. Ans. £5. 17*. 4££d; £5. 4*. 4^d.; £3. 18*. 3fal. 

Exercise L11L 

(1) Divide £3. 10*. into two parts which shall have the ratio of 
5 :7. 

(2) Divide a guinea into three parts in the ratio of 2 : 3 : 4. 

(3) Divide a guinea into 6 parts which shall have the ratios of 
the first 6 natural numbers. 

(4) Two partners engage in business with capitals of £7000 and 
£9000 respectively, the profits amounting to £2400 a year. What 
should each receive ? 

(5) What is the value of the gold in a chain weighing 3 oz., 
4 dwt. troy, supposing it to be 18 carats fine (i.e. 18 parts pure gold 
out of 24) at £3. 17*. I0^d. per oz. 

(6) If two partners engage in business, investing respectively 
£482. 1*. 8d. and £630. 8*. 4d., what should each have of a profit 
of £51. 17*. 6d. ? 

(7) Four persons, A, B, C, D, rent a pasture for £57 ; A put in 
8 cattle, B 9, C 10, and D 11. How much should each pay for his 
share) 

(8) A tax of £489. 17*. is to be raised from 3 towns, the popula- 
tions of which are respectively 2500, 3000 and 4200. How much 
should each town pay ? 
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(9) 40 gallons of alcohol are mixed with 14 gallons of water, 
What weight of alcohol is there in every lb. weight of the mixture, 
the weights of equal measures of alcohol and water being in the 
ratio 4 : 5- 

(10) Copper is 8^,1^1 7^ times as heavy as water. If 20 cubic 
inches of tin be mixed with 30 inches of copper, how many times 
as much as its own bulk of water will the mixture weigh I 

(11) Four merchants, A, B, C, D, trade together. A's capital of 
£800 was in trade 8 months; B's of £700, 12 months] Cb of 
£400, 6 months ; andD's of £135, 4 months. What share of the 
profit should each receive t 

(12) If 200 oz. of gold, IB carats fine, are mixed with 128 t>t, 15 
carats fine, what is the weight of gold in the mixture 1 

(13)- What is the fineness ? 

(14) Gunpowder contains J of its weight of saltpetre ; saltpetre 
is composed of 39 parts by weight of potassium, 14 of nitrogen and 
48 of oxygen. How many lbs. of potassium are there in 909 lbs. 
of gunpowder ? 

(15) Divide £250 among A, B, C and D, so that A's share shall 
be to B's as 4 to 5, B's to C's as 5 to 6, C's to D's as 6 to 7. 

(16) Divide £1000 among A, B, C and D, so that A's share shall 
he to B's as | to £, B's to C's as £ to £, C's to D's as | to -j, 

(17) Divide £31. 12*. M. among A, B, C and D, so that A'« share 
shall be to B's as 2 to 3, B's to C's as 5 to 6, C's to D's as 8 to 9. 

(18) Divide £6045 among A, B, C and D, so that A's share *hall 
be to B s as | to f , B'a to C'e as { to £, and C's to Ds as ^ to f 
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CHAPTER I. 
CONVERGING FRACTIONS. 

§ 1. Inspecting the answers to the majority of questions in Prac- 
tice, Proportion, &c, where the data are not " cooked" but taken at 
random as they occur in the affairs of life, we find Fractions obtained 
with considerable labour, which are needlessly accurate. For ex- 
ample, on p. 65, the price of a certain quantity of goods is found to 
be £30. la. 5^^d. The most laborious part of the process con- 
sisted in finding the fraction ^j- of a penny, which, after all, cannot 
be paid, and is consequently disregarded. In the previous problem 
the result was £74. 13a. 2$d. £ of a penny is more than \d. and 
less than \d. \ it lies between these two values, but nearer to the 
lower ; £74. 13a. 2\d. is thus the nearest payable sum. 

"We may, however, easily imagine cases where the fraction could 
not be totally rejected, but where, nevertheless, another simpler 
fraction tolerably near the truth would sufficiently answer our pur- 
pose. The process by which we find simple expressions whose 
values are nearly equal to that of a more complicated one is called 
" Approximation." 

§ 2. Examine the fraction -J^ 

It is less than ^, for ^ = £fa 



TT> lur TT 



820* 
but it is greater than ^ for ^ =. ■££;. 
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Therefore the fraction, which we will call "The Troth," lies 
between ^ and ^. 

These two fractions only differ from one another by yJv ; there- 
fore neither of them differs from the tnitih which lies between 
them by so much as ^Jtp and each of them conveys an easier notion 
of the value of the fraction than does the original form. For many 
purposes either answer is a sufficiently close approximation ; but the 
question may be such that ^ts * s toe large an error. 

Assume two lines, A and B, being respectively 21 and 320 
inches long. What fraction of B is A ? Am. ■££$, which is at 
lowest terms, i. e. in the simplest form which is absolutely accurate. 
Dividing, nevertheless, both terms by 21, we obtain -i-. Rejecting, 

for the sake of clearness, the ^ in the denominator, we obtain ^. 
This fraction must be an over-estimate, the denominator being too 
smalL To approximate more closely to the truth, we may tr©*t ^ 
in a similar manner by dividing both terms by 5 $ tt = ti> an ^ we 
now obtain -y— 

Again rejecting the \ of the second denominator, we obtain ~-? 

= -£r This must be an underestimate, the second denominator 
being too small ; and therefore, the fraction £ being too large, 15J is 
too great a denominator of the whole fraction, i.e. the whole fraction 

■ is too smalL The truth then lies between -^ and ^, and 

therefore does not differ from either by so much as iV~"& or iTTV 

The numerator of the fraction now rejected being 1, the proem* 
does not admit of a repetition ; and if this fraction be taken into 
account, the fraction will yield / T V> the original quantity. 

We have thus obtained the following approximations : 
First value -^ an over-estimate, ) Limit of error, 
Second „ -fa an under-estimate, / it ~ ft = tit- 
Third „ ^ the truth. 
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iaKB TOT* ^^"229^99-2+1?- v 

First approximation, J an over-estimate. 

81 __ 31+-31 _ 1 

w 99+-31 3+ A* 

Second approximation, — — j = £ an under-estimate. 

Limit of error, \ - f = ^. 
e _ 6~6 1 
* T 31-7-6 5+V 

# Third approximation, — — = 1$ an over-estimate. 

2 + 1 

3 + l_ 
6 

limit of errot, |f- $ ^tjv- 

Fourth approximation, - — -- = ■££$ the truth. 

3 + 1 
S+T_ 
6 

Examination of the several steps will shw that iJie successive 
alternate divisions are in fact nothing but the several steps of the 
process for finding g.o.m. by the third method, Part L p. 140, the 
quotients being taken as the successive denominators. 

Mod. op.: 2, 3, 5, 6 

1 

2 + 1 

3+1 

6 + 1 
6 

Find a series of approximations or convergerits to the fraction yfyy. 

2, 1, 1,1 1, 2, 2, 4 



99 


99 


229 


229 


6 


31 




— 


1 



2877 


7518 


1 


1113 


1764 


S+l 


462 


651 


l + l 


84 


189 


1 + 1 




21 


i+1 
I+I 

B+I 
2+1 

4 
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Difference between two suc- 
cessive estimates ; benos 
limits of error. 



First approximation, £ over-estimate ) Y 

Second „ £ under „ ) / Y 

Third * — ' * " 



£ under „ ) J 
| over „ J ) 

| under n \) 



„ y over „ ; i x 



Fourth „ § under w \ S TJT 

\\ *Y 

f 27*4 



w t ""^cr w ) ; i 

f ^ nrr 



Fifth „ ^ over n > \ i 

Sixth „ £f under „ \ /[""""" 

Seventh „ fy over „ 

Last „ £§i tne trutn 

It will be observed that this last estimate does not bring back the 
form of the original fraction, because it was not at lowest terms. 
Dividing both terms of £§tf ty 21, their g.o.m., the fraction ££f 
will be obtained. 

The alternation of values follows from the following considerations : 

1. An increase of the numerator increases the value of the fraction. 

2. An increase of the denominator decreases its value. 

3. A denominator of a denominator is a numerator ; but 

4. The denominator of that is a denominator again ; and so on. 

Exercise I. 
Find convergents and limits of error to the values of the follow- 
ing fractions : 

(4) Reduce the fraction that 1 kilometre (39,370 inches) is of an 
English mile to a continued fraction, and find 6 convergents. 

(5) Find 4 convergents to the ratio of the diameter of a circle to 
its circumference 100000 : 314159. 

(6) Find 5 convergents to the ratio of a lb. troy to a lb. av. 

(7) Find 3 convergents to the ratio of a yard to a metro 360000 : 
393708. 

(8) Find 2 convergents to the ratio of a hectare (11 9 60 J square 
yds.) to a square mile. 

(9) Mont Blanc is 15,784 ft. high, and the diameter of the earth 
is 7912| miles. By what aliquot fraction of an inch would its 
height be nearly represented on a globe 18 inches in diameter ? 
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CHAPTER II. 

DECIMALS. 

§ 1. We have found that the chief difficulty in fractional calcu- 
lations is due to our having to manipulate fractions with different 
denominators. Fractions with denominators either the same or 
easily interconvertible present much less difficulty. The denomina- 
tors 10, 100, 1000, &c, are easiest of conversion. Thus to- = t6tf = 

100 fro ' 2 7 _ 270 _ 2700 A.« 
1000' «* c ' } TTFTF - 1000 - 10000' ^ c ' 

Learn by heart : A fraction whose denominator is a power of 10 is 
called a Decimal Fraction ; others are called Vulgar Fractions. 

§ 2. Decimalization op Vulgar Fractions. 

Verification. 

1.1 «f 10_ 8 5 II 

"3F — ~S ol TO" ~~ TO" •• TUT* 

1_1 n f 1 _ 2 nn A 2 ftvpr . 2 __ 20 1 rt f 

T~T 0I Tir-To- ana to" over, To--Txnr> t 0I 

20 _ 5 . 1 _ 2 , 5 _ 2 + 5 _ 25 25 I 6 11 

To~0~ ~ TTHT' • • T ~" TXT ^ TTFU — — 100 To~0~ IOOI2OIT 

8_l n f q_l n f80_ 7 nri A 2 ftvp1 %. 2 _ 20 

T - ¥ oi o- T oi TTr -- ro -ana Tir over > - ro -.-- TTn7 , 

1 A f 20 _ 5 .3_7 _t_ 5 _ 75 T5 11518 

1 0I TtfO" - T0U> • • T ~ TO - + T07F - ToTT TOOlfiOlT 

4 = ^of5 = Jof^ = T Vand T Vover; T V = T \^, 
i of TTnr = ToSr and totf over ; To% = T&hr> v of 

40 _ 5 . 5_ 6 _l 2 _t_ 5 —600 + 20+5 

1000 ~~ 1000> • • "8" ~~ TO" ^ Tiro" ^ 1000 ■" — 1000 — 

— 625 625 1 125 1 251 * 

~ 1000 • • '1000l'2~OlJT4~tFl'B' 

137 _ 1 ft f 1 Q7 __ 1 n f 18 7 — 2 nnA 846 OVfir . 846 __ 8460 
TT2~ — TT5T 0I l *' — TT2" 0I To" _ TO" a " a TTF over > TTF TOTF > 
1 n f 3460 _ 6 aru l 388 nvA1 . . 888 _ 8880 A-« 

— 0I unr -unr ana toit over, Tcro"-Trnnr> C5C « 
ifoci. op.: 

512) 1370 (yV + tStt + toW + 10000 + 100000 + 1000000 
8460 + 10060000 + 100000000 + 100000000a 

3880 
2960 
4000 
4160 
640 
1280 
2560 
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^tt** A + TTO + Tiroir + 10000 + 100*000 + 1000000 + 10000000 + 
100000000 + 1000000000 

_ 200000000 + 60000000 + 7000000 + 500000 + 70000 + 8000 + 100 + 20 + 5 
1000000000 

— 287S7812S 
~~ 1000000000* 

Vprifipfltinn • _ S A 7 _ 5 _ 7 _ 81 A 8 _ I A 9 - 8 - 1 - 5 - 6 - 2 , 8 , l iglg?** 8 ^'** ** 8 ! ***?-A* 
y ermoauuii . loOOOOOOOO'SOOOOOOOOkOOOOOOOiBOOOOOO'ltOOOOff 

8S628 | 17125 | 3425 | 68» 1 13 7 

SS,0000>«4 000ll2dOO>2 80«l&lft' 

EXERCISE IL 

Reduce to decimal fractions and verify the results : 

(1)* Wf (7)|. (10) » (13) JJ^ 

(2)f. («)* (8)f (11) A- 0*)i» 

Wf («)f (»>A- (12) » (W)*> 

§ 3. In reducing £££ to a decimal fraction, the denominator of 
any figure of the result may be known at once by knowing the place 
of that figure ; thus the first figure has for denominator, 1 followed 
by one nought; the second, 1 followed by two noughts ; the seventh, 
1 followed by seven, noughts, &c. ; hence if the quotient be written 
267578125, and if we know that the 2 is 2 tenths, the denominators 
of all the other figures will be known and may be omitted. To 
distinguish decimals from integers, a point is placed after the units' 
figure; thus 4*7 means 4 wholes and to- = 4^; similarly 123*456 
means 123 units +^ + T ^ + :n « nr = 123 1 * 8 ft r = 1 |^«. The ab- 
sence of a numerator to any denominator must be indicated by a> 
cipher ; thus : 

„ .JO _ 4 , 2 _ 4 2 

/• '04.9— 0,4 , 2__4a 

A •4.9ft — 4 j- 2 _l _ 420 _ 42 

§ 4. line a is of the same value as line d ; line c is one-tenth of 
line a; from which it appears that a added to either end of a 
decimal fraction produces an effect very different from that which it 
produces on integers. 

Integers. Decimals. 

0743= 743 -7430 = -743 

7430 = 10 x 743 -Q743 = ^ of -743 



C8. II.] DECIMALS. Ill 

In words : In integers, a on the left is of no effect ; in deci- 
mals, a on the right is of no effect. In integers, a on the right 
multiplies by 10 ; in decimals, a on the left divides by 10. 

Head off: -007. Arts. y^. 

•04.051 4 _,_ 5 t 1 — 4051 

w v4uoi. » unr + urinnr + looooo - iooooo * 

„ U-25. „ l6wholes + 1 ^ + T ^ = 16^»V\Ar. 

Exercise IEt 
I. Give the different readings of: 

(1) l. (6) 101. (11) 315. 

(2) -01. (7) -1.1. (12) 31-5. 

(3) -001. (8) -31. (13) 128053. 

(4) -000001. (9) . -315. (14) 128053. 

(5) 1-1. (10) -0315. (15) 128053.. 

IL Eeduce to vulgar fractions at lowest terms : 

(1) -785. (6) 6-03125. (11) -00055. 

(2) -1875. (7) 603125. (12) -505. 

(3) -73125. (8) '55. (13) 505. 

(4) -603125. (9) -371. (14) &8$8. 

(5) -128. (10) -00016. (15) -728, 

§ 5. Addition. 

Simplify -68 + 43*159 + -07 + 9-00124 + 453-69 + 8'9871 +.4J.2. 
Mod. op.: •$& 



48*159 


•07 


9*00124 


453-69 


8<Q371 


412 


92758734 



Arrange the addenda in column, placing units under units, tenths 
under tenths, &c. As the decimal point marks the units' place, the 
figures will fall into their proper places if the decimal points are 
under one another. Since the figures are arranged in the decimal 
scale, the same rules fqr carrying hold as in integers* 
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Add by vulgar fractions and by decimals, 2$, 4|, 7££, 49J§, 



**• 



By 


vulgar fractions : 




2 


L.O.X. 200 
40^120 


4 


25 


125 


7 


10 


110 


49 


8 


104 


62 
2 


200 ) 459(2 
59 



Jim. 64^9. 



By decimals : 

2f = 2-6 
4| = 4-625 
7H= 7-55 
49£f=49-52 



4n*. 64-295 

_»95 I se 

Am. By either method, 64^^. 



Exercise IV. 



Simplify by vulgar fractions and by decimals, shewing that the 
results agree : 

<l)7f + 44 + 9^+llf£ 

(2) 84^ + 19^ + 417|£ + 5043& + 4£. 

(3) 4fi + 13|£ + 42f£ + 418|| + 2 jf + If 

(4) 5| +13^+19^ + 7A+18U- 

(5) 37^ + 9$ + f ofl| + ;of2* + |off of^. 

(6) ^ + ^+ll^ + 3fof4i + (!-i). 

§ 6. Subtraction. 

From 1708 take 9643. 

Mod. op.: 17*08 

9-648 
7-437 
Subtract as in integers ; where there is no figure in the minuend 
over one in the subtrahend, place or imagine a 0. (C£ § 4.) 

Exercise V. 
Simplify by vulgar fractions and by decimals : 

(1) 7|-4f (5) 82* -37^. 

(2)84^-17&. (6)«i-*aflH» 

(3) 100^ - 88 JJ. (7) 8* - H of &. 

(4)100-17^. <8)&-&. 
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§ 7. Multiplication. 
Case I. By a power of 10. 

457-6843 x 10 = 4 ££J§£ 3 x 10 = 4 VinAr 8 = 4576*843. 

Comparing the product with the multiplicand, we see that the 
figures are the same, the only difference being that the decimal point 
is one place further to the right, so that each figure is one place 
higher in the decimal scale, Le. is ten times as valuable. 

To multiply by 10, we have therefore only to shift the decimal 
point one place to the right ; by 100, two places ; by 1000, three 
places, and so on. 

Rule : To multiply a decimal by any power of 10, shift the deci- 
mal point as many places to the right as there are ciphers in the 
multiplier, adding ciphers if necessar}'. Thus : 
7-63x100000 = 763000. 

Exercise VL 

By vulgar fractions and by decimals : 

(1) 4/3. x 10, 100, 1000, 10000. 

(2) 56££ x 10, 100, 1000, 10000. 

(3) 8 j£ x 10, 100, 1000. 

(4) ft x 10, 100, 1000, 10000000. 

Case II. By any integer. 

a. 457 : 6843 x 9 = 4 |™*£* x 9 = "^^ 7 =4119-1587. 

b. 74-9375 x 8 = Vxnnnr 6 * 8 = 5 fiFtn$ Q = 599-5000 = 599-5. 

c. -00731 x 7000 = -00731 x 1000 x 7 = 731 x 7 =51-17. 

In each case, the multiplicand being ten-thousandths, the pro- 
duct must also be ten-thousandths ; in other words, the multiplicand 
having four decimal places, the product must have the same number 
of places. When the place of the decimal point is determined, ciphers 
to the right of the product may be rejected as superfluous. 

Rule : To multiply a decimal by an integer, proceed as in common 
multiplication, and from the product mark off (counting from the 
right) as many, decimal places as there are in the multiplicand. 

1 
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Exercise VIL 
By vulgar fractions and by decimals : 

(1) 43§£x7; 435|x7; |^x7; 4^x7. 

(2) 47| x 3 > 7, 37, 4, 6, 8, 46, 468. 

(3) |^x5043,64. 
By decimals only : 

(4) 9000 x 167-432, -00719, -000001. 

(5) -0678 x 512000 ; -03625 x 102400. 

Case III. By a decimal. 

a. -43x3-784. 

•4.3 v 3-784. — *» v 3784 _ 43 x 8784 _ 102712 _ 1 .£071 

*oxo ( s* -Tory x two-- 100x1000 - 100000 - A w/ia 
6. -03 x -0005. 

•03 x m05 = ^x Tu ^^ TJ ^ fin , = <)000l5. 
a 3175x25-6. 
3-175 x 25-6 = f^x^=^g^ 6 = V^F° = 81-2800 = 81^28. 

From these three instances the following rule is obvious : 
To multiply a decimal by a decimal, proceed as in common mul- 
tiplication, and from the product mark off (counting from the right) 
as many decimal places as there are in the multiplier and multipli- 
cand together. Any ciphers on the right of the product may be 
struck out after the position of the decimal point is determined. 
This rule evidently includes those given for Cases L and IL 

Exercise YIIL 

(1) 16-42 x 4-17. 

(2) 1-642x41-7. 

(3) -1642 x 417. 

(4) 164-2 x -0417. 

(5) -3 x -4 ; 03 x -004; -03 x 1 ; -03 x -1 ; -003 x -001 ; -005 x 04 ; 
•004 x -05. 

(6) 1-1 x -011 ; 1-01 x -0101 ; -04 x 04 x -05 ; -1 x -1 x -01 ; 
•7 x -4 x -3 x 1000. 

(7) 72-159 x 3-27 ; 7-2159 x -327 ; -72159 x -0327. 

(8) 16-875 x 5-12 ; 1-6875 x 51 -2 ; -16875 x -0512. 
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By vulgar fractions and by decimals : 
(9) 4| x 1£ ; 7£ x ^ ; £| x ^y. 

(10) 4^ * ?> *nr> f> h t> A* 

(11) 4^ x -02, -03, -04, -05, -032, -302, 3-2, -00032. 

§ 8. Division. 

Case T. By a power of 10. 
4576843 -s- 10. 

4 576843 . 1 A — 457684 8 _ AK.7aQA* 
10000 "*" 1U ~" 10000 TT "~ *° ■ D0 * 3 » 

Comparing the quotient with the dividend, we see that the figures 
are the same, the only difference being that the decimal point is one 
place further to the left, so that each figure is one place lower in 
the decimal scale, i e. it has one-tenth of the value. 

To divide by 10, we have therefore only to shift the point one 
place to the left ; by 100, two places ; by 1000, three places, and so 
on. 

Eule : To divide a decimal by any power of 10, shift the decimal 
point as many places to the left as there are ciphers in the divisor, 
prefixing ciphers if necessary. Thus, 

7-63 -r 100000 = -0000763. 

Exercise IX. 
By vulgar fractions and by decimals : 

(1) 32^ * 10, 100, 1000, 10000. 

(2) 4^-5-10,100,1000. 

(3) 56||-5-10,100. 

Case IL By any integer. 

a. 4379-5-5. 

5 )4379 
876-8 
Wording: 5 in 43, 8', carry 8 ; in 37, 7', carry 2; in 2% 5', carry 4 (units) 
=40 (tenths); in 40, 8' (tenths). 

Verification: 875*8 

5 

4879*61 
12 



110 APPROXIMATE CALCULATIONS. [OH. IL 

b. 3101+8. 

8)3101 



387 625 
Wording: 8 in 31, 3', carry 7 ; in 70, 8', carry 6 ; in 61, T, carry 5 ; in 50, 
6\ cany 2 ; in 20, 2', cany 4 ; in 40, 5'. 

Verification: 387*625 

8 



' (tenths), *0', carry 1 ; in 15, 



123-75M 

d. 4-19 * 800 = (4-19 + 100) + 8 = 0419 -s- 8. 
8 ) -0419 
•0052375 
Wording : 8 in (tenths), 'O'; in 4, O'; in 41, 5', carry 1 ; in 19, 2\ carry 3 ; 
in 30, 3', carry 6 ; in 60, 7', carry 4 ; in 40, 5\ 

Verification : -0052375 x 800=4'19tyWl 



c. 12375- 


■-4. 


3101 -W 
4)123 75 








30-9375 


Wording : 
3', carry 3 ; 


4 in 
in 30, 


12, 3'; in 3, 
,T, carry 2 j 


O', carry 3 ; in 
; in 20, 5'. 




Verification : 


30-9375 

4 



e. -0143-32. 



8 ) -01 43 



4) -0017875 



•000446875 
Verification : '000446875 x 32= '0143. 



/. 5-643 + 76. 



76)5-643 (-07425 
323 
190 
380 



From these six instances the following rule is obvious *. To divide 
a decimal by an integer proceed as in common division, placing the 
decimal point in the quotient as soon as the figure in the first place 
of decimals is " brought down," and adding ciphers to the successive 
remainders as required. 

N.B. The examples given in this section most be "carried oat 1 * until there is 
no remainder. 
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Exercise X. 
( Verify aU these by multiplication. ) 

(1) 749-682*2,4,5,8. 

(2) 32594-73-32, 128, 25, 1024. 

(3) 358677-9-99288. 

(4) -1-64,512,50,800. 

(5) -13-52, 10400. 

(6) -5-5-2,4,5,8. 

(7) -01-2,4,5,8. 

(8) -0073-16, 1600, 160000. 

By vulgar fractions and by decimals : 

(9) 28^*2,3,4,5,8,58. 

(10) 13-80; 429*16000; 8193-163840000. 

Case IIL By a decimal. 

By multiplying the dividend, the quotient is multiplied. 

By multiplying the divisor, the quotient is divided. 

By multiplying both dividend and divisor by the same number, 
the quotient remains unaltered. (But the remainder, if any, is still 
multiplied, being unaffected by the multiplication of the divisor.) 

Hence to divide by a decimal, first of all multiply both divisor 
and dividend by such a power of 10 as will expel the decimal point 
from the divisor. This will reduce the problem to one under 
Case II. 

12307722 - -294 = 12307722 - 294. 

294)12307722(41 -863 
547 
2537 
1852 
882 



005 -3-2 = -05 -32. 



8) -05 



4) -0 062S 
"•0015625 
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Exercise XI. 

By vulgar fractions and by decimals : 

(1) -0073+^. 
(2) 'W, !,£,*• 

(3) 93f+-2, -3, -4, -5, f 

(4) 417-143 * 12$, ^^ 
(«) tAth-8^. 

(6) 1708-4592 -=- 00024. 

(7) 6^-s-lf 
(g\ g* .^4* 

(9) 28^- -58, -058, 4-875, -4875, 48-75. 
(10) -1 + -1; -1 + 1; 1 + -1; -01 -r -0004; 0004 + -01. 

§ 9. Find the value of -06875 of a cwt 

1st method. 7 

•06875 = T 5|^=^ r cwt. -l^jjB lbs. =ft= 7* lbs. 

10 Am. 7 T 7 ^ lbs. 

2nd method. 

•06875 cwt 
4 





•2758ft qn. 
4 








7 
7-7 lbs. 










Ant. 7&U*. 


Find the value of £-75003125. 






1st method. 


£-75003125 = £^oin^ 


_ £24001 


r-lfeOrf*!. 


2nd method. 


£•75003125 
20 






. 


15-000625$ shillings 
12 








•0075^=^^=**** 


^n*. 15*. (hU*- 



Exercise XIL 

(1) Find the value of £-721875. 

(2) „ -6ofU 

(3) „ -045 of 1 cwt. 
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(4) Find the value of -8 of a year. 

(5) „ -2345 of an hour. 

(6) „ -0109375 tons. 

(7) „ -06412 miles. 

§ 10. Reduce If lbs. to the decimal of 1 cwt. 

1 

1st method If lbs. = J lbs. = j^ffo cwt =^ cwt. 

16 
8)1- 
8pl28 



2nd method. 



-015625 cwt. A*m. -015625 cwt. 



4)7 

7 ) -4375 
4 )0625 qm . 
•015625 cwt. Ant. -015625 cwt, 

Exercise XIIL 

(1) Reduce 146 days to the decimal of 1 year. 

(2) „ 77 lbs. „ 1 ton. 

(3) „ 4 dwts., 15 grs. „ 1 oz. troy. 

(4) „ 7 cwt., 3 qrs., 17£ lbs. „ 1 cwt. 

(5) „ 1U5^. „ £1. 

(6) n £4. 13*. 9frf. „ £100. 

§ 11. Simplification of Complex Decimals. 
. .., 4-375 41 7-875 
Simplify -l^*5i25x:o625- 

The product of the numerators will have 6 places, that of the 
denominators 8. If we expel all the points, treating the several 
numbers as integers, we shall have to multiply the result by 100. 
This gives : 7 7 

to vm 

mix \\ xyfl$xl00 _4900 
«xTOx«H 5 yW - 

a vm vn 
m « 
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fi- VAr H*. 475 4:75x8 88tft 

bimpltfy 6 . 62fi . 6*625 "6625 x8"45W 

A terminal 5 in a decimal will disappear by multiplication by 2. 
„ 25 or 75 „ „ 4. 

„ 125, 375, 625 or 875 „ 8. 

(C£ Part L Ch. IX. § 19.) 

This, applied to the former simplification, gives : 

2 7 
4-375x8 41x8 7-875x8_ 35x^Xx8x63 _ 85x)9ix^ x2_Q RO 
4-5x8 5-125x8 '0625x8 36x*\x'5 Wx-^x^ ~ VO{J - 

\ 

Reduce to a vulgar fraction at lowest terms '267578125. 

267578125 x 8 _ 2140625tM x 8 _ 17125W x 8 _ 137tySft , pf p TTT 
1000000000x8 8000000^x8 64000^x8 512 W ^ L m 1U * 
Ch> IL § 2.) Ana. jff 

§ 12. G.O.M. AND L.O.M. OF DECIMALS. 

Find g.o.m. and L.O.M. of 5-625, 288, 3*6, 2*8125. 

Equalize the decimal places : 5-6250, 2-8800, 3*6000, 2-8125. 

Find g.o.m. and l.o.m. of these numbers, disregarding decimal 
points, and mark off the 4 places from each result. (Cf. Part II. 
Ch. IV. § L) Am. g,o.m. -0225 ; l.c.m. 360. 



CHAPTER III 
THE METEIC SYSTEM. 



Previous to the French Revolution of 1789, France was divided 
into provinces, many of which had their own peculiar weights, 
measures, and even coinage. The Revolution introduced (March, 
1795) a uniform system, which was, however, adopted slowly and 
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with difficulty. It only acquired universally legal force in 1840. 
It is now in use in its entirety in France and Belgium, Italy and 
Germany. 

In this system, the distance from the North Pole to the Equator 
(the Quadrant) was divided into 10,000,000 equal parts, of which 
each was called a Metre (39*37079 inches). This length forms the 
unit of the whole system, and hence the name, " Metric System." 
Multiples and parts of this unit run decimally, Le. by powers of 10; 
hence the system is a decimal system. These two features of the 
system, its choice of unit and its decimal character, are quite inde- 
pendent of one another, and each might exist without the other. 

The Greek prefixes, deca, hecto, kilo and myria, are used to indi- 
cate decimal multiplication of the metre ; and the Latin prefixes, 
deci, centi, mitti, to indicate decimal subdivisions of the metre. 

Thus : Length. ' 

Myriamefcre = 398707-9 

Kilometre = 3937079 

Hectometre = 3937*079 

Decametre = 393*7079 

METRE = 39*37079 

Decimetre = 3*937079 

Centimetre = '3937079 

Millimetre ='03937079 

Surface. The unit of Surface is a decametre square, and is called 
the Are ( = -02471143 acres). 

10000 square metres =1 hectare =2*471143 acres. 
100 „ metres=l ARE =-02471143 „ 
1 „ metre =lcentiare= '0002471143 „ 

Solidity. The unit of Solidity is a cubic metre, and is called a 
Stere ( = 35-32 cubic feet). 

Capacity. The unit of Capacity is a cubic decimetre, and is 
called a Litre ( = -22009687 imperial gallons). 



• Inches. 



Kilolitre 


.... = 


220-09687 


Hectolitre 


_ 


22*009687 


Decalitre 


.... = 


2*2009687 


LITRE 


. .. = 


•22009687 


Decilitre 


.... «= 


•022009687 


Centilitre 


.... = 


•0022009687 


MiHilitre 




00022009687 



Gallons. 



grain* 
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Weight. The unit of weight is a cubic centimetre of distilled 
water at its maximum density (very nearly 40° F.), and is called 
1 gramme = -00220606 lbs. av., 15*442 grains. 

Ton or Millier =2204*62 lbf. av. = "9842 ton*/ 

Quintal = 220462 ^ 

Myriagramme = 22*0462 Libs. ar. 

Kilogramme = 2'20462J 

Hectogramme = 1543*23487^ 

Decagramme = 154*32349 

GRAMME = 15*43235 

Decigramme = 1*54323 

Centigramme = '15432 

Milligramme = '01543 „ 

Monet. 5 grammes of silver of a certain fixed fineness are coined* 
into 1 Franc = 10 decimes - 100 centimes = 9£ pence* nearly. (In 
familiar language, the decime is called deux sous J. 

Hence 7*485 metres = 7 metres, 4 decimetres, 8 centimetres and 
5 millimetres ; or 7 metres, 485 millimetres, &c. 

14*89 litres = 14 litres, 8 decilitres, 9 centilitres; or 14 litres, 
89 centilitres, &c, and so on. 

Find the cost of 10, 100, 1000, 10,000 metres, at fr. 2*35 each. 
1 metre costs fr. 2*35 
10 „ 23*5 

100 „ 235 

1000 „ 2350 

10000 „ 23500 

Find the cost of 1 kilogramme at fr. 23*5 per quintal. 
1 quintal costs fr. 23*5 
1 kilogramme „ '235=234 centimes. 

Find the cost of 385*75 metres at fr. 4*65 per metre. 

38575 

465 

192875 
231450 
154300 



1793*7375 Am. fc. 1793 73. 

N.B. Fractions of a centime are disregarded. 

• £1 sterling at par=fr. 25*2215. 
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Find the cost of 273*42 litres at fr. 123*5 per hectolitre. 
1 hectolitre oottefr. 123*5, . % 1 litre costs fr. 1*235. 

27342 
1235 
136710 
82026 
54684 
27342 
337*67370 An* fr. 337*67. 

Find the cost in English money of 17 litres, if 1 hectolitre costs 
fr. 454-5, and £1 = fr. 25*25. 



fa- 
litres 100 
fr. 25*25 



17 litres. 
454-5 fr. 
£1. 



20 2525) 7726-5 (8-06 

15150 



1*2 
12 
2A=I An*. £3 06 =£3. 1«. 2{c*. 

Find the cost per litre, if 468*59 litres cost fr. 1274. 

46859)127400(2*718 
336820 
88070 
412110 
872380 Jn«. fr. 2*72 nearly. 

Exeroisb XIV. (Miscellaneous.) 

(1) Find the sum of 4*173, -0089, -2375, -1, *01, 246. 

(2) What number exceeds *999 by -001 1 

(3) From what vulgar fraction must *625 be subtracted to leave 
•2951 

(4) By vulgar fractions and by decimals, find 4| + '01375. 

(5) -0876 exceeds a certain quantity by *00876. Find it. 

(6) There are two numbers ; the greater is 3*142857 ; their differ- 
ence is '001267. Find the less. 

(7) If the year is reckoned at 365} days instead of 365*242264 
days, what will be the amount of error in 19 centuries ? 
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(8) Express '4984 of a day in hours, minutes and seconds. 

(9) What fraction contains -125 -486 time*? 

(10) Of what number is -4 the 25th part ? 

(11) How many times can *0085 be subtracted from '18, and 
what will be over ? 

(12) How many times can '029 be taken out of 3786, and what 
will be over ? 

(13) How much must be subtracted from '710267875 to leave 
the largest multiple of '000000046275 it contains? 

(14) Simplify (7'13 + 3'875) + (7'13 - 3-875) + (713 x £-875) + 
(713-3-875). 

(15) Find the reciprocal of '64. 

(16) 72-315 x 1000, -001, ^ .^ 

(17) 72-315- 1000, -001,^,.^. 

(18) Find the cost of 12-5 kilolitres at 3'75 francs per litre. 

(19) Find the cost per metre if 437-75 metres cost 1805*71875 
francs. 

(20) Find the value of £-021 87£ + -375*. + 4'75d. 

(21) Find the value of .£'08 + -08*. + -09d, and express the result 
as a decimal of £1. 

(22) Add together £1-3625, '75 of 13s. 4tf., and ^ of £20. 

(23) Eeduce -06 of -42 of a guinea to the decimal of £1. 

(24) Divide -010875 by -00625, and verify by vulgar fractions. 
{25) Reduce to a vulgar fraction '7 + & of '82£ + 413. 

(26) Simplify: 

„ 1-4x035 
a. 



•00014 ' 












1-4+ -035 












•00014 - 












1-4- -035 












•00014 * 












•1 x -01 x -001 x -001 










•001 x 


•0001 










•13x-14x- 


01 + -12x 


13X-01- 


•12 x 


•14 x 


•OS 




•01 x 


•2 x 01 








1-85 -51 


of^T- 5 


+ 0625. 








29'6 '425 


22 
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(27) Reduce to metres : 

17*35 myriametres, 17*35 decimetres, 

17 '35 kilometres, 17*35 centimetres, 

17*35 hectometres, 17*35 millimetres. 

(28) How many square decimetres in a square metre, and how 
many cubic centimetres in a cubic metre ? 

(29) Express 500 cubic metres as cubic yards, taking 1 metre = 
39*37 inches. 

(30) Find g.o.m. and l.o.m. of 64*09 and 7*395. 

(31) A sum of money is divided among three persons ; the first 
receives *375 of the whole, the second *6, and the third £2125. 
Find it 

(32) A does '375 of a piece of work in 2*25 days, and £ does the 
remainder of it in 3*75 days. How many such pieces of work would 
A and £ together do in 12 days 1 

(33) Find the value of the following : *175 tons + -195 cwt + 
•145 qr. + *15 lbs. + *2 oz. 

(34) If a gramme is 15*442 grains, and a metre 39*37 inches, 
how many grammes are there in 1000 grains, and how many metres 
in a mile? 

(35) Simplify ™ x 1*5+ -00007. 

(36) Find the sum, difference, product and quotient (the greater 
being divided by the less) of *016 and -02235. 

(37) Which is more, and by how much, £4999 or £5 ? 

(38) Find the cost of 1 millier at £r. 1*75 per kilog. 

(39) Find the cost in English money per lb. a v., if 950 grammes* 
cost fr, 21*23, and fr. 1 = 9£d. 

(40) Express in English units: 7 J quintals, 580 kiloms., 85*6 
ares, 1437J francs,t 570 litres. 

(41) Beckoning £1 =fr. 25*2215, find the value in French money 
of £450. 

* 1 gramme =15 'S3 grains. f At 9$d. per fr. 
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CHAPTER IT. 

KECURB1NG DECIMALS. 

1 1. Reduce J to a decimal 
3)1' 



•333, &c 

We see that £ cannot be accurately expressed as a decimal, and 
the question arises, Are there many such fractions % If by trial we 
classify all the fractions from £ to T V, we shall find that 
b b b b to to are reducible ; 
b b b b to to to to to are no * reducible ; 
and if the trial is carried further, we shall find that the preponder* 
ance of non-reducible fractions continually increases. Either, then, 
decimal fractions are comparatively useless, being only applicable to 
a very few fractions, or methods must be found for manipulating 
non-reducible fractions. 

In the reduction of J, we find that the quotient 3 continually 
recurs, and this is expressed thus, -3 ; similarly, '575757, &c, if 
written '67, and 41374137, &c, is written 4137. Sometimes only 
a part of the quotient will recur, as in -6741094109, &c, which is 
written *674l09, the dots being placed over the first and last figures 
<rf the recurring " period." Decimal fractions where all the figures 
recur are called Pure Circulators ; those where some of the figures 
do not recur are called Mixed Circulators. 

§ 2. In dividing 1 by 3, we obtained for quotient -^ + y^ + y^^ 
+ ... ad infinitum, with the successive remainders, -j^-, yj^ unnr, 
&c, also ad infinitum. Wherever we stop, we disregard this re- 
mainder, and therefore obtain an inaccurate result. This inaccuracy, 
however, must continually diminish, as will appear from the follow- 
ing table : 

•3 is less than '33, which is less than £, 
•33 „ '333, „ J, 

•333 „ *3333, „ J, 

and so on, ad infinitum. The fractions *3, *33, *333, '3333, &c, 
continually increase, and yet fall short of J ; therefore the more 
figures we take, the nearer we approach to J ; but as there is always 
a remainder, we never actually reach it. 
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Exercise XV. 

(1) Construct a similar table with T 7 T and with ^ 

(2) Estimate the difference between : 

a, ^j of 1 mile and '2941 of 1 mile. 

b. £$ and £6842. 

Examining this table, we find (a) that the error continually dimi- 
nishes ; (b) that the larger the unit handled, the further must the 
process be carried to render the error insignificant Thus the lb. 
column shews a microscopic error in the 4th line, whilst with the 
tons the error in this line is still appreciable. The same fact is yet 
more strikingly apparent if we compare the yard column with that 
of the sun's distance. 

The continually diminishing error can be made as small as we 
please ; that is to say, it can be made less than any assigned quan- 
tity, however small. Thus, 

£ > *2 and < '3 ; it lies between *2 and '3, and does not differ from either by '1. 
$ > -28 and < '29 ; „ -28 and *29, „ '01. 

I > -285 and < -286 ; „ "285 and '286, „ -001. 

T > -285714 and < -285715 ; „ -285714 and -285715, „ -000001. 

Suppose a problem is given to which the answer must not be 
wrong by so much as gA j 8o of the unit ; 2 ^ 80 > -00001. If the 
answer be a decimal correct to 5 places, its error < '00001, and the 
required degree of accuracy is attained. 

The series 

_. 8 i 8 i 8 i 8 i 

nr ^ unr ^" 1000^"10000^ 



28S714 . 285714 . 285714 • 

1000000 ^ 1000000000000 ^ 1000000000000000000 "*" ' 



respectively approach £ and £, to which, by taking a sufficient num- 
ber of decimal places, they may be made as near as we please. £ and 
\ are called the Limits of these series. 

" The word limit implies a fixed magnitude, to which another and 
a variable magnitude may be made as nearly equal as we please, it 
being impossible, however, that the variable magnitude can abso- 
lutely attain or be equal to the fixed magnitude. In this strict sense 
of the word, there are two conditions which must be fulfilled before 
A can be called the limit of P : first, P must never become equal to 
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A ; secondly, P most be capable of being made as nearly equal to A 
as we please."* 

Since this limit can never be reached, we must stop somewhere 
near it, and we have to settle the principle on which the stoppage is 
to be regulated. If the distance between and 1 be divided decimally, 
we shall find the following stations marked out along the line : 

-1 -2 *3 '4 *5 '0 *7 *8 9 1 A 

i i i i i j i • i l • 

Again : the distance between, say -1 and -2, may be subdivided, 
which, under a glass magnifying it ten-fold, would look thus : 

- 1 -11 -12 '13 -14 -15 -16 -17 -18 '19 '2 B 

i i i i i j i i i i i 

Similarly, any one of these intervals, say '13 and -14, might be 
further magnified ten-fold, and would look thus : 

•1 3 '131 -132 '133 '134 -135 '136 '137 '138 '139 '1 4 

i i i i i j i i i • i 

Now take | = -285714 

1 -2 '3 '4 '5 '6 7 '8 '9 1 D 

. -| - |- '| | I- -| • | ' » 

1 2 8 4 6 6 

T -f" T T T T 

•2 *3 magnified : 

• 2 '21 '22 '23 '24 '25 26 '27 '28 '29 *3 E 

i i i i i j i i i j~» i 

•28 -29 magnified : t 

'28 '281 '282 '283 '284 '285 '286 '287 '288 '289 '2 9 F 

i i i i i j j i • i i i 

•285 -286 magnified : t 

'28 5 '2851 -2852 '2853 -2854 '2855 '2856 '2857 '2858 '2859 '2 86 G 

I i i i i j i ij i » i 

•2857 -2858 magnified : t 

'285 7 '-571 '-572 '-573 '-574 '-575 '-576 '-577 '-578 '-579 »2 858 H 
i i I i i i i i i » i i 

T 

And so on. This magnifying of successively smaller intervals, 
which we may imagine carried on ad infinitum, brings home to us 
the idea of the infinite divisibility of a line ; for, however small tho 

• Penny Cycl., art. Limit. 

JL 
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intervals are made, or, in other words, however numerous the points 
to which names are given, there must always he between them an 
infinitely larger number of points left unnamed. Professor De Mor- 
gan, in one of his lectures, has compared Arithmetic to the piano 
and Geometry to the violin : the former instrument by its structure 
can only give name to lengths of string at certain intervals ; the 
latter omits no point along the whole line. 



"We see now that midway between and 1 lies *5 


M 


•1 


•2 -15 


» 


'13 


14 135 


W 


•2 


•3 -25 


r> 


•28 


•29 -285 


w 


•285 


•286 -2855 


» 


•2857 


•2858 -28575, &c. 



line A shews that all quantities below *5 are nearer to than to 
1 ; '5 is midway, and those above *5 are nearer to 1. \ is nearer to 
•3 than to *2, being above *25 ; \ is nearer to *29 than to *28, being 
above '285 ; f is nearer to *286 than to -285, being above *2855 ; 
f is nearer to -2857 than to *2858, being below *28575, and so on. 
If we wish to express \ as a decimal to 

one place, we shall be nearest the truth by calling it •$ 

two places, „ „ *29 

three „ „ -286 

four „ „ -2857 

five „ „ -28571 

six ,, , y -285714 

seven „ „ -2857143, &c. 

Eule : In curtailing a decimal, if the first figure rejected be leu 
than 5, make no change in the last figure retained; if more than 4, 
increase by 1 the last figure retained. 

If the first figure rejected be 5, it is immaterial whether we adopt 
the higher or the lower value if the fraction terminates at the 5 ; 
but as there generally are more figures after the 5, the higher value 
is somewhat more correct 
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Exercise XVI. 

(.1) Curtail to 5 places -430718, -01020S, -430798. 
&) „ to 4 places -6, 4, -tit, -2f, 4-<W, 4-ttfc 

(3) „ to 7 places •$, -OS, G00&, -37&, -43&, 3&*. 

(4) „ 999-d to nearest integer. 

(5) Eeduce ^ to a decimal to 1, 2 > 3.^....16 places. 

§ 3. Addition and SuB^arioto 

Work the following ty vulgar fractions and by decimals, correct 
to 4 places : 

7f + 13f + 5^ + 43^ + l| + 6| + 10^ + 100& + 3&+lJ£ 

8190 



7 


2730 


5460 






18 


1170 


351a 




5 


585 


2925 




43 


546 


3822 






455 


5005 




6 


910 


3640 


4095) 184-00 (-04498' 


10 


234 


1404 


20200 


100 


630 


rf04<r 


88200 


3 


90 


810 


18450 


1^ 


126 


1512 


* 


&& 


192 


8190) 33128 < 






868 184 












8190~4095 






7f = 7*66667 


* 






13^ = 13-42857 


X 






5^= 535714 


S 






4&&= 43-46667 


$ 






ft= -61111 


X 






6* = 6U444 


* 






10A= 10-17143 


a 






100^=100-61538 


i 






3^= 3-09890 


x 






*i|= 1-18462 


% 






192- 


04493 




Ans. 1920449. 



N.B. To insure the correctness of the last place required (here the 

fourth), it is well to carry on the fractions to one place more than 

is specified. 

k2 
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Exercise XYIL 
Simplify the following by vulgar fractions and by decimals : 

(1) xl + 6A + 9^+100|$ to 5 places. 

(2) 10^ + 9^ + 61 + 8^1 + 34 to 5 places. 

(3) 8§ + 9| + 3^ + 6^ + 4| + 10J| + 2^to5places. 
<*) ^ + 4 + ^ + 7^ + 14^ + ^ + ^1 to 5 places. 

(5) 8| + 74 + 24+9|4+ll^+104f + 12|§to5places. 

(6) f of 18 + | of 1^,- to 4 places. 

(7) H-A to 5 places. 

(8) 13^-3^ to 5 places. 
(») 8^-744 to 5 places. 

(10) 7| - 4 of 8^. to 5 places. 

(11) f of 64-4 of 4 to 5 P laces - 

(12) 54 of 44 - 34 of 34 to 5 places. 

(13) 4 + 4 + v + TT + A + Trto5placea. 
By decimals only : 

(1*) A + A + A + »to7plaoe>L 

(15) 44-^ to 7 places. 

(16)(H + tt)-(»-J»to7pIao«. 

(17) 4 + 7 + T + T + T + T + i + T + TO + TT + A to4 P lace8 - 

(18) <« + «) + («-») to 4 plao*. 

(19) -417 + 4-3162 + 71-68 + 4-3487 to 3 places. 

(20) -82461 + 43-7862 - 17-1764 to 5 places. 

< 21 > *nk + f^ + n*ra + ^P 1 "** 

(22) l+4 + i + £ + TJr + A+ to 6 places. 

(23) l + l+4+-l-+ n I + * + to 9 places. 

v ' * 2x8 2x3x4 2x3x4x5 r 

(24) 16x(4» * +*- * + * --* +&a)-^to 
_ \ ' VY 8x5 8 5x6 8 7x5 7 9x5» llxfi 11 ' ■*• 

o places. 
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§ 4. Multiplication. 

Case L By a power of 10. 

By vulgar fractions and by decimals, correct to 6 places, multiply 
4£ by 10, 100 and 10000. 

4f x 10=47f *r= 4*714285714 

= 47-142857 4fx 10 =47 '142857 

4fxl00=471f 4|=4-714285714 

= 471 '428571 4f x 100 = 471 -428571 

4|x 10000= 47142| 4f= 471428571428 

=47142*857143 4 * 10000 =47142 8571 43 

Exercise XVIII. 

(1) -3 x 10, 1000, 100000, to 3 places. 

(2) 4-72 x 10, 100, 1000000, to 4 places. 

By vulgar fractions and by decimals to 6 places ; 

(3) 5f x 10, 100, 10000. 

(4) ^xlO, 100, 10000. 

(5) ^fx 10000. 

(6) t^xIOO. 

(7) tsW* 1000000. 

Case IL By any integer. 

By vulgar fractions and by decimals, correct to 4 places, find 



19^x7. 






By vulgar fractions : 




19^x7=136^=1361818. 




By decimals : 




19A x 7=19-45 x 7=19-4545 


4 




19-4545 


4 




19-4545 


4 




19-4545 


4 




19-4545 


4 




19-4545 


4 




19*4545 


4 




136181X 


* 




8 




Ant. 1361818. 



If we had not multiplied the 4's to the right of the vertical line, 
our fourth place would have been greatly inaccurate, as we should 
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have lost the carriage. Even with this multiplication, the fourth 
place is inaccurate, unless we allow for the rejection of the high 
figure in the fiftb place. We therefore proceed as follows : 

19*45454 

7_ 

136-1818 
Wording: 28, carry three; 35, 38' cany 3, &c 
It is most important to remember that when we multiply the first 
figure rejected, we carry the "nearest ten." Thus to 21, 22, 23 and 
24, 20 is the nearest ten; to 26, 27, 28 and 29, 30 is the nearest 
ten ; for 25, it is better to carry 3 than 2, as figures following the first 
rejected might increase, but could not decrease, the 25. In other 
words, if the units' figure be above 4, carry the higher ten ; if ^elow 
5, the lower. 

Multiply |£ by 600 to 5 places. 
By vulgar fractions : 

# x 600« m° = 347&= 347 '36842V 
By decimals : 

& x 600= '5789473684 x 600=57*89473684 x 6. 
57-89473684 

6_ 

347*36842 
Hence, to multiply by any multiple of a power of 10, first multiply 
by the power of 10 by shifting the point. It will be observed that, 
in preparing the multiplicand, we must carry out the original deci- 
mal one figure more for every cipher. In &he simplest fonn the 
sum would stand thus : 

Hx 600 =-57894737x600. 
57-894737 

« 

34736842 

Exercise XIX. 
By vulgar fractions and by decimals : 
(1) T 8 T x 7000 to 4 places. 
(2)^x300 
(3) ^ x 80000 „ 
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(5) ^ x 90000 to 4 places. 
(6)53^x50 „ 
(7)f£x2000 

(8) ^ x 90000 

(9) 3^ x 6000000 „ 

By decimals only : 

(10) 3-431 x 500 to 4 places. 

(11) 416-71x4000 

(12) -?84 x 30000 

Multiply || by 427 to 6 places. 
By vulgar fractions : 

f|x427= 1 V\? 8 =263-219l78$. 
By decimals : 

ff x 427= -616438366164 x 427. 

( -616438356^ 

For 400^ 4_ 

( 246 575342 

•616438356 246*575342 

For 20 { 2 12-328767 



•(, 



12-328767 4*315068 

-616438356 263*219177 

For 7^ 7 



( -6164383 

H L 

( 4*31506S 



This process may be contracted thus ; 

•616438356 

724 

246*575342 

12*328767 
4*315068 



263*219177 

Notice that the figures of the multiplier are reversed, each figure 
of the multiplier being written beneath that decimal place of the 
multiplicand which will give the last decimal place required. It 
will also be seen that the last figure was not accurate, being 7 instead 
of 8. Had the question been wor&ed to seven places, the sixth 
would have been accurate. 
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Exercise XX. 
By vulgar fractions and by decimals : 
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(1) 43££ x 259 to 4 places. 
(2)£|xl043 

1*' 



(3) 1^x3020 



(4) |4 x 3015 to 4 places. 

(5) 10^x9500 
(6)13^x8432 „ 



Case III. By a fraction. 
Multiply -£$ by £ to 4 places. 
By vulgar fractions : 



*x*=t!* = -< 



By decimals : 



A**= '173913 x -4 =-0173913x4. 

•01739 
4 



•0696 
Multiply £4 by ^j to 6 places. 
By vulgar fractions : 



By decimals : 



«x T * T = T tf T =-00746\ 

H x t4t= '9* x -008= -0009S x 8. 
♦0009333 
8 



A*s. -0696. 



Ans. -0696. 



4«a. -007467. 



iliu. -007466. 



•007466 

Multiply 542|| by 3l4j£ to 4 places. 
By vulgar fractions : 
542« x 3Hi|=*W» x •«• = "VW 81 -=170742AVf= 170742 -6498$. 



By decimals : 



Am. 170742*6499. 



542U x 314^=542-1477^ x 314*9375. 



For 814" 



542-1477272 
413 

162644*3182 
5421-4773 
| 2168-5909 
1 170234-3864 



For 



•( 



542-1477^72 
9 



487-9329 
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For '03 < 



For -007 < 



542-1477272 
8 



16-2644 

5421477272 
7 



For -0005 



\~. 



3-7950 

542 1477272 
5 



2711 



Sum of the products. 

170234*3864 

487*9329 

16-2644 

8-7950 

-2711 

170742-6498 



This process may be contracted thus : 

542 1477272 

5739418 

1626443182 

54214773 

21685909 

4879329 

162644 

37950 

2711 



170742*6498 



Notice that the fractional part of the multiplier is reversed as well 
as the integral, which we might have anticipated. This method of 
multiplication is useful even with non-recurring decimals. 

Multiply 43-7842195 by 2102736 to 4 places. 

43-78422 
6372012 



875684 

43784 

876 

806 

13 

2 

92-0665 



It now only remains to shew how to arrange the terms of the 
multiplication. 

Eule I. In contracted Multiplication of Decimals, place the 
unit of the multiplier under the last place of decimals to be retained, 
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then reverse the multiplier, and if possible* make the multiplier 
overlap the multiplicand by one figure to the left, and the multipli- 
cand overlap the multiplier by one figure to the right 

II. Multiply each figure of the multiplier by the figure next to 
the right above it ; do not write down this result* but merely carry 
the " nearest ten," and proceed to multiply as usuaL 

III. Write the products under one another, placing the first 
figures retained in a vertical line. 

IV. Add the several products, and mark off, counting from the 
right of their sum, the number of decimal places arranged for. 

Multiply 43-7842195 by 2102736. 

437842195 
2102736 



87568 


4390 


4078 


42195 


37 


5684390 


40 


64895365 


1 


313526585 




2627053170 


92*066 


6545745520 



Suppose that in this case only three decimal places were required, 
then all the work to the right of the vertical line would be wasted. 
How can this useless work be avoided ? 

Examine each separate product. The 8 to the immediate left of 
the vertical in the first line is obtained by multiplying 4 in the mul- 
tiplicand by 2 in the multiplier ; write down the multiplicand, put- 
ting this 2 under the 4, thus : 

43-7343195 

2_ 

87*563 
The 8 of the second line is obtained by multiplying 1 by 8. Again, 
writing the 1 under the 8, we get, 

43*7842195 

12_ 

87*568 

4-373 

* This can always be done by patting or supposing cipher*. 
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The 7 of the third line is obtained by multiplying 2 by 3, and car- 
rying 1 from the 2x7. Writing the 2 under the 7, we get, 

43-7842195 

2012 
87*568 

4*378 
87 

The of the next line is obtained by multiplying 7 by 4, and car- 
rying 2 from 7 x 3. Similarly, the 1 in the next line is obtained by 
carrying from 3x4. The multiplication by 6 yielded no result 
in the first three places of decimals, and is therefore omitted. 
Arranging now the whole sum, we have, 



43-7842195 


43-7842 


6372 012 


472 012 


87568 


87568 


4378 


B 4378 


87 


87 


30 


30 


1 


2 



92-064 92-065 

In sum A, the third place is very inaccurate, because we have lost 
the carriage in the addition. This is partly compensated for by 
observing the law for curtailing decimals given in § 2, as in sum B, 
and even then the result is inaccurate. If the third place be of 
importance, arrange for four places. 

5*790684 x -023056 to 5 places. 

Either, or, 

5*790684 '023056 

65 0320fr # 70975 

11581 11528 

1737 1614 

30 207 

3 1 



•1335$ -1335$ 

Ant. -1335. 
* The C| indicates the absent units' figure. 
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634-2576$ x 12-06 to 7 places, with exactness; we therefore shall 
take 8 places. 



Either, 

634*2576976977 
7666 666666021 



or, 

12-06666666667 
779 6796752436 



634257697698 


724000000000 


126851539539 


36200000000 


3805546186 


4826666666 


380554619 


241333333 


88055462 


60333333 


8805546 


8446666 


880555 


724000 


88055 


108600 


8806 


8446 


381 


724 


88 


108 


4 


8 


7653-37621889 


1 



7653*37621885 



Am. 7653*3762189. 



Note first the great discrepancy between the two eighth places, 
which, however, does not affect the seventh. This discrepancy is 
due to the fact that in the left-hand sum the number of over-esti- 
mates considerably exceeds that of the under-estimates, whilst in the 
right-hand sum the reverse is the case. 

Secondly, in the left-hand sum the fourth and succeeding lines 
are derived by successively curtailing the third. Care must be taken 
not to derive any of these lines from its immediate predecessor, as 
this may cause an accumulation of inaccuracy. 

A computer should at all times test his results by some rough estimate, and this 
is especially important in decimals, where a displacement of the point produces so 
vital a difference. The most fertile source of error in contracted multiplication is t 
an erroneous arrangement of the factors, but such an error may be easily detected. 

In the last example of the preceding page, 5 and a fraction is to be multiplied by 
*02... ; the product must therefore be something oyer *1, as 6 x '02= '1. In the 
next example, upwards of 600 is taken more than 12 times ; therefore the product 
must be more than 7200. 
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Exercise XXL (a). 


By vulgar fractions 


and by decimals, correct to 5 places, find : 


(l)32fxl^. 


( 4 ) 1 irrTr x TT^nr- 


(2).r|x^ 


(5) 6528*^x3794^. 


(3) l*xf 


(6) Id 000 x TTT* 



By decimals only, working each question in two ways, by making 
each factor multiplier and multiplicand in turn : 

(7) -03794 x 5-0684 to 5 places. 

(8) -1116 x 43-742853 to 8 places. 

(9) -9321875 x 4-2688 to 4 places. 

(10) -38 x -04125 to 3 places. 

(11) 1-48279 x-S to 5 places. 

(12) 468-12 x 299-875 to the nearest integer. 

(13) The circumference of a circle is' 3*1 4159265... times its dia- 
meter. Find in miles to the nearest integer the circumference of 
the earth, reckoning the equatorial diameter 7925J miles. 

(14) Find in miles to the nearest integer the polar diameter, which 
is §£$■ of the equatorial diameter. 

(15) Find the diameter of the sun, which is 112'06...times that 
of the earth, correct to within 100 miles. 

§ 5. Number of decimal places to be retained in finding a 
continued product. 

The factors of a continued product may be proper or improper 
fractions, and our modus operandi, in finding an approximate pro- 
duct with a given limit of error, must depend on their nature in this 
respect. 
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2} x 47191* x 6^- x^. 



By vulgar fractions : 



23 v T0700 v Z5. v J_ _ 1 130888 
S * TT x 11 x 126t ~ TTffTff • 



70799 1584*$) 1139863*9 (719 '611 

161 8106 

15228 
9679 
1750 
1660 
11398639 7 6 

Arts. 719 1 ^& r , or to three places 7ld-6.ll. 



70799 
424794 
70799 



By decimals to three places : 2*875 x 4719*95 x 6*56 x -0083. 
It would seem that the factors might he taken in any order ; let 
us take them from right to left. 



6*4 
88 (ft 


4719*9333 
$50 


51 
2 

*053 first product. 


236997 
14160 

250*157 second product. 
5782 




500314 

2001<25 

17511 

1251 



719*202 third product 

This result is greatly inaccurate even in the first place of decimals. 
The first product *05$ is accurate to the third place, but is neverthe- 
less inaccurate for want of the succeeding places. Now this inaccu- 
racy is multiplied by nearly 4720 in finding the second product, and 
this again is nearly trebled in finding the last product. These accu- 
mulated inaccuracies, only slightly compensated for by occasional 
over-estimates, have given as final result the very appreciable error 
of -409. 

These errors can be avoided thus : Arrange the factors in descend- 
ing order, and move the several points so as to make each factor but 
the first a proper fraction. We may then, to ensure accuracy,, keep 
one more than the assigned number of places all through* and each 
successive multiplication by a proper fraction will reduce the error. 
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Thus the problem 4719-93 x 6-36 x 2-875 x -0083, 
becomes 47199-3 x -&3 x 2.875 x -0083 
= 471993-3 x -63 x -2875 x -0083, 
or better still, 4719*93 x '83 x -63 x -2&76. 



4719-9333 
8 8333 S38 

37759466 

1415980 

141598 

14160 

1416 

142 

14 

1^ 

8933-2777 
86363 636 

23599666 

1179983 

235997 

11800 

2360 

118 

24 

1 



5 782 



5005990 

2002395 

17520* 

12515 

719-6W 
1 



An* 719-611. 



Exercise XXI. (jb). 
"Find continued product of : 

(1) 49-583 x 11-430* x -01 to 4' places. 

(2) £f x .0107 x J| x -04 to 6 places. 

(3) 2857-64 x 7£f x 12^ x Tn ^ r to 3 places. 

(4) 17-812 x 5000|4 * tv * V° l to 4 places. 

(5) -0693 x -0693 x -0693 to 8 places. 

(6) -08o6 x -0806 x -0806 x .0806 x -0806 x -0806 to 9 places. 
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§ 6. Division. 

Cash L By a power of 10. Shift the decimal point as many 
places to the left as there are ciphers in the divisor, prefixing ciphers 
if necessary, and curtail the decimal thus obtained. 

-j^-i-100 to 5 places. 

A-5-100='38461...-MOO= -0038^1. Am. -00385. 

6 

Case IL By a divisor with few significant figures. 
40-12863 * 70000 to 5 places. 39540 * 56000 to 6 places. 

40'12$6&-r 70000= '004012$6S*7. 896 46-7-56000= -39540-5-56. 

8 8)'895404 

•000673 "^^i 

Am. '00057. Ant. -007061. 

6*51700 to 7 places. 

6-5-51700= -06*517. 
517)'0600( -0001160$ 
830 1 

8180 
2800 Ant. -0001161. 

•6*8213000 to 12 places. 

-6*8218000= '0006*8213. 
8213) -00066666( -0000000811721 
9626 
14186 
59236 
17456 
10306 Ant. -000000081172. 

5-142857 * ?613 to 8 places. 

5-14285?* -613=5142-657142*618. 
613)5142-857142(8 389652761 
2888 
5495 
5917 
4001 
8284 
1692 
4668 
8775 
97 Am. 8-88965276. 
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Exercise XXII. 

(1) 743-5S7+10, 1000, 1000000, to 8 places. 

(2) 8-37 + 40 to 5 places. 

(3) 74-5-35000 to 6 places. 

(4) -6&+30to8places. 

(5) -725-5-4-31 to 5 places. 

(6) -IS + -0007 to 4 places. 

(7) 47-346 + -01, -001, -00001, to 5 places. 

(8) -05 + 630 to 10 places. 

(9) -28473 + -00761 to 4 places. 

(10) -681 + -0009 to 5 places. 

(11) -37<> -j- -028 to 6 places. 

(12) 2-6-5-2-5 to 5 places. 

(13) -001-7-44 to 6 places. 

(14) 6-587-5-19, 1900, to 7 places. 

(15) 6-687-5- -19, 1-9, 19, to 7 places. 

(16) 6-587 + 4-35, 8100, to 9 places. 

(17) 6-587-5-4-35, 8100, 4350, -81, to 10 places. 

(18) -638461 + 1-86 to 3 places. 

(19) -638461-5-36, 360, -0036, to 6 places. 

(20) -638461-45, 4-5, -45, 45000, to 8 places. 

(21) -07 + 48007-8 to 5 places. 

Case III. By a divisor with many significant figures. 

Lemma* 1 ; By adding a figure to the right of any series of digits, 
two operations are performed ; the series is multiplied by 10, and 
is increased by the number of units expressed by that figuxe ; e.g. 
48579 = (4857 x 10) + 9. Conversely, by cutting off a figure from 
the right of any series of digits, two operations are performed; 
the series is diminished by the number of units expressed by that 
figure, and is divided by 10 ; e.g. 4857 = (48579 - 9) + 10. 

* A Lemma is a proposition whiqh is only used as smbservieni to the proof of 
another proposition. — De Morgan's Algebra. 

L 
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Lemma 2. In a long series of digits, it matters comparatively little 
what the particular figure added or cut off happens to be, since the 
multiplication and division by 10 are respectively of much more 
moment than the addition or subtraction of a quantity less than 10 ; 
e.g. calling 480936 480930, is a much less error, as compared with 
the quantities under consideration, than calling 48 40 would be. 
48 exceeds 40 by \ of 40 ; but 480936 exceeds 480930 by ^ty 
of 480930. If from a series of digits we successively strike off the 
right-hand figures, the importance of the subtraction continually 
increases. 

It follows directly from what was said in page 117, that the 
same effect is produced on the quotient by dividing the divisor as 
by multiplying the dividend. I£ then, instead of successively 
" bringing down," i.e. adding figures to the right of the dividend, 
we cut off figures from the right of the divisor, the quotient will 
remain the same so long as the divisor has a large number of 
figures. On this truth, in fact, depends the method of guessing the 
figures of the quotient in integral division. 

11-4286 -3-1415927. 



Full form. 


Contracted form. 


81415927)114285285 


(3-637813$)$ 


3X^5^)114285285(3*6378136 


20037504 


2 6 


20037504 


1187948 


08 


1187948 


245470 


275 


245470 


A 25558 


7862 


B 25559 


426 


04468 


427 


111 


885415 


113 


17 


6376342 


19 


1 


92967078, &c 


— 



The quotient in A is obtained by bringing down or adding figures 
to the successive remainders ; that in B by cutting off figures from 
the divisor, multiplying, however, each time the figure just cut off 
by the new figure of the quotient to ascertain the carriage, which is 
always to be the nearest ten. 

In form B, though the quotient remains accurate till the sixth 
place, the remainders (which are the preparation for future figures 
in the quotient) shew inaccuracies much earlier. 

The last figure of the quotient in the case here given is unusually 
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accurate. It is advisable not to begin to cut off till the digits in the 
divisor are two more than the number of figures of the quotient still 
required. 

Example: -004239 + -3278 to 7 places. 

S2W)42 39 (0129324 
9 612 
3 0563 
C 10619 

785 
129 
— Am, '0129324. 

•00423& -5-3278 to 7 places. 

$2^^)4239239 (-0129311 
960911 
805246 
D 10197 

862 
34 . 
1 Am. -0129311. 

In C, only two figures could be spared from the divisor; we 
therefore had to obtain all but the last two figures of the quotient 
in the usual manner. In D, the divisor was made to consist of nine 
figures, to enable us to cut off at once. In fact, we had one figure 
(3) more than we actually used. 

Compare the following : 46 + '00761 to 3 places. The number 
of figures to be retained in the divisor depends not on the number 
of decimal places, but on the number of significant figures required 
in the quotient. It is therefore necessary to ascertain the position 
of the first of these significant figures. Place the decimal point in 
the divisor after its first significant figure, and shift it in the divi- 
dend the same number of places in the same direction, thus multi- 
plying or dividing both by the same number. Thus we obtain, 
46000 -T- 7*61. Beginning to divide, we find the first figure to be 
6 thousands. Thus we shall require in the quotient four integral 
figures and the three decimal places ; in all, six more figures. We 
farther require the two initial figures of the divisor, which must 
consequently consist of 4 + 3 + 2 = 9 figures; but then we begin to 
cut off at once, 

l2 
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808 0809 8 

157 875? 
7 2727 
5091 

56 An*. 6120*968. 

Wording: for first remainder— 6, cany 1 ; 80, 81 and O 7 is 40, &c.; second 
remainder— -5 f carry 1 ; 2 and 7' is 9,, &c. ; third remainder— 2 ; 10 and 7', &c. ; 
and so on. 

•11 4- 193,7437 to 8 places. First place the point in the divisor 
after the 9, and move it two places to the left in the dividend also : 
•0011* 19-3743?.* 

Wording: for first figure of quotients— 19 in 0, *&; in O, C; in 1, C; in 11, 0'; 
in 110, 5'; 

,\ the quotient begins '00005, and we therefore require four figures 
after the ciphers, and must retain 6 figures in the divisor. 

19 *W0 -00110000 ('0000567% 
18126 « 

1504 
143 
13 Am. -QQM5678. 

Exile : In contracted division of decimals : 

First, shift the decimal point in both divisor and dividend the 
same number of places and in the same direction, so as to bring it 
in the divisor into the most convenient place for ascertaining the 
denomination of the first significant figure of the quotient ; we are 
then able to determine the number of significant figures required in 
the quotient. 

Secondly, retain in the divisor, if long enough, two more places 
than this required number of significant figures. If not long enough, 
obtain the earlier figures of the quotient by " bringing down," and 
begin to "cut off" when the figures of the divisor are two more 
than those of the quotient yet to be found. If long enough, begin 
to M cut off" at once. 

*• Where the first significant figure of the divisor is 1, followed by a large digit, 
as here, it is better to take the first two figures as a trial divisor. 
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Thirdly, multiply each figure as it is "ctit off" by the itew figure 
<xf the quotient to eariy the neatest ten* 

Exercise XXIH (cfr 

(1) 862 -j. 41-8174 to 4 places. 

(2) 4374-215-253 to 3 places. 

(3) 6-f--1573to3places. 

(4) -726 + -0473 to 4 places. 

(5) -00416+ -083 to 5 places. 

(6) 1 + -1234 to 5 places. 

(7) 54+ -000371 to the nearest ttnii 

(8) -7283-4-562 to 5 places. 

(9) -461538+ -638461 to 6 places. 

(10) -0053 + 72654 to 8 places. 

(11) -3 + -l42857to6places. 

By vulgar fractions and by decimals, correct to 5 places, find: 

(12) $+&; 4-s-£; *+*; 7 + *; & + $; #+*; § + |; |+7 

(13) If the length of the year be reckoned at 365£ days, instead 
of its true length, 365*242264 days, in what time will the error 
amount to 11 days, also to 2*3 days I 

Case IV. Division of a continued prodtici 

Simplify to four places ttt • 

If we were to simplify the numerator to four {daces only, we 
should find our number of places insufficient, because Borne will 
disappear in shifting the decimal point to the right in both divisor 
and dividend ; in other words, division by It proper fraction* which 
is equivalent to a multiplication by its reciprocal, an improper frac- 
ion, multiplies the error. Hence : 

Rule : Choose any factor of the numerator as first multiplicand, 
then in it and in the divisor shift the decimal point so as to bring 
it in the divisor into the most convenient place for ascertaining the 
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denomination of the first significant figure of the quotient. This 
place is generally after the first or second significant figure of the 
divisor; thus: 

«88x'6i6x-2S6ft 
•618 

236-636 x -5ft x-fai 
" 13-61$ 

23*68§x-5&x-l66 
" 13-OlS 

23-6837 
61 061 

28 684 
14 210 

24 

14 



8-7932 

98 885 , 

18 966 

8 034 

803 

80 

3 

18'013)2-2386(*1716 
9323 
214 
84 
6 Ant. -17161 



Exercise XXIIL (b). 
Simplify : 

7 , v '8l7SxlO-l2 Sx'17&4 ,, A - 
W ^ to^places. 

/ov •00742 x -efoS x -o4ol x -oi x ,. . 
(2) jjg to 7 places. 

/€IV 7'iSx6-foSx 60*166 x -01 . ,. . 
< 3 > 10570570*76 ^places. 

(4) 486 ' 6875 y 75x * tt to4pW 



<*> 



9328-7125 x8-4 8§xH x . - 
ion n to * places. 
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CHAPTEE V. 

PROGRESSIONS. 

§ 1. Arithmetical. It is required to add the following series : 
2, 5, 8, 11, 14, 17, 20, 23. An*. 100. 

A series such as this, where each succeeding "term" is formed 
from the preceding one by adding or subtracting the same quantity, 
is called an Arithmetical Progression, and the quantity invariably 
added or subtracted is called the Common Difference of the terms. 

If no longer or more complicated series were ever proposed than 
that given above, there would be no need to generalize on the sub- 
ject ; but let it be proposed to add, 1, 3£, 6£, 8£, &c, to 1000 terms. 
It would be laborious to write out the whole series in order to per- 
form the addition. Examine the first series given ; under it, write the 
same series in reverse order, and add the terms two and two ; thus, 
2, 5, 8, 11, 14, 17, 20, 23 
23, 20, 17, 14, 11, 8, 5, 2 
25, 25, 25, 25, 25, 25, 25, 25 = 8x25 = 200. 

Hence the sum of the two series is 200 ; that of the one series is 
100. The number 25 is obtained by adding the first and the last 
terms, or the second and the last but one, and so on ; this 25 is 
multiplied by the number of terms, 8 ; and the product is divided 
by 2. The question now arises ; Will this method hold for all 
arithmetical progressions 1 

The nature of an a. p. is such that the second term exceeds the 
first by the common difference, and the last but one falls short of 
the last by the same quantity ; hence the sum of the first and last 
must be equal to that of the second and last but one, which again 
equals the sum of the third and last but two, since the third exceeds 
the second by as much as the last but two falls short of the last 
but one, and so on. Hence the sum of the double series is the sum 
of the first and last terms multiplied by the number of terms. The 
sum of the single series, then, will be found by multiplying the sum 
of the first and last terms by half the number of terms. 
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This conclusion is pictured by the following "formula:** 

where 8 stands for the sum of the series, 
a „ first term, 

I „ last term, 

n „ number of terms. 

By this formula we can sum a series where I, the last term, is 
known. But in the series, 1, 3f , 6£, &&, given above, I has yet 
to be found. 

Let d represent the common difference ; the first term is a ; the 
second, a + d; the third, a + 2 x d, &c. In other words, the series 
might be written thus : 

1st term, 2nd term, 3rd term, 4th term, 5th term, fee. 
o, a + d, a + 2xd\ a + 3 x <?, a + 4 x d, &a, 

where the number of d! s added to a in each term is one less than 
the number of the term ; thus the 20th term will be a + 19 x d, and 
the 1000th term of the above series is 1 + 999 x 2| = 2623f . The 
sum of the series is then, 

(l+2623f)x 1 ™° = 2624f x500 = 1312187£. 
The formula for the last, or nth term is, I =« + (»- 1) x d. 

Exercise XXIV. 

(1) Find the8um of 1, 2, 3, &c, to 1000 terms. 

(2) Find the seventieth odd number. 

(3) Find the sum of 100 terms of 1. 3, 5, &c. 

(4) » 60 „ 3J,4f,6,&c. 

(5) „ 75 „ -16, -18, -2, &c 
(0) Find the eightieth term of 2*5, 2-75, 3, &c. 

(7) If I invest in a Building Society 10*. a month for the 1st 
year, £1 a month for the 2nd year, £1. 10$. a month for the 3rd 
year, and so on, what will be my payment in the 10th year, and 
how much shall I have invested altogether at the end of the 10th 
year? 
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(8) If a stone fall through 16*1 ft. in the 1st second of time, 
48*3 ft. in the 2nd second, 80*5 ft. in the 3rd second, and so on, 
how deep will be the shaft of a mine where a stone takes 7 seconds 
to reach the bottom 1 

9) Prove that in a descending series I = a - (n - 1) x d, and, as 
before, * = (a + 1) x -^-. 

§ 2. Geometrical Series ascending. A series where each new 
term is formed from the preceding term by multiplication instead of 
addition is called a Geometrical Progression, and the number by 
which we multiply each time is called the " common ratio." Thus 
5, 50, 500, &c, is a geometrical progression whose common ratio is 10. 
The multiples of a number are in arithmetical, the powers in 
geometrical progression ; e.g., 

0, 3, 6, 9, 12, 15, 18, 21, 24, 27, 30 81, &c, are in a. P. 

1,3, 9, 27, 81, &c., are in g.p. 

It is required to sum the series, 4, 12, 36, 108, &c, to 6 terms. 
The common ratio in this series is 3 ; therefore the series may be 
written : 

1st term, 2nd term, 3rd term, 4th term, 5th term, 6th term, 

4 4x3 4x3 2 4 x3 s 4x3* 4 x 3 5 

whence we see that the power of the common ratio in each term 

is one less than the number of the term. Thus the 20th term 

would be 4 x 3 19 ; or if I be the nth term, and r the common ratio, 

Let 8 be the sum of the six terms, then 

«=4 + 4x3 + 4x3 2 +4x3 3 + 4x3 4 + 4x3 5 
If this series is multiplied by the common ratio 3, we obtain, 
3x« = 4x3 + 4x3 2 + 4x3» + 4x3 4 + 4x3? + 4x3« 
Subtracting 8 from 3 x *, we get 2 x *, and subtracting from 
4x3 + 4x3 2 + 4x3 8 + 4x3 4 + 4x3 6 + 4x3« 
4 + 4x3 + 4x3 2 + 4x3 8 + 4x3 4 + 4x3 8 

we find that the intermediate terms cancel one another, and we have 
to subtract 4 from 4 x 3 6 . Hence, 

2x«=4x3 fl -4,and« = *2^i = 1456. Aiu. 1456. 

2 
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axr n -a 



This conclusion is pictured by the following formula : * = l - 

where 8 stands for the sum of the series, 
a „ first term, 

r „ common ratio, 

n „ number of terms. 

Exercise XXV. 
Sum the series : 

(1) 1, 3, 9, &c, to 8 terms. 

(2) -001, -01, -1, &c, to 10 terms. 

(3) 5, 5 2 , 5 s , &c, to 5 terms. 

(4) 1, 1*05, 1*05 x T05, &c, to 6 terms, correct to 4 places. 

§ 3. Geometrical Series Descending. In a a p. where the 
common ratio is an aliquot* fraction, say -jr, each term will be less 
than the preceding term, and the o. p. may be considered as one 
formed by division by r, instead of multiplication by -j> Consider 
the series, * = 9 + 3 + l+^ + ^ + ^ r + ^ r . 

Here each term is formed by dividing the preceding term by 3. If 
the series be multiplied by 3 (the common divisor), each term will 
become the one preceding it, and we obtain, calling 8 the sum of the 
above series, 

3 x «^ 27 +9 + 3 + 1+! + ! + ^. Subtracting, 
lx*= 9 + 3 + 1 + £ + £ +.^t + ^r, we obtain, 
(3-l)x* = 2x« = 27-^ r = 26ff, and.\«=13ff 

Exercise XXVX 
Sum the series : 

(1) 1, £, £, &c, to 8 terms. 

(2) 1, £, £«, &c., to 5 terms. 

(3) 1000, 100, 10, &c, to 10 terms. 

(4) 3, -3, -03, &c, to 10 terms. 

* An aliquot fraction is a fraction which is a measure of unity, and its reciprocal 
is consequently an integer. 
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§ 4. Endless Geometrical Series. 
Examine the series, l+£ + J + | + &c. 

1=1 =2-1 

i+i=H =2-i 

l+* + i=H . =2-i 

l+*+i+i=l* =2-* 

l+*-i4+*+*=l*t =2-A 
l+i+i+i+A+A=ltt=2-A and bo on. 
Let us apply the method of § 3 to the series, 1 + £ + J + &c. We 
must stop somewhere. Let us stop at ^-. 

«= l+^ + T + i + TF + TFT 

2xs=2 + l+£ + f+| + ^ 



* = 2 - ^y, as above. 

Each successive series, then, falls short of 2 by its last term ; bat 
this last term continually diminishes, and can bo made smaller than 
any assigned quantity. The series is therefore an approximation 
whose limit is 2 (p. 119). 

Again, take the series, 

«= 9 + 3 + 1 + 1 + *+^ + ^ I + &C. 

3x*= 27 + 9 + 3 + 1 + tt1 + &<H 

(3-l)x*=i2x«=27-^ : 

We see that 2 x * falls short of 27 by the last term, and hence, 
since again the last term may be made less than any assigned quan- 
tity, the limit of 2 x * is 27, and of 8 it is 13£. 

Find the limit of 7 + If + ^ + &c. Here — = \ or r = 5. 

6x« = 35 + 7 + l|+ 

lx*= 7 + l|+ 

4 x 8 = 35 - (some quantity which may be made as 
small as we please). Hence 35 is the limit of 4 x «, and the limit 
of« = 8£. 

Exercise XXVIL 
Find the limits of : 

(1) l+| + f 9 + &c (4) 64 + 8 + 1+&C 

(2) 3£ + £ + ^ + &c (5) -5 + -25 + -125 + &c. 

(3) 12 + 3 + f + &c. (6) 20 + 6f + 2f + &c 
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§ 5. Limit of Recurring Decimals. 

Every recurring decimal is a g.p. where r is a power of 10 ; thus, 

r being 1000. 

Case L Find the limit of -3. 

8= *o3o.....-* 

10 x^ = 3-333 

9 x« = 3 * = |=*> .4»*. *. 

Find the limit of -468. 

«= -468468468 • 

1000x8 = 468-468468468 



999x8 = 468 * = ftirxTP Ans.^. 

ExERcrsE XXVI1L 

Find the limits of the following : 

(1) -3. (7) -27. (13) -142857. (19) -61369863. 

(2) -7. (8) -72. (14) -857142. (20) -07936ft. 

(3) -1. (9) -136. (15) -428571. (21) -00287. 

(4) -2. (10) -234 (16) -153846. (22) *0l098&- 

(5) -6. (11) -024. (17) -1441. (23) -04212. 

(6) -d. (12) -074. (18) -6243$. (24) *00025&. 

It will be observed that the result uniformly Btost be this : the 
figures of the recurring period give the numerator, and the denomi- 
nator consists of as many nines as there are recurring figures. 

Case IX Find the limit of -00027. 

8 = -000272727 

100x8 = -027272727 



99 x*- -027 *—-&? — p&ooo'ilooo * 

Exercise XXIX. 
Find the limits of : 

(1) -03. (3) -0036. (5) -0012213. (7) O0l08. 

(2) -072. (4) -003d. (6) -0000&. (8) -OOOOlOd. 
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It will be observed that the numerator consists of the recurring 
figures, and the denominator of as many nines as there are recurring 
figures, followed by the number of non-recurring ciphers in th» 
decimal 

Cass III Find the limits of -48324. 

* = -48324324324...... 

1000 x « = 483 -24324324324 



999 xs = 482-76 

»_ A 82-7 6 _ A8276 | 5364 | 447 A nA 44T * 

•"" TT5TT — V1^R^^IT1100 I T2T• *"**• THST* 

Exercise XXX. 
Find the limits of the following : 

(1) 13d. (5) -0472. (9) -225$. (13) -9l6\ 

(2) -627. (6) '06663. (10) -583. (14) -083. 

(3) -471 (7) -226d. (11) -416. (15) -83. 

(4) -472. (8) -2259. (12) -0016. (16) -583. 

§ 6. The question we have been solving in § 5 might have been 
stated thus : What vulgar fraction would have produced the given 
recurring decimal 1 And the result might have been obtained ex- 
perimentally, thus : 

i ='i a I, & f &c.--2, -3,4,&c. 
* --M .-• *>ftft> &c. = -02,-13,-76,&c. 

iw= -00001 .\ T^f^, Jftfifo &c. - -00002, -07628, &c. 



In feet, in dividing 1000 by 999 we obtain quotient 1 and re- 
mainder 1, which, being again multiplied by 1000, yields the same 
quotient with the same remainder, and so on. Again, in dividing 
43000 by 999, we obtain quotient 43, and remainder 43 ; hence 
£& = -043. Similarly, |f| = -286 ; ££ff = -4723, and so on ; which 
leads to the conclusion stated at the end of Case I« 
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For Case II, since -00?5l = -f5l + 100, and ?5l =££, .-. -00?5l 
For Case III., -84351 = -84 + -00351 = ^ +^^1^ 

_ 9 9X84 + 351 = 84 X 1000-84 + 851 = 84351-84 = g4*6T 
00000 99900 00000 00000 »»»00* 

This leads to the following general rule : For the numerator, sub- 
tract the non-recurring figures from the decimal, as given to the end 
of the first period. For the denominator, write as many nines a* 
there are recurring figures, followed by as many ciphers as there aw 
non-recurring figures. 



CHAPTER VI 
PBOPEBTIES OP DECIMALS. 



§ 1. We must premise that the vulgar fractions on which we shall 
reason in this Chapter are all at lowest terms, unless the contrary iA 
stated. 

§ 2. Li Chaps. II. and III., all the decimal fractions were ter- 
minating ; the subsequent Chapter treated of non-terminating deci- 
mals. The question arises : Can we, by mere inspection of a given 
vulgar fraction, determine the nature of the resulting decimal % 

Decimalize f, ££, £, Jf 

Units. Tenths. Hundredths. Thousandths. 
5 5 5 

s _ 5x\fr __ 5x5x\Ci _ 6x5x5 x\fr _ .^5 

¥ a $ 2 

4 2 1 
2 2 

h I8_ 13x\fr _ 13x2x\fr _ .50 

5 1 

e 8 _ 8 x 10 _ 3 x 10 x 10 _ 3 x 10 x 10 x 10 ^ .^gg 
T 7 7 7 

5 5 

* 10 19x1$ 19x5x1$ 19x5x5x10 .mq 

*• ^=-^r = '~s~~ =: — 7 — = 678 - 

14 7 
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Fractions a and b give terminating decimals, because each suc- 
cessive introduction of 10 into the numerator gets rid of one 2 or 
on© 6 in the denominator. If, then, the denominator has no other 
prime factors than 2 or 5, the decimal will terminate. 

In fraction c, the denominator is prime to 10 ; hence no introduc- 
tion of 10 into the numerator will cancel or reduce it. 

In fraction d, the factors of the denominator are 2x2x7, of 
which the 2 x 2 are cancelled by the two successive introductions of 
10, but the 7 remains unaffected. From this we see that the solu- 
tion of the question proposed depends solely upon the denominator. 

Learn by heart : If the denominator of a fraction contain no prime 
factors other than 2 or 5, its decimal mil terminate; and if it con- 
tain othersy it will not terminate, 

§ 3. Every introduction of 10 into the numerator will cancel 2, 
5, or 2 x 5 in the denominator, and will yield one decimal place ; 
hence there will be a decimal place for every 2x5 or in the de- 
nominator, and a decimal place for every 2 or 5 after the ciphers are 
allowed for. (N.B. After accounting for the ciphers there cannot 
be twos and fives.) 

§ 4. Notice that if the denominator, after disregarding any ciphers 
at the end, is a power of 2, the last figure of the decimal must be 
5 ; if a power of 5, it must be even. 

§ 5. We have now to consider the non-terminating fractions, and 
the question arises whether the figures will necessarily recur, or 
whether they will follow some other kind of arrangement, or no 
arrangement at all. 

If in division by any number, say 7, 13, &c, any remainder occur 
a second time, the figures in the quotient, i. e. in the decimal, must 
thenceforward be the same as those following the previous occur- 
rence of that remainder. Take, for example, £ and ££. 



7) 30( -428571, &c 


41) 390 (-95121, &c 


20 


210 


60 


50 


40 


90 


50 


80 


10 


39 &c 


S&c 


Ant. -35121. 


Ans. -428571. 
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In dividing by 7, there cannot be more than six different remain- 
ders, viz. 1, 2, 3, 4, 5, 6 ; in dividing by 41, there cannot be more 

than forty, viz. 1, 2, 3, 40. I£ then, we should have performed 

respectively six or forty steps with different remainders, the next 
remainder must be one that has already occurred. Hence £ and £-$ 
must yield recurring decimals, and the recurrence must take place 
not later than after the sixth and fortieth places respectively. We 
see, however, from ££, that it may take place earlier. Thus, 

With denominator 7, recurrence will take place at latest after 6 places. 

» 41, „ „ 40 „ 

and generally, n, „ „ (*-l) „ 

§ 6. If we take a number prime to 10, say 7, the l. o. m. of 10 and 
7 is 70 (Part L Ch. XI. § 18), and all tens below 70, viz. 10, 20, 
30, 40, 50, 60, must give different remainders when divided by 7 ; 
for if any two gave the same remainder, their difference, a number 
of tens less than 70, would be a multiple of 7 (Part L Ch. XL 2nd 
part of § 7), which is impossible. These remainders, then, must be, 
in some order or other, the numbers 1, 2, 3, 4, 5, 6. Thus : 

10 gives remainder 3, 40 gives remainder 5* 

20 „ 6, 50 H I, 

30 „ 2, 60 „ 4. 

This means that each multiple of ten is a number of sevens + the 
corresponding number of units placed beside it. If, now, any two 
numbers of the first column, say 10 and 20, be multiplied together, 
we have to multiply (a number of sevens -f 3) by (a number of sevens 
+ 6) ; the multiplication by sevens gives sevens ; the multiplication 
by 6 gives a number of sevens + 6x3. Similarly, the product of all 
these multiples of ten will be a number of sevens + the product 
of all the units to the right, or 10 x 20 x 30 x 40 x 50 x 60 = a num- 
ber of sevens + 1x2x3x4x5x6. Hence, 10 x 20 x 30 x 40 x 50 
x60-lx2x3x4x5x6isa multiple of 7. But 10 x 20 x 30 
X40x50x60 = lx2x3x4x5x6x 1000000, and .\ 1 x 2 x 3 
x 4 x 5 x 6 x 1000000 -Ix2x3x4x5x 6,or 1x2x3x4x5x6 
x 999999, must be a multiple of 7. Seven, then, cannot be prime 
both to 1x2x3x4x5x6 and to 999999. (Part L p. 147, note 2.) 
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Suppose the number we have chosen, as in this case 7,' be not only 
prime to 10, but a prime number, it is prime to the first of these 
quantities, being prime to each of its factors; it must therefore divide 
the second, viz. 999999, which is formed by writing six nines in 
succession. Similar reasoning will shew that 13 will divide 
999999999999 (twelve nines) ; 17 will divide sixteen nines; and, 
generally, if n is prime, w will divide (n - 1) nines in succession. 
(Fermat's Theorem.) 

§ 7. Since 7 is a measure of 999999 (six nines), 13 of 999999999999 
(twelve nines), and n* of (n - 1) nines, .\ 1000000 (10 tf ) -f- 7 leaves 
remainder 1, 10 12 -s- 13 leaves remainder 1, and 10"— ^ra* leaves 
remainder 1. 

Again, 3000000 ( = 3 x 10 6 ) -i- 7 leaves remainder 3, 

5xl0 12 -rl3 „ 5, 

taxlO*- 1 -*-*** „ a. 

Hence, in dividing by 7, 13, », after 6, 12, n - 1 places, we shall 
have as remainder the original dividend, and the quotient, Le. the 
decimal fraction, will recur from the beginning, and have 6, 12, n - I 
figures in the " period." 

A prime number n, then (other than 2 or 5), will yield a pure 
circulator, having w-1 recurring figures. Thus £ = '8571 42 (6 
figures), ^ = -384615384616 (12 figures). This last decimal, how- 
ever, can be indicated thus, # &846l6 (6 figures); and generally, 
though n must yield a decimal expressible with w - 1 recurring figures, 
it may be possible to use fewer figures in the period ; but in this 
case this smaller number must consequently be a measure of n - 1 ; 
or, in other words, though n must measure n - 1 nines, it may mea- 
sure an aliquot fraction of that number of nines. 

§ 8. If \ be decimalized, we obtain *l42857, a period of six 
figures ; hence all the remainders must have occurred. If, then, we 
wish to decimalize f , £, &c, we shall only have the same succession 
of figures with different commencements. Writing the period thus, 

6 8 2 

we can .from it lead off the decimal for any number of sevenths. 

* * being prime. t a being leu than ». 
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Thus £ will begin with 2, f with 4, | with 5, &c, and this first 
figure can at once be ascertained by commencing the division. This 
ring should be learnt by heart. 

Now decimalize ^. ^ = -676925. 

13) 100 (-676925 
90 
120 
80 
40 
1, &c. 

This period contains six figures only, therefore only six of the 
12 possible remainders can have occurred; and if we try another 
number of 13ths, we cannot be sure that tliat numerator will be one 
of these remainders. Take ^. 

13) 20 (-158846 
70 
50 
110 
60 
80 
2, fee. 

flere we find the other six remainders ; and now no fraction whose 
denominator is 13 can be proposed whose numerator is not in one 
of the two sets of remainders. From what was said in § 5, it follows 
that the two series can at no point coincide. For 13, we shall then 
require these two rings : 

3 ° 7 6 l 5 

2 9 6 4 8 3 

As these figures are not all different, in two of the cases the first 
two figures must be found by actual division. If there occur in 
any set of rings similar sequences of two figures each, the first three 
figures must be found by actual division, and so on. 

§ 9. 365 days = 5 x 73 days. Fractions with denominator 73 
occur, therefore, frequently in the calculation of interest. 73 has 
eight recurring figures, and will therefore require y = 9 rings to 
exhaust the 72 remainders. 
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8°1 7*6 4 5 2 8*5 1 7 8 

6 A 8 9B0 900 9D0 9 E 

8 9 6 8 7 2 7 4 5 4 8 « 1 ^ 8 

4*0 7*2 6*6 4 2 4 

P 9 6 G 3 5 H 4 8 K 

9 8 5 7 8 2 8 8 8 5 7 5 

From these rings, any fraction with denominator 73 can be read 
off as a decimal, after the first two figures have been found by actual 
division. 

§ 10. Examination of all these rings shews the peculiar property 
that the opposite numbers added together make 9. Thus the ring 
for 7 consists of the two halves 142 and 857, whose sum is 999. 
The question arises : Is this a mere accident or a property belonging 
to other than these fractions ; and if so, to what others 9 

In Ch. V., we have found that every pure circulator can be ex- 
pressed as a vulgar fraction having for denominator as many nines 
as there were recurring figures, and for numerator the recurring 
period Thus f or -285714 =-|££J£|. This fraction is of course 
reducible to lower terms, where the new denominator is a measure 
of 999999. Now 999999 = 999 x 1001 ; seven being prime, it mea- 
sures either 999 or 1001. We have already found that 7 gives six 
decimal places, ie. that 999999 is the least number of nines divisi- 
ble by 7 ; hence 7 does not measure 999, and must measure 1001. 

(Part L p. 147, note 2). Since »«# = ^^ will reduce to £, 

the factor 999 must be entirely cancelled out ; hence the numerator 
must be divisible by 999. Let us, then, investigate the criterion for 
divisibility by 999. 

1000 -r 999 leaves remainder 1 

7000 -r 999 „ 7 

123325551 = 123000000 + 325000 + 551. 

123000000-999 leaves remainder 123 

325000-999 „ 325 

551-999 „ 551 

Sum of the remainders, 999 
m2 
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Similarly 863581284267 * 999 gives remainder 863 + 584 + 284 
+ 267 = 1998, and as this is divisible by 999, the number is so. 

Hence a number is divisible by 999 (three nines) if the sum of 
. its digits, added in sets of three figures beginning at the units* place, 
is divisible by 999. 

Similar reasoning will shew that a number is divisible by 99, 
9999, 99999, &c, if the sum of the digits, added up in sets of 2, 4, 
£ figures respectively, be divisible by 99, 9999, 99999, &c. (C£ the 
criterion for divisibility by 9 given in Part I. p. 132.) 

Now we have shewn that 285714 must be divisible by 999, and 
therefore its digits added up in sets of three figures must be divisible 
by 999 ; and as we have but six figures, the sum of the two sets 
cannot exceed 999, and must therefore be 999. This can only 
take place if the opposite figures, as placed in the ring, make up 
together the number 9. (We shall call two figures whose sum is 9 
com piemen tal to 9.) 

The conditions under which this process of reasoning holds good 
are, (a) that the number of recurring figures of the period is even, 
because then its corresponding nines can be broken up into two 
factors of which one is half the number of nines; (b) that the 
denominator of the vulgar fraction from which the recurring decimal 
is derived is prime to that less number of nines. 

If, then, we know of any prime number that it will yield an 
even number of recurring figures, the halves of the period will be 
complemental, and accordingly we shall only need to work out 
by division the first half of the period. For example, of |f , only 
four places, viz. 2602, need be found by division, 

73)190(-2602|739? 
440 
200 
54 

the other figures, 7397, being complemental 11 has two recurring 
figures which must therefore be complemental, and only one needs 
to be found by division. 

§ 11. The following table shews the number of recurring figures 
belonging to the first twenty-five primes, omitting 2 and 5. 
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Primks and thkib Decimal Places. 



8... 


... i 


19... 


..18 


41... 


... 5 


61... 


...60 


83... 


...41 


7... 


... 6 


23... 


...22 


43... 


...21 


67... 


...83 


89... 


..44 


11... 


... 2 


29... 


...28 


47... 


...46 


71... 


...85 


97... 


...96 


13... 


...6 


"81... 


...15 


53... 


...13 


78... 


... 8 


101... 


... 4 


17... 


...16 


37... 


... 8 


59... 


...58 


79... 


...13 


103... 


...84 



From this table we can extend the criteria for divisibility by 
prime numbers (Part I. Ch. XI. § 8) ; e.g., a number is divisible by 
37 if the sum of its digits, added in sets of three beginning at the 
units' place, be divisible by 37 ; for 37 has three recurring figures, 
i.e. 1000 h- 37 gives remainder 1, &c. 



§12. 


Decimalize JA-. 






187) 630 (-45985401 






820 






1850 






1170 






740 






550 






200 






68 


The successive dividends 


are, 




63, 


82, 135, 117 




74, 


55, 2, 20 



137, 137, 137, 137 
Notice that the eight dividends or remainders, corresponding to 
the eight recurring com piemen tals, added in pairs as above, make up 
the divisor 137. This depends on the following considerations : 

a. 99999999 is divisible by 137. 

b. 99999999 = 9999x10001. 

c. 137 does not measure 9999, for otherwise it would have only 4 
recurring figures in its period ; therefore, being prime, it must mea- 
sure 10001. 

d. 10001 * 137 leaves no remainder, ,\ 10000 h- 137 will leave a 
remainder 136, being short by 1 of the above multiple of 137. 

e. 63x10001-5-137 leaves no remainder, .\ 63 x 10000 -j- 137 
leaves remainder 137-63, being 63 short of the multiple that 
63 x 10001, or 630063, is of 137. 

This means that the remainder after four steps must fall short of 
137, the divisor, by 63, the first dividend. Had we begun with 82, 
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the second dividend, four steps would have led us to the same con- 
clusion, .*. after any four steps the dividend at the commencement 
added to the last remainder must give the divisor. 

As this property depends on the same conditions as that investi- 
gated in § 10, it is subject to the same limitations. Hence, wherever 
the recurring figures are complemental to 9, the corresponding 
remainders will be complemental to the divisor. 
§ 13. Reduce £y to a decimal 

21)110(42380$ 
50 
80 
170 
200 
110 

Observe that this fraction, although 21 is not prime, yields a pure 
circulator. We might have judged, a priori, that such would be the 
case, for 21 is prime to 10, .-. 210 is l.c.m. of 21 and 10, and no 
two multiples of 10 less than 210 can give the same remainder 
(§ 6); consequently any remainder, say 2, can only have been 
derived from the remainder 17, 17 only from 8, 8 only from 5, and 
5 only from 11 ; hence the recurrence which must take place must 
be referable to the first dividend 11. 

The statement in § 7, that a prime yields a pure circulator may 
now be extended to numbers prime to 10. 

Again, observe that the recurring figures are not complemental to 
9, nor the dividends to 21, 21 not being prime to 999. 

§ 14. If the denominator contain as factors twos or fives with 
other primes, the resulting decimal will be a mixed circulator ; for, 
dividing first by the twos or fives (§ 2), we shall obtain a terminating 
decimal ; and if this is then divided by the remaining factor, which 
is prime to 10, we get a pure circulator commencing at the end of 
the terminating decimal previously obtained; e.g., f^= 87 = 

^ = •71153846. 
18 4)87 

13)9'25 



•7115384& 
two non-recurring figures due to 4 (§ 3), followed by six recurring 
figures due to 13 (see table, § 11). 
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§ 15. It is now required to determine the number of recurring 
figures in the period derived from a vulgar fraction whose denomi- 
nator, though composite, is prime to 10, or, which comes to the 
same thing, the least number of nines divisible by this denomina- 
tor. 

Decimalize = -g^. We know that 6 and 8 nines are the 



least number of nines divisible by 7 and 73 respectively. Hence 
24 nines (24 being l. c. m. of 6 and 8) is the least number of nines 
divisible by 7 and 73, and . \ by 511,* or 511 will have 24 recurring 
figures. 

Generally : A denominator which is a product of different primes 
other than 2 and 5 will have in the period as many recurring figures 
as is equal to the l. o. m. of the numbers of recurring figures proper 
to each prime. These conclusions do not apply to denominators 
containing as factors powers of prime numbers, the condition in the 
foot-note not being fulfilled. 

[If p be a prime number with a period of k figures, then it can be 
proved that 

p 2 will have a period of either *.....£ or p x k figures, 

jp 3 „ „ korp xkoTp 2 xk „ 

p* „ „ k or p x k or p* x k or pP x k „ 

&C. &c] 

§ 16. Addition and subtraction of recurring decimals, where the 
whole period of the result is required, need only be carried out to 
the number of places represented by the L. o. m. of the numbers of 
recurring figures in each of the given quantities + the maximum num- 
ber of non-recurring decimals. An example will render this obvious. 

Add -583, -00413, -123466, -157. 



•5833 
•0041 
•1234 
•1571 



333333333333 

304130413041 
565656565656 
571571571571 



•8680 77469188360\ 

1 2 Ant. -8680774691883601 

* If a number is divisible by two numbers prime to each other, it is divisible 
\>y their product ; and, conversely, if a number is divisible by a product, it must 
be divisible by each factor. (Part I. Oh. XI.) 
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j The first vertical line divides the non-recurring from the recurring 



Hgurea. 

Under the first recurring figure the carriage is noted down, to be 
added to the last figure of the period, as the next column to the 
right of the second vertical line would have given the same carriage. 

Subtract -735$ from 43721. 

4'372|lll|l 
■735188518 

3'63627$ 

15 An$. 8-636$75. 

In this case the carriage is subtracted. 

§ 17. In Part I. (p. 3 and Ch. X.) we have seen that we are not 
necessarily confined to any one scale of notation, but that we might 
have chosen any number whatsoever for our radix. Similarly in 
fractions we need not necessarily make the powers of 10 our univer- 
sal denominator. The powers of any other number might have been 
chosen, and the resulting fractions would have become continuations 
of the corresponding integral scales. Thus, 

Decimal fractions are a continuation of the decimal or denary scale 
Binal „ „ binary scale, 

Quinal „ » quinary scale, 

Duodecimal „ „ duodecimal scale, &c* 

Reduce -^ to senals. 

*- A of 7 = 1 V of V =| and V° over. 
A of V° = A of U = A a»<* *# over. 
tw of if = A of ^ = Trv «d *f* over. 

1 of 8 - 1 n f 48 _ 3 
TF OI TTE - TIT 0I T2TF - T2W' 

An* « j. * j_ 4 _l 8 _ 2 , 3 4 8 _ .044.3 * 

Mod. op.: 7 and 16 in the senary scale =11 and 24 respectively. 

6 i. I l} hhh 
24) 1 10 ( • 2 3 4 3 
14 
2 
12 

• Read, "point" 2848, and not "decimal" 2848. 
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Reduce i to binals. 

Hi 

Seven ) 10 

•0 1... ' Ans. -60l. 

§ 18. We refrain from pursuing this subject further, but the 
curious are referred to Serret's Cours d'Arithm&ique. We need 
only mention that the truths established for decimals hold, mutatis- 
mutandis, for fractions in any scale, and that the several manipula- 
tions are identical. For example : the proof of Format's theorem 
given in § 6 holds for every scale of notation, substituting, however, 
for 999... repetition of the number which is 1 less than the radix. 

§ 19. Summary. 

Let -be a fraction at lowest terms, and let it be reduced to a 
o 

decimal. 

(a) The character of the decimal will depend solely on b. 
(/J) If b = 2* or 5» 9 or 2* x 5 m , ~ will terminate. 

(y) If b =- 2* or 5 n , there will be n decimal places. 

(5) If b = 2* x 5 W , there will be n or m places according as n is 
greater or less than m. 

(e) If b is prime to 10, ^- will give a pure circulator with a num- 
ber of figures in the period, which number is invariable and depends 
solely on b. 

(£) If b is a prime, this number is a measure of b - 1. 

(iy) If b = 2 n x c, 5 n x c, or 2* x 5 m x c, c being prime to 10, the 
decimal will be a mixed circulator, having in the first and second 
cases ra, and in the third n or m (whichever is greatest), non-recur- 
ring figures, followed by the number of recurring figures proper to e, 

(6) If b is prime to 10, and compounded of different primes, the 
number of recurring figures in the period is the l. o. m. of the num- 
bers proper to these several primes. 

(t) If b is prime, and the number of figures in its period is even, 
the two halves of the period must be complemental to 9, and the 
corresponding remainders or dividends must be complemental to b. 
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CHAPTER VH 

DECIMALIZATION OF MONET. 

§ 1. We proceed to give a method of decimalizing our English 
money at sight, and to shew the numerous and great advantages 
•accruing therefrom. 

§ 2. 2f. (1 florin)=£-l 

.'. 4f. =£2 

6f. =£'8 

IBs. =£'9 

1*.= 4 of 2f.=4of£'l =£05 

.-. 8f.= 2f + lf.=£'l+£05=£-15 

5f.= 4«.+U=£-2+£'05=£-25 

7f.= 6#.+U=£-3+£05=£*85 

19f.=18f.+lf.=£'9+£-05=£'95 

64. =4 of If. =4 of £05 =£'025 

U 6d.= lf.+6U =£'05 + £*025 = £-075 
2f . U. = 2f . + 6d = £ -1 + £ 025 = £ 125 
8f.fcl.ai 2f.+U.6d.=£l +£-075=£'175 

18«/6d.=18f.+6d. =£'9 + £025=£-925 
19f. 6d=18f.+lf. 6tt=£'9 +£-075=£-975 

Rule : The figure in the first decimal place will indicate the 
number of florins ; for an odd shilling, add 5 in the second place ; 
for 6d. over, 25 in the second and third places; and for Is. 6cZ. 
t>ver, 75 in the second and third places. 

Exercise XXXT. 
Make a table of every sixpence from 6d to 19*. 6d. 

§ 3. The odd Farthings. 
6d. being £-025, JA = -025 - 24. 

24 ) 025 

•ooia 
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which means : 1 farthing = £ -001 + A of £ -001 
.'. 1 „ =£001+ A of 4 of £-001 # 

2 krthings=£*002 + A of 4 of £'002 

3 „ =£008+ A of 4 of £008 

5K=22 „ =£-022 +A of 4 of £-022 
5}d=23 „ =£-023+Aof4of£*023 

Learn by heart : Any number of farthings is the same number of 
thousandths of£\+^of\of that number of thousandths. 

li<*.= 6 t =£-006 +A of 4 of £'006 
=£•006+ A of £003 
=£006+£*00025 
=£00625 

4fc*.=18 t =£-018+A-of 4 of £-018 
=£018+ A of £'009 
=£018 + £*00075 
=£•01875 

844. =14 f. =£-014 + A of 4 of £-014 
=£014+Aof£007 
=£-014 + £-00058S 
=£■01458$ 

1}A = 7 1 =£-007 + A of 4 of £-007 
=£•007 +A of £'0035 
=£007 + £'00029lft 
=£•0072916 

Bid. =21 1 =£-021 + A of 4 of £-021 
=£-021+Aof£'0105 
=£•021 + £-000875 
=£•021875 

Observe : The half of an even number of thousandths is obvious ; 
for an odd number, put on 5 in the next place to the half of the 
even number below it The student must learn to write down tho 
result at once, passing mentally through the steps indicated above. 

* This might hare been derived from the pound directly, thus : 

1 farthing=£ T i ir ; £** T >£nftnr *j £v**-£nftnr= ****** 
.M „ =£-001 +A of £'001. 
This very useful expression for a farthing also supplies the very curious one : 
lfarthing=£*001 + -01<Z. 



172 APPROXIMATE CALCULATIONS, [CH. VO» 

Wording: l\d. = 6 t =£O'0'6'; 4 of 6=8 5 12 in 80, 2', carry 6 ; in 60, 5'. 

Ans. £-00625. 

44& -18 1 =£-01'8',- 1 of 18=9 ; 12 in 90, T; in 60, 6'. Ans. £-01875. 

84<*.=14 i=£-0'l'4'; 4 of 14=7 j 12 in 70, 6'; in 1<M>, 8'; in 40, &. 

Ans. £01458$. 

lfrf.=7f.=£0'aT; 4 of 7=85; 12 in 85, 2T; in 110, 9'; in 20, 1'; in 
80, 6'. Ans. £'0072916. 

5JA =21 f. =£-0'2T 1'; 4 of 21=105 ; 12 in 105, &; in 90, T; in 60, 5'. 

Ans. £-021875. 

Id. =£<y0'3'; 4 of 3=15 ; 12 in 15, 1'; in 80, 2*; in 60, 6'. 

Am. £003125. 

id. =£<X a 2*; 4 of 2=1 ; 12 in 10, O'; in 100, 8'; in 40, &'. 

Ans. £-00208$. 
K =£<X C 1'; 1 of 1=5 ; 12 in 5, C; in 50, 4'; in 20, 1'; in 80, 6*. 

Ans. £0010416. 

id. =16 f. = £0' 1' &; 4 of 16, 8 ; 12 in 80, &. Ans. £01 5. 

[6d.=24 1=£0'2'4'; 4 of 24, 12 ; 12 in 12, 1'. Ans. £-025.] 

Exercise XXXII. 
Make a table of every farthing from \d. to 6 J. 

§ 4. Decimalize 15*. 8|d. 

15*. 6d. =£-775 
2^. =£-009 

£-784 + ^ of 4 of £-009 =£'784375. 

The three places '784 can be obtained at once by adding the 
9 thousandths from the farthings to the 75 thousandths from the 
shillings, and we have then only to add ^ of \d. of *009. 

Wording: 15*. 6d. is 'T75 ; 2\d. is 9 f., and 75, 8*4'; 4 of 9=45 ; 12 in 45, 
8'; in 90, T; in 60, 5'. Ans. £'784875. 

Decimalize 13*. 10£d. 

Wording: 13*. 6rf.=£6'75; 4je*. = 19 f., 9*4'; 4 of i9, 95; 12 in 95, T 
in 110, &; in 20, 1'; in 8, &. Ans. £-6947916. 
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Exercise XXXTIL 
Decimalize : 

(1) 8*. 6d., 17*. 6d., 13*. 6£, 4*. 6<J., 1*. 6d. 

(2) 13*. 3d., 1U 3d., 19*. 3d., 15*. 9&, 18*. 9<f., U 9tf. 

(3) 14*. 5\d., 11*. 10|d., 18*. 7Jd, 3*. lljd. 

(4) 8rf., 10d, 7d., 3^., 1*. Id., 7*. 4tf. 

(5) 13*. 5d„ 17*. 10|k, 15*. 9£d., 13*. 8£d., 1*. lljd., *<*., ££, 
Id., 17*. 0}d., 11*. 0|d., 12*. 0\d. 

§ 5. Eeconversion into Monet. 

1. The first decimal place gives florins. 

2. A 5 (if any) in the second place gives 1*. 

3. The remaining figures in the second and third places give each 
14 of a farthing ; count them, then, as farthings, rejecting 1 if they 
exceed 24. The remaining figures of the decimal yield less than a 
farthing and may be disregarded. 

Find the cost of 10, 100, 1000, 10000, 100000, and 1000300 
articles, at 11*. 9fd. each. 

11*. 9|<*. =£-590625. 

10 articles cost £5 '90625 = £5 + 9 fl. + 6 f . = £5 . 18*. l{d. 
£59.0625=£59 + U+12f.=£59. 1*. Zd. 
£590 625 =£590 + 6 fl. +24 f.=£590. 12*. 6<*. 
£5906 -25 =£5906 + 2 fl. +1*. =£5906. 5*. 
£59062 5 =£59062 + 5 fl.= £59062. 10*. 
£590625. 

Find the cost of 10, 100, 1000, &c, articles at 3*. lOJd. each. 

8*. 10J<*. =£-1927085. 

10 articles cost £1*92708$ =£1 + 9 fl. +26 f. =£1. 18*. 6±d. 

£19*27085 =£19 + 2 fl. +1*. +20 £.=£19. 5s. 5d. 
£192-7085 =£192 + 7 fl. + 8 f. =£192. 14*. 2d. 
£1927*085 =£1927 + 1* +32 i=£1927. 1*. Sd. 
£19270*885* =£19270 + 8fl.+82f.=£19270. 16s Sd. 
£192708-335 =£192708 + 8 fl. +32 f.= £192708. 6s. Sd. 
£1927083*835=£1927083 + 3fl. + 32i=£1927083. 6*. Sd. 
and so on. 

* The student is advised always to form three places, adding ciphers where 
necessary. 



100 


»l 


1000 


ft 


10000 


M 


100000 


l> 



100 


99 


1000 


if 


10000 


>l 


100000 


» 


1000000 


»» 


10000000 


» 
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Exercise XXXIV. 

Bead off the cost of 10, 100, 1000, 10000, 100000, 100000O 
articles at : 

(1) 8*. 6d. (9) 4*. 8f<£ 

(2) 9* 5\d. (10) 5«. lOf & 

(3) £2. 17* 4|i. (11) 6«. 4rf. 

(4) £3. 1* 8±d. (12) 1*. 5££ 

(5) 16*. 3frf. (13) 4* 2d. 

(6) £4. 13«. 3f<*. (14) 6*. 14. 

(7) 2b. 7Jd (15) 8*. Old. 

(8) 3* 74. (16) 12«. 0£d. 

Tlie following values might with advantage be learned by heart : 
£•$ =6#. Bd. £-01=tof£05=tofl#.=2f*. 

£& = 13*. id. £-02={ of It. =4fc*. 

£0S = 8& £03=7id. 

£0$ = 1*. 4d. £'04=9f<*. 

£•014= id. 

§ 6. Find the cost of 5307 articles at £2. 9*. 4££ each. 
£2. 9#. 4}d. = £2*469791 6. 

2 -4697916 (3 places wanted.) 

7035 

12348958 

740937 

17288 



13107 -183 Ans. £13107. 3*. U. 

Find the cost of 2473£§ articles at £6. 5*. Sd. each. 
2473^=2473 52. £6. 5*. 8<*. = £6*28$. 
2473520 or 62833333 

83333826 253742 



14841120 


12566667 


494704 


2513333 


197882 


489833 


7421 


18850 


742 


8142 


74 


126 


7 


15541*951 


1 


Ant. £15541. 19*. 0\cL 


15541-951 
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Find the dividend on £537. 8*. lOd. at 9*. 7-Jd. in the X. 
£587 '441ft x -482291ft to 8 placet. 



587*442 
2922 84 



21 4977 


4 2995 


1075 


108 


48 


1 



259*204 Am. £259. 4*. 1<L 

Exercise XXXV. 

I. 

(1) 3562 articles at 15*. 8|rf. each. 

(2) 6019 „ XI. 2*. lOd. each. 

(3) 7038 „ X3. 14*. 2\d. each. 
* (4) 269 „ 3*. lOfd. each. 

(5) 5966 „ X7. 16*. 8d. each. 

(6) 2469 „ XI. 10*. 10Jd oach. 

(7) 9004 „ X2. Is. 6|dL each. 

(8) 5040 „ Is. U\d. each. 

(9) 10010 „ 1*. 8frf. each. 
(10) 5039 „ 3*. l\d. each. 

n. 

(1) 843| articles at X3. 16*. 8f& each. 

(2) "2047| „ XI. 17*. 2\d. each. 

(3) 3195£ „ X2. 2*. 2\d. each. 

(4) 9843 doz. and 5 articles at 3*. 2£<£. per dozen. 

(5) 7054 doz. and 11 „ XI. 9*. lOd. per dozen. 

(6) 2437 doz. and 7 „ X2. 13*. 9J& per dozen, 

(7) 5 years and 7 months at X31. 11*. 6<£ a year. 

(8) 10 years and 5 months at X9. 17*. 3d. a year. 

(9) 17 years and 11 months at X10. 10*. lOd. a year. 

(10) X1870. 16*. Sd. at Is. 9£rf. in the X. 

(11) X497. 10*. 4d. at 16*. 1\d. in the £. 
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III. 

(1) 2473|| articles at £6. 5«. Sd. each. 

(2) 649$ „ £1. 16* 2d. each. 

(3) 4037^ „ £2. 1U 8£d. each. 

(4) 953££ „ £8. 7* 10i each. 

(5) 2583^ „ £3. 3& lljrf. each. 

(6) 7211^ n £\. 18*. 7|rf. each. 

(7) 2045^ „ £%• 2«. 9£d. each. 

(8) 477|| „ £4. 9*. Sd. each. 

(9) 70070007 „ £10. 5«. 7d. each. 
<10) 843594J „ 6£d. each. 

§ 7. Decimalization op Other Fractions op a Penny. 

Case L Decimalize 9£d. 

9|<*. x2=l*. 1\d. =£0802084, £-0802084-5-2 =£-04010414. 

4iw. £'04010414. 
Case II. Decimalize 3|£d. 

3fJ<*. x4=l«. 2i<*. =£0614584, £'0614584-5-4= £-015364583. 

4ft*. £-01536458$. 
•Case IIL Decimalize 2-^d. 

2ftd. x8=l«. 4Jd =£0677084, £-0677084-5-8= £-0084635414. 

Ant. £0084635414. 
Case IV. Decimalize 7^d. 

7&d xl0 = 6«. Id. =£30414, £ '3041 4-5-10=£ 030414. 

Ant. £-030414. 
Case V. Decimalize 5^J. 

5#. x5=2«. 4<*.=£ll4, £*ll4-r5=£-023. Ant. £02$. 

or, 
5jd.=5'6d., 5'6d.xl0=56d. = 4*. 8d.=£-24, £-24-5-10 =£024. 

Ant. £-083. 
Case VI. Decimalize 7%%d. 

7JK xl0=6«. l\d. =£31875; £-31875-H0=£ -081875. 

4iw. £081875. 
Case VIL Decimalize \\\d. 

llfd. x7=6«. 9d = £-3375, £-3375-*-7«£ -048214285?. 

Ant. £-048214285?. 
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Cases I., II. and III., are of common occurrence in commerce. 
Cases IV., V. and VI., are easy of calculation ; for Case V. two 
methods are given, of which the second can be done mentally. 
Case VII. and the like are only to be found in examination papers. 

Exercise XXXVI. 

(1) 28493 lbs. of raw cotton at 9{id. 

(2) 97058 „ Is. Ofd. 

(3) 247963 „ 11$ •& 

(4) 519766 lbs. of waste cotton at lffd. 



(5) 27964 


99 


Hd. 


(6) 24572 


n 


i$d. 


(7) 24572 


» 


2|d 


(8) 967458 


n 


Ud- 


(9) 1000000 


99 


l$d. 


(10) 257683 


» 


2&d- 


(11) 489573 


99 


4. 13 rf 


(12) 359087 


99 


1*. 11 



§ 8. Division op Monet by Money. 

In every case that actually occurs, the recurring figure in deck 
malized money will be 3 or 6,* which can be got rid of by multiply* 
ing by 3, for 3 x -3 = •$ = 1, .\ 3 x -6 = 2. 

Case I. £74. 8*. 4£d + £1 9s. 6 JdL to 5 places. 

1 -4t)SlXW 74 -41 875 (50 -84672 

•512500 

69062 

9937 

1068 

33 Am. 50*34672. 

or, stopping at the integral part of the quotient : 

Ant. 50 times and £'5125 = 10*. 2d. over. 
• 6d.=£025. 
$d. = l of Qd. t terminating (Ch. VI. § 2). 
\d. = 1 of frf., recurring, -.- -025 is not divisible by 3. 
id. =| of id. 
If, then, the number of farthings over Qd. be divisible by 3, the decimal will termi- 
nate ; if, -when divided by 3, there be a remainder 1, the recurring figure is § ; if 
the remainder be 2, the recurring figure is 6. 
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Case H. £58. 13*. Id. + 13*. \0\d. 

£58 -07914-^e -692708$ = £58*6791$ x 3-5-£ '6927084 x 3 
=£176*0375-*-£2*078125. 

2-078125)176*0375(84 
9-7875 
3 )1-4750 

•4915 
An*. 84 times and 9*. lOd. over. 

The remainder is divided by 3, in accordance with Ch. IIL § 8, 
Case IIL ; or this may be done by contracted division at once* 
without multiplication by 3. (Ch. IV. p. 147, D.) 

If in the divisor the fractional part of the penny be other than 
farthings, the denominator must be reduced by multiplication as in § 7. 

Exercise XXXVII. 
Work by decimals Exercise XX. in Part I. 



CHAPTER VIIL 
DECIMALIZATION OF WEIGHTS AND. MEASUBES. 

§ 1. Avoirdupois Weight. 

a. Tons and cwts. at per ton. 

1 ton : 1 cwt. = £1 : 1*. Hence call the cwts. shillings, deci- 
malize and multiply. 

Find the cost of 57 tons, 13 cwt., at £1. 5*. 9d. per ton. 

57 tons, 13 cwt. (£57, 13*. =£57 65) =57 65 tons. £1, 5*» 9d. =£1*2875. 

12875 or 12-875 

5765 5675 



*• 



64375 64375 

90125 9013 

77250 772 

64375 64 



74224375 74*224 

Ans. £74. 4#. 6& 
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b. Tons, cwts., qrs., at per ton. 

1 ton, : 1 qr. = £1 : 3d; Henee call every quarter 3d., &c 

Find the cost of 17 tons, ll 1 cwt., 3 qrs., at £5. 2*. 6rf. per ton; 
17 tons, 11 cwt., 8 qrs. (£17. 11*. 9dL)=17'5875 tons. £5. 2*, ott =£fc«12fc 

17-5875 
5 215 

87 938 

1759 

352 

88 



90 137 Am. £90. 2*. 9<f . 

& Tons, cwts.,. qrs., lbs.>. at per ton, the lbs. being a multiple of 
71ba. 

1 ton : 7 lbs. =£1 : frf. Hence call every 7 lbs* fd. 

Find the cost of 19 tons, 5 cwt., 1 qr., 14 lbs., at 18*. \0\d. per 

ton. 

19 tons, 5 cwt., 1 qr., 14 lbs. (£19. 5*. 4i<*.)=* 19 '26875 tons, 
18«. W\d. = £'94375. 

19 -268 \k 
573 49 

173 41 

7 70 

58 

13 

1 



18183 An*. £18. St. 84. 

Exbroisb XXXVIIL 
Find the cost of : 

(1) 43 tons, 17 cwt., at £5. 8ft 3d. per ton. 

(2) 457 tons, 9 cwt., at £7. 10*. lOd. per ton. 

(3) 8 tons, 1 cwt., at £1. 9a. A\d. per ton. 

(4) 9 tons, 8 cwt., 1 qr., at 16ft 8fd. per ton. 

(5) 6 tons* 13 cwt»,2.qKL,.at 17ft 9d. per ton, 

(6) 7 .tons, 5 cwt, 3 qrs., at 12ft 5d. per ton. 

(7) 4 tons, 4 cwt., 1 qr., 7 lbs,, at £43. 12ft.6d..pe* toa^ 

n 2 
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(8) 12 tons, 2 cwt., 2 qrs., 14 lbs., at £52. 10*. per ton. 

(9) 23 tons, 3 cwt., 3 qrs., 21 lbs., at £24. 10*. lOd. per ton. 
(10) 16 cwt., 1 qr., 14 lbs., at £18. 17i. 4<J. per ton. 

d. Tons, cwts., qrs., lbs., at per ton. 
7 lbs. (fd) = -003125 tons. 

1 lb. =| of 7 lbs. = \ of -003125 tons. 

2 lbs. =|of 2 x 7 lbs. =(|of 2 x * - * of l\d.) = | of '00625 tons. 
5 lbs. (| of 3feJ.) =| of -015625 tons. 

&c. &c. 

Reduce 4 lbs. to the decimal of a ton. 

4 lbs. ft of 3d.)=f of -0125= -0ei7S5714i 

Wording: 7 in 0, O'; in 1, O'; in 12, 1'; in 55, T, and 6 oyer ; f= '857145. 
(See ring, Ch. VI. § 8.) 

Express as tons, 13 cwt, 1 qr., 24 lbs. 

13 cwt., 1 qr., 21 lbs. (13«. 5Jd.) = '671875 
3 lbs. ( T of 2Ji.)=f of £-009375= -001339$857ll 



•673214285714 

Ant. -673214285? tons. 

Find the cost of 5 tons, 7 cwt., 1 qr., 13 lbs., at ,£4. 7*. 8fd. per 
ton. 

5 tons, 7 cwt., 1 qr., 7 lbs. (£5. It. 3id.) = 5 -365625 

6 lbs. ft of i\d.)=\ of -01875 = -002678, &c 



£4. It. 8}& = 4-386458$. 
5-3683ty$ 
56 834 



5*368303 tons. 



21473 


1610 


429 


82 


8 



23 547 An*. £23. 10*. 114<*. 

It will be observed that we have carried out the decimal further 
than was necessary. With a little practice the student will learn 
to avoid all such unnecessary labour. 
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Find the cost of 149 tons, 13 cwt., 3 qrs., 10 lbs., at £43. 8*. 44 
per ton. 

149 tons, 13 cwt., 8 qrs., 7 lbs. (£149. 18s. 9i<J.) = 149 690625 
8 lbs. (f of 2Jd.)= T of -009376 = -001339 



£48. 88. id. =£43-414. 
149*69196 
6666 1434 


149*691964 tons. 


598 7678 

44 9076 

5 9876 

1497 

898 

90 

9 

1 




6499 125* 


Am. £6499. 2*. 6d 



Exercise XXXIX. 
Find the cost of : 

(1) 18 tons, 9 cwt., 1 qr., 16 lbs., at £3. 10*. id. per ton. 

(2) 23 tons, cwt., 2 qrs., 20 lbs., at £5. 4*. 7|d. per ton. 

(3) 93 tons, 7 cwt., 3 qrs., 8 lbs., at £6. 15*. 8d. per ton. 

(4) 7 tons, 5 cwt., 1 qr., 21 lbs., at £10. 4*. per ton. 

(5) 86 tons, 11 cwt., 2 qrs., 11 lbs., at £51. 17s. i\d. per ton. 

(6) 17 cwt., 3 qrs., 26 lbs., at £9. 12*. lOd. per ton. 

(7) 3 tons, 3 cwt., 3 qrs., 3 lbs., at £3. 3*. 3d. per ton. 

(8) 2 tons, 14 cwt., 1 qr. 7 lbs., at £2. 14*. 3fd. per ton. 

(9) 5 cwt, 9 lbs., at £16. 16*. per ton. 
(10) 4 tons, 1 qr., at £2. 5*. Sd. per ton. 

*. cwts., qrs., and lbs., at per cwt. 

1 cwt. : 1 qr. =£1 : 5*., .*. 1 qr. = *25 cwt. 

1 cwt. : 7 lbs. = £1 : 1*. 3d., .\ 7 lbs. = -0625 cwt. 

1 cwt. : 1 lb. =£1 : | of 1*. 3d., .\ 1 lb. = -0089285714. 

* Comparison with the mode of working the same sum by Practice, Part II. p. 
76, will justify the foot-note of p. 75. The difference in the number of figures used 
gives but a slight indication of the saving of ingenuity and labour, uniform simple 
multiplication being substituted for the intricate manipulation of fractions. The 
correctness of the work admits of an easy test by transposing the multiplier and 
multiplicand. 
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Find the cost of 3 tons, 13 cwt, 2 qrs., 19 lbs., at JB1. '6s. Sd. 
per cwt. 

73 cwt., 2 qrs., 14 lbs. (£73. 12«. 6d) *=73*d25 cwt. 

6 lbs. (f of 5 x 1*. 3d =* of 6«. 8d)=f of -8126= >044ff42857l 









73*6696, &c 


£1. 


6«. 8c*. 


= J61S 


or£|. 


73-6696 








833-331 








73 670 




or 


73-6696 


22 101 






4 


2 210 








221 






8)294-678 


22 






98*226 


2 








98*226 






Jtis. £98. 4«. 6Jrf. 



Exercise XL. 
Find the cost of : 

(1) 4 cwt., 1 qr., 17 lbs., at £3. 3*. per cwt. 

(2) 3 qrs., 19 lbs., at £7. Ss. id. per cwt 

(3) 1 ton, 7 cwt, 3 qrs., 24 lbs., at £10. 12«. &d. per<*wt 
(4)*3 cwt., 2 qrs., 16 lbs., at £3. 7*. &d. per cwt 

{5) 9 tons, 5 cwt, 16 lbs., at 12*. per cwt 

(6) 45 tons, 1 qr., 9 lbs., at £2. 7s. lOd. per cwt 

(7) 3 tons, 2 qrs., 8 lbs., at £5. 7s. id. per cwt 

(8) 3 cwt, 3 qrs., 12 lbs., at £1. 4*. lid. per cwt 

(9) 15 tons, 15 cwt, 1 qr., 20 lb., at £10. 10*. per cwt 

/. lbs. and oz. at per lb. 
1 lb. : 1 oz. = £1 : Is. 3d., .-. 1 oz. = 0625 lbs. 

Ounces being binary fractions of the lb., are very easily decimal- 
ized, every two ounces being called 2s. 6d. 

• N.B. 16 lbs. =| of lcwt.; 2 qrs., 8 lbs. =f of 1 cwt 
1 qr., 4 lbs. = \ of 1 cwt. ; 2 qrs., 24 lbs. =f of 1 cwt. 
1 qr., 20 lbs. =f of 1 cwt. ; 3 qrs., 12 lbs. =f of 1 cwt. 

all of which can be decimalized at once from the ring, p. 161. 
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Express 11 oz. as a> decimal of 1 lb. 

11 oz. (11 xk 3d. = 13*. 9df.) s? 6876Jbo. 

Also 12 oz. 

12oz.(6x2*. 6d.)='751bs. 

Exercise XLI. 
Find the cost of : 

{1) 3 qvs., 17 lbs., 5 oz., at 3*. Sd. per lb. 

(2) 4 lbs., 14 oz., at JB1. 17*. 6d. per lb. 

(3) 9 oz., at £2. 15a. id. per lb. 

(4) 15 lbs., 15 oz., at £6. is. 10^. per lb. 

(5) 1 cwt., 10 lbs., 6 oz., at 18*. l\d. per lb. 

(6) 9 lbs., 8 oz., at £2. 14*. lid. per lb. 

§ 2. Troy Weight. 

a. ll)s., oz., dwts. at per lb. 

1 lb. : 1 oz. =£1 : Is. Sd. 

1 lb. : 1 dwt. = £1 :ld. (Hence the name " penny weight.'*) 

Hence call each oz. Is. 8c?., and each dwt. Id. 

Find the cost of 91bs., 3 oz., 14 dwt., at £10. 15*. 6d. per lb. 
9 lbs., 3 oz., 14 dwt. (£9. 6s. 2d.)=9*3083 lbs. £10. lfo&ft =£10775. 

9-30833 

5 7701 

9 3083 

6516 

661 

47 



100-297 Am. £100. 5«. Hid. 

As the lb. troy is hardly ever used, we proceed at once to the 
next case. 

b. oz., dwts., grs., at per oz. 

1 oz. : 1 dwt. = £l : 1*. 

1 oz. : 1 gr. =£1 : \d. 

Hence call each dwt. la., and each gr. \d. 
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Find the cost of a gold snuff-box weighing 7 oz., 15 dwts., 
15 grs., at £i. 5*. 6d. per oz. 

7 <*., 15 dwts., 15 gra. (£7. 15«. 7J<*.)= 7*78125 ot £4. St. 6d. =£4 -275. 

7*78125 
5 724 



81 125 


1556 


545 


89 



83-265 Aim. £33. 5«. 8}tf. 

Exercise XLII. 

(1) Find the cost of 17 lbs., 9 oz., 15 dwts., at £8. 4a. l\d. per lb. 

(2) „ 9 lbs., 6 oz., 19 dwts., at £i. 19a. 4|d per lb. 

(3) n 1 lb., 7 oz., 15 dwts., 20 grs. at £3. 17a. 

lO^d. per oz. 

(4) „ 8 oz., 1 1 dwts., 1 7 grs., at £\. 14a. 10df. per oz. 

(5) „ 10 oz., 10 dwts., 10£ grs., at £7. 1 la. id. per oz. 

(6) „ 4 lbs., 1 1 oz., 1 1 dwts., 1 1£ grs. at £10. 10*. 

per oz. 

§ 3. Capacity. 

a. gals., qts., pts. and gills, at per gal. 

1 gal. : 1 qt. =£1 : 5a. 
1 „ : 1 pt. =£1 : 2a. 6& 
1 „ :lgiU = £l :l\d. 
Hence call each quart 5a., each pint 2a. 6d., and each gill 1\d. 

Find the cost of 5 gals., 3 qts., 1 pt., 1 gill, at £1. 5s. 6d. per gaL 

5 gals., 3 qts., 1 pt, 1 gill (£5. 18s. 1^.) = 5'90625 gals. £1. 5a. 6<*. =£1*275. 

5*90625 
> 5 721 



5 906 

1181 

413 

80 



Ant. £7. 10f. 7\d. 
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b. Quarters, bus., pecks, at per quarter. 

1 qr. : 1 bus. = £1 : 2s. 6d. 

1 qr. : 1 peck = £l : l\d. 
Hence call each bushel 2s. 6d, and each peck l\d. 

Find the cost of 43 qrs., 5 bus., 3 pecks, at £2. 10*. per qr. 

43 qrs., 5 bos., 3 pks. (£43. 14s. 4^.)= 4371875 qrs. 
£2. 10*. =£25 

4 )43-71875 

109-296, &c.=£109. 5«. 11 Jd. 
Exercise XLIII. 

(1) Find the cost of 15 gals., 3 qts., 1 pt., 3 gills, at lOJd. per 

gal 

(2) „ 2 qts., 1 pt., 1 gill, at la. 4f d. per gal. 

(3) „ 29 gals., 1 qt., 1 pt., 2 gills, at 2a. 10|<L 

per gal. 

(4) „ 428 qrs., 3 bus., 2 pecks, at £2. 13*. 6d.. 

per qr. 

(5) „ 617 qrs., 1 bus., 3 pecks, at £1. 3*. 9d. per qr. 

§ 4. Length. 

a. Yds., ft. and in., at per yard and per foot. 

It is shortest to reduce the yards into feet and decimalize the 
inches by dividing by 12. If the price is given per ft., the decimal 
is at once available ; if per yd., divide either the decimal or the 
price or the ultimate product by 3. 

Find the cost of 8 yds., 1 ft., 11 in., at £1. 4a. Id. per yd. 

8 yds., 1 ft, 11 in. = 25'9l6 ft. =8'63§ yds. £1. U. Id. =£1*2291* 

8-6388 
29 221 

8 639 

1727 

173 

77 

2 



10618 Am. £10. 12s. l\d~ 
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b. Miles, fur. and yds., at per mile. 

1 m. : lfur. = £1 : 2*. 6d. 

la : 11 yds. =£1 : l$d. 
Hence call each furlong 2& 6d., each 11 yds. \\d. y and each 
jd. A of lid-. 

Find the cost of 2 miles, 3 fur., 105 yds., at ,£15. 15«. per mile. 

2 m., 3 for., 99 yds. (£2. 8*. 74d)=2*43125 m. 
6 yds. (A of 6 x 1K)=iV of -0375= *00340§6 

2*43465§6 m. 
£15. 15*. = £15-76. 
2*434659 
5751 

2 4317 

1 2173 

1704 

122 



38*346 


Ana. £38. 6#. lljd. 


<5. Gunter's chain. 




^5 chains, 47y links, at 7*. S^d. per eh. 




6*475 x 38541$ 




3854 




5745 




1927 




154 




27 




2 




2-110 


Am. £2. 2s. 2&tf. 


Exercise XLIV. 





(1) Find the value of 7 chains, 3f links, at 8*. 10|d. per chain. 
49 chains, 18 J links, at 16*. b\d. per chain. 
356 chains, 59 \ links, at £2. 14s. 8d. per chain. 
315 miles, 6 fur., at £768. 15a. per mile. 
19 yds., 2 ft., 8 in., at 7*. 8%d. per yd. 
43 yds., 1 ft., 11 in., at 2s. 5%d. per yd. 
1 mile, 4 fur., 77 yds., at £100 per mile. 
5 miles, 5 fur., 50 yds., at £20. 8*. per mile. 



(2) 


99 


<3). 


99 


(*) 


99 


(5) 


» 


(«) 


n 


(7) 


» 


(8) 


99 
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§ 5. Surface. 

Acres, roods, tpoles,' at per acre. 

1 a. : 1 r. = £1 : 5*. 
la. :lp.-£l :1|<*. 

Hence call each rood 5*., and each pole X\d. 

Find the cost of 18 acres, 2 roods, 19 poles, at £46. 15& per 
acre. 

18 acres, 2 roods, 19 poles (£18. 12s. 44d.) =18 61875 acres. 
£46. 15*. = £40-75. 
18-61875 
5764 

74 4750 

11 1712 

18083 

931 



870-426 Ana. £870. 8$. 6fcL 

Exercise XLV. 

(1) Find the cost of a close of 37 acres, 3 roods, 25 poles, at 

£42. 108. per acre. 

(2) w field of 19 acres, 1 rood, 35 poles, at £57. 

15s. per acre. 
C3) „ farm of 368 acres, 2 Tooils, ; 30 poles, at 

£41. 15*. per acre. 
(4) I bought 1572 acres, 1£ roods, at £37. 17*. 6d. per acre, and 
of it sold of the best land 419 acres, 3£ roods, at £47. 5s. an acre ; 
how much an acre did the remainder stand me in ? 

§ 6. This method of translation into money would also be appli- 
cable to other weights and measures. Thus in paper measure, call- 
ing 1 ream £1, the quire is 1*., and the sheet \d. ; but we leave all 
further applications to the ingenuity of the student. 
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CHAPTER IX. 
DECIMALS APPLIED TO PROPORTION. 

Find the value of 37 yards of silk, when 25 yards cost £4. 7$. 6dL 

ft : 37=4375 :# 
*(x4)100 4 
4 375 
4_ 

17 W 

87 

1225 
525 



6'475 Ans. £6. 9a. 6d. 

If a workman earns £17. 6*. in 102£ days, how long will he be 
in earning 50 guineas 1 

17'8 : 52-5=102-5 : * 
102 5 
52 5 
512 5 
2050 
5125 



173)53812-5(811 
191 
182 
9 5 

"i73=TrlrrlAV A** 311^ days. 
If the tax on £195 be £14. &., what will be the tax on £874 1 

VK : £874=!^* '• * 
65 48 

874 

6^ 

5244 
8 



6$) 4195-2 (64-541 
295 
352 
270 

10 Ans. £64. 10*. 10c*. 

* Since J= *25 and ]= '75, decimal fractions ending in 25 or 75 are often con- 
veniently reduced to lower terms by multiplication by 4 ; similarly, decimals ter- 
minating in 125, 375, 625 and 875, are reducible by multiplication by 8. (Of. 
Part. I. Ch. IX. §19.) 
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If I can travel 198 miles by railway for £2. 9*., how far at the 
same rate of charge ought I to be carried for £8. 0*. lO^dl 

2*475 : 8-04375=\8te : x 

<x8) \&\ 8_ 

•1 64-35WI Am. 643*5 miles. 

643-5 

The annual poor's-rates on a nett rental of £365. 7«. 3d. amount 
to £36. 8& 9d. What should be the nett rental of an estate for 
which the poor's-rates amount to £24. 5*. lOd. ? 

24*2916 = 365*3625 : « 

3 8 

72-875 2922-9W 

8 58 3 

583'Wt 8768 7 

233832 
6996 146145 

1704050-7 

6996)1704050-7(243-575 
80485 
25010 
40227 
52470 
84980 



86*4375 
8 


291 5 W 

8 
874-5 

8 



Ant. £243. 11*. 64. 



Exercise XLVI. 



Work, Part II., Ex. LL, Nos. 4, 7, 17, 18, 19, 20, 21, 22, 23, 24, 
25, 26, 28, 29, 53, 54, 63. 



CHAPTER X. 
PERCENTAGES. 



§ 1. In commerce, the universal standard of comparison for estimat- 
ing Profit and Loss, Premiums, Interest, Commission, Brokerage, 
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&c, is 100,- whence the term per centum^ shortened into per cent^ 
for which the symbol ia %. Thus : 

A profit of £5 on m. outlay of £100 is called a profit of 5 % ; 
similarly, a profit of 5s. on an outlay of 100s. is a profit of 5 %. 

A premium of £2. 3s. 4d. to insure against the loss of £100 is. 
called a premium of £2. 3«. id. %, or 2£ %, or 216 %. 

A brokerage of £ % means that the broker is to receive 2*. 6d* 
on every £100 transferred through him, &c. 

Find the commission on £360 at 2 %. 

If on £100 m we pay £2, 
on £360 I „ £x. 

100 : 360=2 : x 

3-6x2= 7*2. Ana. £7. 4* 

Find the payment on £p at r %. 

If on £100 m we pay £r, 
on £p 1 „ £x. 

100 : p=r : x 

pxr 
X— — 
100 

or, if we call the payment £/*, we obtain the " formula,** 

100 Kl) 

What is the sum to be paid for insuring a vessel and cargo worth 
£2225,at3£%? 

Here p = £2225, r = 325, .-. ££T = £22-25 x 325. 

r 100 

22-25 or 22*25 

3-25 3J 



11125 6675 

4450 5-5625 

6675 mm 



72-3125 Ana. £72. 6s. 3d* 

Note, that P is the payment* to be made, . and. p the principal. 
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What is the premium on £415 at £2. 3*. id. % t 



2-1667 
514 


or 


B 


4-15x21 
415 


8 667 
217 
108 


2* 

8-30 
•6916 


8-992 


8*9916 

Arts. £8. 19*. 104. 



The method A is universally applicable, but shorter methods^ 
like B, will in certain cases suggest themselves to the computer. 

What is the premium on £745 at £2. 8*. 7d. % t 

2-42915 
547 

17 004 
972 
121 



18-097 Ans. £18. U.llfe*. 

Find the total gain, if goods bought for £357. 12ri 6d are sold 
at a profit of 9 %. 

3-57625 
9 

32 186 Ans. £32. 3#. 8fcL 

Exercise XLVlI. 

(1) Fibd the insurance on £560 at 2f %. 

(2) Find the insurance on £712. 10s. Sd. at 3| %; 

(3) Find 5| % on £77. Is. Id. 

(4) Find the brokerage on 750 guineas at \\ %. 

(5) Find the brokerage on 4593 doz. at 5s. \0\d. per doz. at £ %. 

(6) Find the commission on £2595 at 2\ %. 

(7) Find the premium of fire insurance on £1550 at 3*. id. %. 

(8) Find the profit realized on £1470 at 12£ %. 

(9) Find the loss on goods bought for £370 and sold at a loss of 
7f %. 

(10) Goods bought for £275. 13*. IOcZ. are sold at a profit of 
15J %. What were they sold for ? 
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(11) 17,500 dozen handkerchief s were bought at 4*. i\d. per dozen, 
And sold at a profit of 17f %. How much were they sold for ? 

(12) A population of 357,600 increased 3 \ % in a certain year; 
the deaths were 11,920. Find the number of births. 

§ 2. Interest. 

Interest is money paid for the loan of money, and is calculated at 
«o much % per annum. The calculation is rendered more complex 
than the questions in § 1 by the introduction of the element of 
Time. The difference between the two is that between Simple and 
Compound Proportion. 

Find the interest on £340 at 4 % (per annum) for 3 years. 
If on £100 M for M 1 year we pay £4, 
on £340 J, „ \, 3 years „ £#. 

100 : 340 ) . 
1: 3/ =4: * 

34 x 12 = 40*8. An». £40. lto. 

Find the interest on £p at r % for t years. 

If on m £100 for ^ 1 year we pay £r, 
on J, £p „ \ t „ £x. 

100 :p\ 

*=^=^ ^.'=^.(11.) 

Find the interest on £463. 14*. 9<£ at 2f % for 1 year, 5 months. 
Here p = £4637375, r = 275, t = 1^ = 1 -416, 
•"• ^^= £4 ' 68 7375x2-75x 141ft. 

4-637375 (4 places.) 
572 



9 2747 

3 2461 

2319 

12-7527 



* The money lent is called the principal ; the yearly sum to be paid for £100, 
the rate ; the interest + the principal = the amount. The letters p t r, t, I, have 
Jbeen chosen as the initials of the words principal, rate, time and interest 
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12-7527 (3 places.) o r thus : 

^ilL 2|xl A = V x«=W=3 

12 753 4637375 (3 places.) 

6 101 85 983 



128 

76 

7 

1 



18 912 

3 710 

417 

23 



18 066 8 



Ant. £18. 1#. Id. 18-065 Ans. £18. 1#. 3|d 

Find the interest on £212. 10«. id. for 2£ years at 2£ % per annum. 

2|x24 = V=6'876 Or 2 12516 x 2*5x2-75. 

212516 52 

5 786 

— 4 2503 

12 750 1 0626 
1700 



148 5*3129 

11 572 



14*610 X f26 

3718 
266 



14610 Ana. £14.12*. 24rf. 
Experience alone will enable the computer to determine by in- 
spection in which order it is best to take the factors. 

Find the interest on £417. 7«. 9d. for 1 year, 10 months, at 4| %. 
4-173875 x 1 -8$ x 4*375 or 4173875 x V * V- 
5734 VxV = w = ?625 



166955 

12521 4 * 1789 

2921 80 208 

209 83391 



12 



18 2606 83 

833 381 3 



18 261 83 477 

14 608 

548 

55 

5 



83*477 Ant. £33. 9*. 6J& 
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Find the interest on £713. 10*. 9d. at 4f % for 79 days. 
7135375 x 4 625 x /&. 

5 )79 7-13537 

78) 15 8 ( -21*43**6'* • 5264 

1 20 28 5415 

470 4 2812 

320 U 27 

280 357 



61 te 



33 0011 
446 12 

6 600 

330 

198 

13 

1 

7*142 

Am. £7. 20. 10JA 

Exercise XLVIIL 

I. 

(1) Find the interest on £350 for 2 years at 5 %. 

(2) „ „ £350 „ 5 „ 2 %. 

(3) „ „ £765 „ 1J „ 2|%. 

(4) „ „ £548. 16*. 3d. for 9 months at 4| %. 

(5) „ „ £3456. 17*. U. for 4J „ 3f %. 

(6) „ „ £279. 12*. 10& for 6 „ 4| %. 

II. 

(1) Find the interest on £37. 18*. 9d. at 2£ % for 47 days. 

(2) „ „ £143. 10*. Sd. at 4| % for 100 days. 

(3) „ „ £75. 16*. at 6£ % for 42 days. 

(4) „ „ 1000 guineas at 5 % for 12 days. 

(5) „ „ £10490 at 4f % for 80 days. 

(6) „ „ £876. 13*. id. at 3f % for 146 days. 

* See Oh. VI. §§ 10 and 12 ; and note (a) that 61 + 12 = 78 ; (6) that the accented 
figures are obtained at once by complementing 9. Or the period for ff might hare 
been found at once from ring H, p. 163. 
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III. 

(1) Find the interest on £1745. 12*. 8d. at £12. 15s. Sd. % for 

130 days. 

(2) „ „ £2495. 17*. id. at £13. 16*. 1W. % for 

67 days. 

(3) „ „ £65.4*.10rf.at£5. l*.7Jd.%for9ldays. 

(4) „ „ £147. 16*. 6d. at £7. 12*. lOJrf. % for 

39 days. 

(5) „ „ £439. 10*. 3d. at £9. 8*. 5d. % for 117 

days. 

(6) „ „ £455. 5s. 5d. at £8. 15*. 5f<*. % for lfr 

days. 

Find the amount on : IV. 

(1) £1483. 17*. id. for 1 year, 5 months, at 6± %. 

(2) £1517. 16*. 2\d. for 4 years, 8 months, at 5 %. 

(3) £2045. 3*. lOd. for 76 days at 3f %. 

(4) £439. 11*. 5d. for 91 days at 4f %. 

(5) £254. 8*. 7d. for 145 days at £5. 8*. U\d.%. 

(6) £7777. la. Id. for 77 days at £7. la. ld.%. 

V. 
Find the interest for 1 minute on the national debt, £730,000,000; 
at 3 % per annum. 

§ 3. Converse of Percentage. 

We have seen (§ 1) that P=£*Z. Since pxr must he divided 
by 100 to obtain P 9 100 x P=*p x r. Again, since p must be mul- 
tiplied by r to yield 100 x P, p is the rth part of 100 x P 9 or 

100 xP 
^^xuv^r (ni) 

Similarly, r=™^L? (T7 .) 

If, then, of the three quantities, P, ^? and r, any two be given, 
the third can be found by means of the formulae (L), (IIL), (IV.), 

Find the brokerage on £475 at | %. 

P= ^M ^ ^ioo 75 " 4 ' 75 x ,75 = 3 * 6625 - *»- £«• 1U 8dL 

o2 
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On what principal will the brokerage at f % amount to £3. 11*. 3</.t 

100 xP 100x3-5625 8Be9 . M J „ M 

1>= — - — = ^g = »«^» = 475. Ant. £475. 

At what rate will the brokerage on £475 amount to £3. 11*. 3d.! 
100 xP 100 x 3 -5625 356*25 „ r M Q , 

r —£- 476 = -i7T = ' 75 - An8 ' * %• 

Exercise XLIX. 
* (1) If goods are bought for £415 and sold for £500, what is the 

(2) If the goods had been sold for £400, what would have been 
the loss % ? 

(3) On the breaking out of the war of 1870, the marine insu- 
rance of certain goods was raised from 2 to 5 J %, making a difference 
of £140 in the premium to be paid. Find the value of the goods. 

(4) A bought a horse for £40, and sold it to B at a profit of 8J % ; 
B sold it at a loss of 7£ % to C. What did C pay for the horse ? 

(5) What would C have paid if B had made 7 J % profit ? 

(6) I bought French jewellery for fr. 7490, and paid an import 
duty of 15 % ad valorem ; I sold it for £420. Find my gain or loss 
%, reckoning the £ at fr. 25*22. 

(7) If 3| tons of sulphur are required to make 31 tons, 5 cwt. of 
gunpowder, what is the percentage of sulphur in gunpowder ? 

(8) At what rate will the brokerage on £1720. 16«. Sd. amount 
to £6. 9*. Ofrf. ? 

(9) On what sum will the brokerage at f % amount to £10. 15*. ? 

(10) In a school of 80 children 17£ % are girls. Find the number 
of boys. 

(11) Find the rates to be paid on a house rented at 60 guineas 
and rated at 85 % of the rent, paying 1*. 3%d. in the £. 

(12) The total number of prisoners in a certain county was 493, 
of" whom |-£ were males. The number of male prisoners in the 
following year was 272, and that of females 108 J % of the former 
numbor. Find the total increase or decrease %. 

* When not otherwise stated, find to 3 places. 
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(13) This year the number of out-door and in-door patients of a 
hospital were 1575 and 333 respectively ; in the previous year the 
former were '96 of this year's number, and the total was 1870. 
Find to one place the increase or decrease % of the in-door patients. 

(14) A certain grocer's weekly business is as follows : 

Goods. Cost price. Selling price. 

5 cwt. of raw sugar @ 36*. per cwt. @ id. per lb. 
21 „ loaf sugar ,, 44*. „ „ 5\d. „ 

4 ,, coffee „ 84*. ,, ,, 1*. Qd. „ 

which loses 20 % in roasting, and costs further 
Set. per lb. duty and 2*. 6d. per cwt. roasting. 
40 lbs. of tea „ 2*. Sd. per lb. „ 3*. id. „ 

i cwt. of rice „ 26«. per cwt. „ id. „ 

10 lbs. of cocoa „ 1*. Id. per lb. „ 1*. id. „ 

15 ,, „ w 6|d. „ „ Sd. „ 

Sundries £19. 12«. £25. 8s. 6d. 

Find (a) the weekly profit realized ; (b) the gain or loss % on each 
article ; (c) the total gain %. 

(15) If an investment of £91. 17*. 6d. yield me £3. 10a per 
annum, what percentage do I get 1 

§ 4 Converse of Interest. 



100 x I=p xrxt, 
= t 

=r (VI.) 



100x7 
pxr 
100x7 



** W- ™ 



pxt 
™*£„, (VII.) 

H then, of the four quantities, p, r, t, I, any three be given, the 
fourth can be found from the formula) (EL), (V.), (VI), (VII.). 
Find the interest on £540 at 6 % for 4J months. 

!J> x rx % = 540 xgx '375 = 5 . 4 x g x . Z75=12 . U . An8 . £12 . 3* 

In what time will £540 at 6 % yield an interest of £12. 3*. % 
A 100x7 100x12-15 121*5 ,„ K „, , a 

t=s JxT 64076" == 32T= 375=T ^ lf - 

Ant. I of a year, or 4J months. 
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At what rate will £540 in 4| months yield an interest of £12. 3*. t 
100 x/ _ 100x 12-15 _ 1215 

r ~ pxt 540 x 375 54 x 3*75 AfU ' ° /o' 

What principal will in i\ months at 6 % yield an interest of 
£12. 3*. 1 

100x7 100x1215 1215 K1A , i ._ JA 

* rxt 6x*375 225 

In what time will the interest on £318. 14*. 3d at £4. 12*. % 
amount to £16. 4*. 9d. 1 

100x/_ 100x16-2375 _ 1623-75 mu i t i p lving both terms 

pxr 318-7125x4-0 818-7125 x 4-6 ' muiu ^"S "««* "»"■ 

by8»= 12990 



2549-7x4*6 

25497 '1076 

46 



g 6 g V keeping one place. 



152982 323 

101988 64 



11^^)1299000(1-107^ 



5 



126138 6 39'$ Am. 1 year, 39 days. 

8852 
642 
56 

Exercise L. 

(1) In what time will the interest on £455. 10*. amount to 
£1. 17* \l\d.. at5%? 

(2) In what time will the interest on £368. 15*. id. amount to 
£15 at £6. 13*. 10<£%? 

(3) In what time will a principal of £360 amountt to 400 guineas 
at5%? 

(4) At what rate will the interest on £15 in 4^ months amount 
to 7*. 10$d. ? 

(5) What principal wiU, at £4. 18*. 9d.% yield 500 guineas a 
yearl 

(6) In 2 years, 53 days, a principal of £1000 amounted to £1200. 
Find the rate charged. 

* See foot-note, p. 188. f See foot-note, p. 192. 
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(7) What sum will, at 8| %, yield 19 guineas interest in 3 months? 

(8) Find x in each of the following : 

Principal. Bate %. Time. Interest. 

a. £465, 3£, 47 days, x. 

b. £x, £4. 17a, 1 yr., 4 mos., £70. 14* Id. 

c. £24,000, *, 1 year, £900. 

d. £230. 17«. 3d., 2£, as, £3. 8*. 8<L 

§ 5. Discount. 

What sum of money will, at 3 J %, in 2| months amount to £75 ? 

The formula, p = * > will not avail us here, as / is unknown. 
rxt 

We have recourse, therefore, to an artifice which is known in old 
books by the name of " Supposition," subsequently worn down to 
" Position," and which is applicable to a large class of questions 
besides the present. 

Assume or suppose any sum of money whatever, say £86, laid out 
for the given time at the given rate, and find the interest thereon, 
and hence the amount. 

Interest on £86 =?5^^= £627085. 
Amount =£86*62708$. 

We have now tho following question in Proportion : 

If lp £86 amounts to m £86 627085, 
\ £x I £75. 

86*62708$ : 75=86 : x. 
86'627ty9$) 64500000 (74*457 
88G1042 
395959 
49451 
6137 Ant. £74. 9*. 1 jd 

Since for the "position" we may choose any sum we please, it is 
best to select the easiest, which obviously is in this case £100. 



Interest on £100= W * 3 ' 5 * 2g = -7291«. 

If, then, f £100 amounts to f £10072916, 
£x „ 1 £75. 



I 
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100-72916 : 75=100 : «. 
1-00XW 75 -0000 (74-457 
4 4896 
4604 
575 

71 Am. £74. 9*. lfd. as More. 

Hence, generally : 

What sum of money will, at r %, in t years amount to £A 1 
Interest on £100 = r x t, 
Amount „ = 100 + rx*. 
Hence the proportion : 

100+rx* : -4=100 : a?, 
and ._100x^ 



100 + rxr 

The sum of money which at the given rate and time will amount 
to A is called the present value of A, which we will call V. Hence i 

r=-^l£, (viii.) 

100+rx* x ' 

The sum of money paid in cash for the transfer of a debt due 
some timec^hence, should he the present value thus found. The 
difference between this present value and the amount of the debt i» 
called Discount, which we will call Z>. Hence : 

D=A - V (IX.) 

D can, however, be obtained independently, thus : 

If M rxtia the discount on ^ 100 + rx(, 
\ x „ J A. 

100+rx* : A=rxt : x, 

' ' n 100 + rx* **•' 

Discount questions occur most frequently in connection with Sills 
of Exchange. 

Find the true discount on a bill for £387. 14«. 10d., dated May 
5th, at 3 months, and discounted June 4th, interest being calculated 
at 4 %. 

This means that £387. 14s. 10c?. will fall due on August 5th, but 
in most countries the usage of commerce allows 3 days' " grace," 
and accordingly the money will be payable August 8th. From June 



y 
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4th to August 8th are 65 days, which is the time the bill has yet 

to run. 

. n £387. 14*. lOd. x4x^ 
• ' ^- 100+4x^ 

13 

r x «= 4 x ^ =« = -f 1232874 73) 520 («f 12W8T* 
W 90 

73 170 

,, 8877416 x-f 1232875 240 



Or see ring Q, p. 163. 



100'}1232876 21 

387-742 
9232 17 

271419 

3877 

775 

116 

8 

3 



100 TW) 276-198 (2*742 
74 773 
4 275 
247 Am. £2. 14*. lOJtf. 

Practically, in England, the true discount is never calculated, but 
the banker deducts simple interest from the amount of the bill. 
Comparing the formulae for / and D, we find the numerators the 
same, while the denominator in the former is 100, and in the latter 
100 + rx*. 

In the above sum the interest is : 

887741^*28287* ^^ ^ ^ 

Deducting the true discount we get i^d., which is the banker's 
surcharge. 

Exercise LI. 

(1) Find the present value of: 

a. £427. 10*. 6d., discounted at 3 \ %, due in 3 months. 

b. £6359. 18a. id. „ 4f %> „ 4 „ 

c. £794. 1U „ 5 %, „ 6 „ 

d. £82. 13*. 4d. „ 5| %, „ 70 days. 
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e. £445. 10*., discounted at 3| %, due in 94 days. 

/. £1250 „ £2. 17*. Sd. % due in 114 days. 

(2) Find the discount on a bill of : 

a. £700, due March 5 — 8, discounted January 4, at 5 %. 

b. £376, due August 20—23, discounted May 11, at 4£ %. 

c. £40. 10a 6d., due September 30 — October 3, discounted Sep- 
tember 17, at 3 J %. 

d. £461. 3a. 6d, due October 9—12, discounted May 5, at 7J %. 

(3) Find the present value of a bill of : 

a. £629. 12s., drawn May 11, at 3 months, discounted June 2, at 

5|%- 

b. £485. 19*. 3d., drawn July 31,* at 4 months, discounted No- 
vember 11, at 8 \ %. 

c. £374. 16&, drawn March 10, at 90 days, discounted April 1, 
«t 6| %. 

(4) Find the difference between simple interest and discount on : 
a. £760 at 3| % for 68 days. 

6. £1848. 10*. 10A at 4| % for 80 days, 
c. £2466. 13*. 4d. at 5| % for 99 days. 

In a similar manner may be treated questions such as the follow- 
ing : 

For how much should goods worth £540 be insured at 3 %, so as 
to recover in case of loss both goods and premium ? 

Goods worth £97 ^ should be insured for ^ £100. 
£540 J „ „ \ £x. 

97 : 540=100 : x. 
97)54000(556701 
550 
650 
680 
100 An*. £556. 14*. 

If goods sold at a profit of 12£% realized £360, find the cost 
price. 

We have only to remember that gain or loss is always calculated 
on the cost price. 

* This will be due November 30— December 3. 
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Vl&tUSKX* 1AU £.9. 

Cost price, £100, f Selling price, 
£x | 


£112-5. f 
£360. | 


112*5 : W=100 : * 

$ 80 
4x80=320 


.Aw. £820. 


Exercise LIL 





(1) If by aelling an article at £1. la. 9<i a pound I gain 16 %, 
what was the prime cost ? 

(2) I bought 100 gallons of brandy at 17*. 6<£ per gallon; 9£ 
gallons are lost by leakage ; the remainder is put into bottles holding 
1 J pints ; at what price per bottle must it be sold so as to gain 18£%? 

(3) For how much should goods worth £635 be insured at 2J % 
to recover the value of goods and premium ? 

(4) Also goods worth £100 at 5 % ¥ 

(5) „ £67. 10*. at4%? 

(6) Goods bought at £2. 6"a. lOd. per cwt are sold at £2. 14a. Id. ; 
what is the gain per cent. ? 

(7) Of goods worth £1000, one-third is sold at a profit of 15 % ; 
for how much must the remainder be sold to gain 20 % on the 
whole ? 

(8) I bought sugar at £1. 18a. 6d. per cwt. ; at how much per lb, 
must I sell it to lose 4 % % (To be worked accurately.) 

(9) If by selling wine at 15a. a gallon I lose 10 %, at what price 
must I sell it to gain 15 % 1 

(10) A person buys coffee at £5. 12a. 6d per cwt, and chicory at 
£2. 5a. 5d. 9 and mixes them in the proportion of 2 of chicory to 5 
of coffee. He retails the mixture at la. 3d. per lb. ; what is his 
gain or loss % % 

(11) I bought 4 cwt. of sugar at id. per lb., and 7 cwt. at 5d. 
per lb.; at how much per lb. must I sell the mixture to gain 20 % ? 

(12) A bought 150 eggs at 2 a penny, and 150 at 3 a penny; he 
sold them all at 5 for 2d. How much % did he gain or lose ? 

(13) I bought 580 metres of silk at 6*65 fr. per metre, and sold 
300 yards at 6a. 9£<2. per yard, and the remainder at 7a. per yard ; 
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lind the gain or loss %, reckoning 1 metre =39*37 in., and £1 =» 
25-22 fr. 

(14) If apples are bought at 4 for 1 Jd., how many should be sold 
for 3 \d. to gain 75 % % 

(15) I bought a Geneva watch and paid duty at the rate of 10 %. 
I sold the watch for £21, making a profit of 15 % on my whole 
outlay. Find the original cost in francs at tyd. each. 

§ 6. Compound Interest. 

When the interest is not drawn, but is added from time to time, 
as it becomes due, to the principal, and is calculated for each interval 
on the amount thus increased, the total charge made for the loan is 
said to be reckoned at Compound Interest. 

Find the compound interest on £256 at 4 % for 1 J years, reckoned 
half-yearly. 

In this case -jqq will for each half-year be -jqq- = -02 ; hence each 
successive amount will have to be multiplied by 02. 

1st method. 

Mod, op.: 

Original principal £256 

Interest for 1st period, £256 x -02 5*12 

Amount due at end of 1st period 261 '12 

Interest for 2nd period, £261*12 x '02 5*2224 

Amount due at end of 2nd period 266*3424 

Interest for 3rd period, £261*3424 x 02 5'3268... 

Amount due at end of 3rd period 271*6692 

Deduct original principal 256 

Compound interest £15*6692 

Am. £15. 13a. 4|(*. 

Multiplying any number by # 02 and adding the product to the 
original number, is equivalent to multiplying at once by 1*02, which 
can be done in one line (Part I. p. 99), thus ; 
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256 

261-12 

266*3424 

271-6692... 

256 

15-6692 Ans. £15. 13*. 4jrf. 

2nd method. Find the amount at compound interest of £845. 
12$. Sd. at 5 % for 5 years, reckoned yearly. 



First find the amount of £1 at compound. interest at 5 % for 

rxt 

loo* 



-5 years. Uniform multiplier 1 + ^r = 1 -05, 



Original principal £1* 

Amount at end of 1st year 1*05 

„ 2nd „ 1-1025 

„ 8rd „ 1157625 

„ 4th „ 1-21550625 

„ 5th „ 1-2762815625 

Now multiply the last line by the principal, 845*63 : 

1-276281x845-65 
83 36548 

10 21025 

51051 

6381 

766 

38 

4 

1079 265 Ans. £1079. 5*. 3|rf. 

A computer who has often to calculate compound interest would 
find it useful to make tables similar to the above, carried out further 
according to need, for various rates and periods. 
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Exercise LIIL 

(1) Find the compound interest on : 

a. £585 for 2 years, reckoned quarterly, at 4 % per annum. 

b. £1000 for 10 years at 5 %, reckoned yearly. 

c. £60 at 5 % for 1 year, reckoned monthly.* 

d. £145. 17*. 6d. for 2 J years at 3 J %, reckoned half-yearly. 

e. £624. 12*. 8c?. for 5 years at 3£ %, reckoned yearly. 

/. £815. 13*. 9d. at £2. 17*. $d. % for 3 years, reckoned half- 
yearly. 

(2) Find the difference between simple and compound interest 
reckoned half-yearly, on £850 for 3 years at 5£ % per annum. 

(3) Find the difference between simple and compound interest 
reckoned yearly, on £738. 15*. at 4f % per annum, for 4 years. 

(4) Find the difference in compound interest between reckoning 
yearly, half-yearly and quarterly, on £1000 for 3 years at 4 % per 
annum. 

§ 7. Converse op Compound Interest. 

What sum of money will in 3 years amount to £3000 at 3J % 

per annum compound interest, reckoned half-yearly ? 

rxt 
Uniform multiplier 1 + ^qq = 1*0175. 

Table for £1 (keeping & places). 

Original principal £1* 

Amount at end of 1st period 1*0175 

„ 2nd „ (1'0175)» 1-03530625 

„ 3rd „ (1-0175) 8 1-05342410... 

„ 4th „ (1-0175) 4 1-07185903... 

„ 5th „ (I-0175) 5 1-09061656... 

„ 6th „ (1-0175) 6 1-10970235... 

* This question can by the second method be worked thus : 
(Amount of £1 for 1 month )*= amount for 2 months 
(Amount ,, 2 months)* = „ 4 ,, 
(Amount „ 4 months) 3 = „ 12 „ (Cf. Oh. XL § 25.) 
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If £1 f amounts to £1-10970230. 



£1 & amounts to £1-10970235, $ 
x \ „ £3000. | 



1-10970235 : 8000=1 : x. 
lUKWiW) 30000000 (2703-427 
7805958 
88037 
4746 
307 
M An*. £2703. 8«. 6^ 

Exercise LTV. 

What sum of money will amount to : 

a. £500 at 5 % per annum compound interest, reckoned yearly, 

in 4 years 1 

b. £750 at 4 %, reckoned six-monthly, in 2 J years ? 

c. 1000 guineas at 3 J %, in 5 years, reckoned yearly % 

§ 8. Equation of Payments. 

, Occasionally it is proposed to find the time at which several debts 
due at different times might be discharged by a single payment of 
their sum total 

Find the " equated time" for the following bills : 
* £800 due in 4 months at 5 %. 
£560 „ 6 „ 

£375 „ 9 

Present value of the £800 = * A ° X g 10Q & = 786-8852 

100 + 5 x *3 

» £375 = llS= 361-4468 



„ £1735= 1694-6724 

In what time, then, will £1694*6724 amount to £1735 at 5 %f 
(Formula V. p. 197.) 

/= 1735 - 1694- 6724= 40 -3276 

A 100x40-3276 Atfa M ,„ a _ 

* = 1694-6724 x5 = '* 76 ° f a y«*= 178 **** 

Am. 173 day*. 
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This is reckoned rigorously, by discount; but in commerce, when 

.such questions occur, a mere average is struck : 

800x4 + 560x6 + 375x9 c ,. .. /v ..,,., x 
^=^ = 5*72 months (about 171 days). 

§ 9. Stocks and Investments. 

Stock is another word for capital, not expressly divided into shares, 
in any joint undertaking, whether that undertaking be the loan of 
money to a government or the placing it in the hands of the managers 
of a trading company. 

From various causes the market value of this stock fluctuates. 
When the market price is the same as the sums for which the holder 
stands credited in the books of the government, the stock or shares 
are said to be at par ; when less, at a discount ; when more, at a 
premium. We must therefore carefully distinguish between two 
kinds of principal, viz., stock money or sterling value, the former 
being the original price, or at any rate the sum credited to the 
holder's name in the books of the company or government ; the 
latter, the market value per cent. 

On June 22, 1870, Consols (i.e. stock in the Consolidated Three 
per Cent. Annuities of England) are quoted at 92£, which means 
that a claim on the government for the yearly interest on £100 can 
be bought in the market for £92. 12*. 6d., or that £100 stock = 
£92. 12s. 6d. sterling. 

This leads to such questions as the following : 

a. How much stock for a given sum in sterling money ? 

b. How much sterling money for a given quantity of stock ? 

How much stock can be bought for £2416. 10*. at 92f ?* 

£ stock I £2416*5 sterling 
92f Bterling I 100 stock 

92^5) 241 650000 (2608 '906 
564000 
825000 
84000 
637 

81 Am. £2608. 18*. l\d. 

* All problems worked by chain rule can also be worked by direct proportion, 
tod rice versa (see p. 89). 
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How much money will be realized by selling £815 Consols at 92| f 

x sterling i 815 stock 

100 stock I 922 sterling 

•92625 

518 

741000 
9268 
4631 



764894 Am. £754. 17* lO^rf. 

Exercise LV. 

(1) How much stock can be bought for £8450 at 93£ % 
<2) „ „ £748. 16*. at89£? 

(3) What will be realized by selling out £350 Consols at 91£f 

(4) „ „ £68. 4*. 6d. Consols at 

87f? 

§10. As a matter of practice, every transfer of shares is effected 
by a broker, who charges £ % to both buyer and seller. The pur- 
chaser has thus to pay £ % more, and the vendor receives \ % less, 
than the price quoted. 

How much stock can be bought for £520 at 93£, with J broker- 
age? 

Each £100 stock costs 93£ + £ = £93| sterling. 



X 


520 




m 


100 




749 


8 




7*9)416000 (555-407 




. 4150 




4050 




3050 






54 


Ant. £555. 8«. lf<*. 



How much will be realized by selling out £520 stock at 89£ ; 
brokerage £ % 1 

Each £100 stock realizes 89| - J = £89f 



10$ I 89*5 

8*95x52=465*4. Am. £465.8*. 

P 
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Exercise LVI. 

Find the sum to be paid for : 

(1) £8350 3 per cent. Consols, at 94|, brokerage £. 

(2) £746. 18a. 6d. 3 per cent. Consols, at 9l|, brokerage |. 

(3) £844. 4s. 4d. 3 per cent. Consols, at 89£, brokerage £. 

(4) £768. 17& lid. 3 per cent. Consols, at 88, brokerage £. 
What will be realized by selling out : 

(5) £600 3 per cent. Consols, at 90, brokerage £. 

(6) £937. 12«. lid. 3 per cent. Consols, at 90£, brokerage £. 

(7) £666. 13«. id. 3 per cent. Consols, at 86f, brokerage £. 

(8) £27468. 10a. 3 per cent. Consols, at 91 \, brokerage \. 

§11. The operations of most frequent occurrence on the stock 
exchange lead to questions like the following : 

Bought £16,000 Consols at 93|, and sold out at 94£. Find profit, 
allowing for brokerage \ % on each operation. 

Profit on £100 stock =(94 J - J)- (93$ + J) = 94-93f = J, 
„ £16,000 = 160 x ±=£40. 

Bought fr. 25,000 in the French Eentes at 71-75, and sold at 
66*90. Find the loss (brokerage \ % both ways). 

Loss on 100 fr. stock=(71'75 + 125) - (6690- -125)= 5 1, 
„ fr. 25, 000 = 250 x 5 -1 = 1275 fr. 

Exercise LVIL 

(1) If the English 3 per cent, funded debt amounts to £723,120,000, 
find the diminution of its value in the market caused by the out- 
break of the German-French war in 1870. Quoted 92f on June 22, 
and 88| August 5. 

(2) Find the profit or loss on each of the following operations 
(brokerage \ % on each transaction) : 



Stock. 


Bought in at. 


Sold out at. 


a. £80,000, 


»ifc 


90. 


b. £17,500, 


88$, 


m- 


a £51,600, 


86*, 


89$. 


d. fr. 30,000, 


6576, 


6735. 
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§ 12. What yearly income will be derived from the investment of 

£7850 in the 3 per cents, at 90 ? 

£90 sterling buys an annuity of £3. 

785$ 

$ 3 )785 

3 £261. 13*. id. Ana. £261. 13*. id. 

How much must I invest in the 3 per cents, at 90f to obtain an 
income of £150 a year (brokerage \ %) ? 
Each £100 share costs 90f + \ = 90|. 



X 


9075 90-75x50=4537-5 

50 An*. £4537. 10*. 


If I invest in the 4 per cents, at 89£, what rate of interest do I 


get for my money ? 

x | 100 8^)4000(4-469 
89*5 1 4 4200 
620 
83 
2 An*. £4. 9$. 4|rf.%. 




Exercise LVIIT. 



(1) What yearly income will be derived from £895 invested in 
the 5 per cents, at 105 ? 

(2) What yearly income is derived from the investment of £10,000 
in the 3 per cent. Consols at 91 £? 

(3) Find the yearly income derived from investing £750 in the 
5 per cent. Austrian Metalliques at 48J. 

(4) How much must I invest in the 4 per cents, at 93f to realize 
a yearly income of £120 ? 

(5) How much must be invested in the 3£ per cents, at 87f to 
realize a six-monthly dividend of £75 ? 

(6) Work the above five sums, allowing £ % brokerage. 

(7) Find the yearly rate of interest obtained from the following 
investments : 

a. Consols 3 per cent, at 88f . 

b. French Eentes 3 per cent, at 66*90. 

c. Prussian 5 per cent, at 88. 

p2 
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d. Russian 4£ per cent, at 86. 

e. Turkish 6 per cent. (1854) at 81|> 
/ Turkish 5 per cent (1865) at 38J. 

§ 13. Which is the most profitable stock for investment, the 4 % 
at 85, or the 3 % at 63 1 

Suppose £100 invested in each kind, the 4 % will yield i5|2L* 

« 4706 ; the 3 % will yield ™2iL 3 = 4762. % Am. The 3 %. 

It is simpler to suppose £1 invested in each kind, and then the 
resulting fractions are ^ and ^, which decimalized become -04706 
and -04762. ^, then, is the larger fraction, and the 3 % are the 
better investment. Am. The 3 %. 

§ 14. Find the difference in income between investing £866. 
13*. Ad. in the 5 per cents, at 107£ and in the 4£ per cents, at 95^ 
brokerage £. 

£1 in the 5 per cents, yields -^ = £0464037 

451 „ 41 „ -g- =£-0471821 

Difference in income on £1 = -0007784 

„ „ £866-6 =866-6 x -0007784. 

•0007784 
768 



■-* 622 

46 

5 



•673 Ans. 18a. 5?rf. 

Exercise LIX. 
<1) Which of the following pairs is the more profitable investment: 
a. 4 per cents, at 95, and 3£ per cents, at 84. 
&. H „ 67J,and4 „ 81f 

c 5| „ 110}, and 8 „ 67f 

(2) Find the differences in income, supposing £584. 10*. were 
invested in each of the pairs in (1). 
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(3) Find the difference in income between investing £1500 in the 
3 per cent Consols at 88J , and in 12£ per cent. Bank stock at 185 j> 
brokerage £. 

§ 15. What should be the price of the 3 per cents, in order that 
investments in them should make 5 % interest ? 

x 3 

\ m 

20 3x20=60. Ans. 60. 

What should be the price of the 3f- per cents, to yield the same 
rate of interest as the 4 per cents, at 95 ? 

x I 3-5 
4 I 95 3*5x95 



- = 83|. 

Exercise LX. 
(1) Find the price of 4^ % to equal the 3£ % at 88£. 



831 



92J. 
100$. 
68f. 
at89£? 
par? 

§ 16. If I transfer £3850 from the 3£ per cents, at 91| to the 
5 per cents at 102£, find the alteration in (a) tho amount of slock 
held, (b) the yearly income, (c) the rate of interest for my money. 

a. 



(2) 


» 


H 


n 


4 


W 


(3) 


n 


4 


» 


5 


ft 


W 


» 


H 


» 


*** 


» 


(5) 


What should the 5 % 


be when the 3 % 


,» 


(6) 


n • 


H 


» 


5f 





a?» 


3850 


3850x91*375 


1» 


91-375 


102-5 


102-6 


1« 








3850 






3432 134 




Difference 417 '866 


Ans. £417. 17* 4d decrease. 


* 


3850 




x 1 3850 


100 


91-375 




100 1 3-5 


102 5 


5 






Am. 171*607. 




Ans. 134*75. 




171 *607 income in new investment. 






134-75 


a old „ 



Difference 36*857 Ans. £36. 17*. lfd. increase. 

* Bead, How much 5 percent, stock for £3850 34 per cent, stock, if £100 34 per 
cent, stock yields £91*375 sterling, and £102*5 sterling buys £100 5 percent* 
stock? 
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X 1 


1 100 




*\ 


100 


91|l 


1*4 




102-5 1 


5 


An*. 3-830. 




Am 


r. 4*878. 






4*878 rate of interest in new investment. 






3*830 


i) 


old „ 




Difference 1*048 


An*. £1. 


0«. 114& % increase. 



Exercise LXL 
Find the alteration in the amount of stock held, the income 
derived and the rate %, if the following transfers are effected : 



Amount transferred from 


at 


to 


at. 


(1) £7850, 3£ %, 


6690, 


5% 


90. 


(2) £5465, 4| „ 


90|, 


2*„ 


47|, 


(3) £690, 3 „ 


76|, 


4 „ 


82|, 


(4) £3567. 14*. I0d., 3 „ 


88, 


°2" » 


par. 


(5) £1487. 11*. M., 3J „ 


90, 


H» 


180. 


(6) 10,000 guineas, 3 % Consols, 


88|, 


5%It 


alians 



§ 17. Shares. Calculations on stock are, with slight alterations, 
applicable also to shares, and it is most convenient preliminarily to 
suppose share capital converted into stock, as this enables us to cal- 
culate by percentages, irrespective of the issue value of the shares. 
. Thus shares issued at £20, " fully paid up," and sold at a discount 
of £6, i.e. for £14, may be compared to £100 stock at £70, share 
and price being both multiplied by 5. 

If shares in a certain company, issued at 25 and bought at 2 pre- 
mium, yield a six-monthly dividend of £1. 16*., find (a) the sterling 
value of the shares per cent., (b) the rate of interest, and (c) the 
yearly income derived from investing £540 in these shares. 

a. x I 100 

25 I 27 Ans. £108. 

b. x I 100 

27 | 2x1-8 An*. £131%. 

C a I 540 

27 I 2x1-8 Ant. £72. 

The issue price of shares is usually not " paid up" on application, 
but " called in" by the managers according to necessity or stipulation. 

Find the rate of interest on an investment in railway shares issued 
it £50, on which were paid £10 on application and four successive 
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calls of £5 each, bought at 1£ premium, and yielding a six-monthly 
dividend of 17*. 6d. per share. 

Capital invested : £10 + 4 x £5 + £lf = £31. 12*. 6d. 
x I 100 25$) 1400 (5-533 

81-625 I -875x2 1350 

850 
91 Ans. £5. 10». Sd.% 
Exercise LXII. 

(1) Find the six-monthly dividend derived from investing 1000 
guineas in £50 railway shares at par, yielding 3£ per cent, per annum. 

(2) Find the price per cent of mining shares issued at £15 and 
*old at 2£ discount 

(3) Find the rate of interest on shares, £35 paid up, yielding a 
half-yearly dividend of £2. 14*. 

(4) Find the rates of interest obtained by investing in the fol- 
lowing railway shares : 

a. London and North Western, quoted at 124£, paying 6 % per an. 

b. Midland, „ 124, „ 6£% „ 

c. Great Western, „ 67f, „ 3^% „ 

d. South Eastern, „ 67, „ 2£% „ 

(5) Find the yearly income derived from the investment of every 
£100 in the Austrian 5 per cents, at 48*55, deducting 16 % income tax. 

(6) I invested £1450 in the 3 per cents, at 88£, and sold out 
"when they had risen 2 J %. What was my gain ? 

(7) How much stock must I sell out of the 3£ per cents, at 81£ 
to enable me to buy £5000 4 per cent, stock at 94£, brokerage £ in 
•each transaction 1 

(8) What is the price of stock if £8000 stock can be bought for 
£5830? 

(9) My half-yearly dividend from the 3 per cents, is £247. 10*. 
How much stock do I hold, and what shall I realize by selling out 
at 89£, brokerage |? 

(10) How much stock must I sell out from the 4 per cents, at 
$6£ to raise a sufficient sum for discounting a bill for £1000, due 
-52 days hence and discounted at 5£ % ? 

(11) Find the yearly income derived from investing a legacy of 
£4583. 10*. in the 3 per cent. Consols at 91£, allowing for legacy 
duty 5 %, brokerage £ %, deducting an income tax of 5d. in the £. 
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(12) I invested £1460 in the 4£ per cents, at 100 J, and sold when 
they had fallen, losing £100, inclusive of the doable brokerage. 
Find the selling price. 

(13) What would this selling price have been if I had cleared 
£100? 

(14) I bought Jan. 1st, £5000 Consols at 92f ; I sold Feb. 10th, 
£1500 of this stock at 93£, March 12th, £2000 at 93, and the 
remainder April 1, at 92£, brokerage £ % on each transfer. Find 
my total gain or loss, supposing that I could have made 5 % per 
annum by other investments. 

(15) I invested £2460 in the 3 per cents, at 90|, with J % broker- 
age ; on their falling to 87£, I sold out, paying again §■ % brokerage, 
and put my money out on a mortgage at 4£ %. Find the alteration 
in my capital and in my yearly income. 

(16) I bought £5000 stock at 88£. At what price must I sell 
it to gain £100 1 

(17) If I buy at 85, at what price must I sell to make 12|% 
profit, brokerage £ on each transaction. 

(18) I invested money in the 3 per cents, at 75§, and after draw- 
ing half a year's dividend, I sold out at a rise of 1£ %, increasing 
my capital altogether by £91. 2*. 6d. How much did I originally 
invest ? 

(19) I invested in the 3 per cents, at 89£, brokerage |-. How 
much stock did I purchase, and what was the broker's commission, 
if I paid for investment and commission £410 ? 

(20) The issue price of certain railway shares was £50, to be 
paid in five instalments of £10 each, the first payment on applica- 
tion. After a " call" or second payment of £10, the shares stood at 
£1 per share premium. I then invested £756, and after paying a 
further call of £10, a dividend was declared of 8 £ % per annum, on 
the paid-up capital. What is the amount of my dividend, and what 
interest do I get for my money ? 

(21) A friend lent me £475 at 4 % ; but to raise the money he 
sold out 3 per cent. Consols when they were at 87f- (brokerage £). 
I kept the money three months, and meanwhile the funds rose to- 
91^. How much have I to pay my friend to covor the interest and 
to replace the stock he previously held (brokerage again £) f 
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CHAPTER XL 



SQUAEE AND CUBE BOOT. 

§ 1. If a number be multiplied by itself the product is called the- 
square of that number, and the number is called the square boot 
of the product 

Roots : 1, 2, 3, 4, 5, 6, 7, 8, 9, &c. 
Squares : 1, 4, 9, 16, 25, 36, 49, 64, 81, &c. 
If this table were carried out ad infinitum, inspection would shew 
us the root of any proposed square. In absence of such a table, 
methods must be found to answer the same purpose. 

§2. 1« = 1; 10 2 = 100; 100 2 = 10000; 1000* = 1000000, &c; from 
which we see that a power of ten is squared by doubling its ciphers. 
Again, any number between 100 and 1000 will have a square be- 
tween 10000 and 1000000, and will therefore have either five or six 
figures ; or, generally : 

Numbers with I figure have in their squares 1 or 2 figuren. 
„ 2 figures „ 3 or 4 

„ 3 w 5 or 6 

n 4 M 7 or 8 






„ ft „ 2 x n - 1, or 2 x n figures. 

§ 3. The expression, "the square" of a number, is derived from 
the fact that to find the area of a square surface we multiply the 
number of units of length in one side by itself, the result being 
square units. 



D 


C 


A 


B 



Suppose the whole side of a square of 8 units to be divided into> 
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two parts of 5 and 3 units respectively, then the whole square will 
have 64 square units, while the sum of the two smaller squares, 
A and B, will be 25 + 9, or 34 square units. This differs from 
the whole by 30 square units, which is consequently the area of the 
two surfaces C and D ; and as each of these surfaces is 5 unite long 
and 3 units broad, and therefore has 15 square unite, we see that 
this is correct. 

§ 4. Square the number 37. 

37 x 37 = (30 x 37) + (7 x 37) 

= (30 x 30) + (30 x 7) +(7 x 30) + (7 x 7) 
= (30x30) + 2x(30x7) + 7x7; 
or37 2 = 30 2 + 2x30x7 + 7 2 ; 
1369 =-900 + 420 + 49. 

Similarly, 8 2 = 5 2 + 2 x 5 x 3 + 3 2 , as in the illustration of § 3 ; 
and* generally, if A = a + 6, A 2 = a 2 + 2 xaxb + b 2 . 

Learn by heart : The square of the mm of two numbers = the sum 
of their squares + twice their product. 

§ 5. We may also notice that if one of the two numbers be 
the greater, the product of the two numbers is greater than the 
square of the less, and still more is twice the product greater than 
the square of the less. 

§ 6. Find the square root of 4096. From § 2, we find that as the 
square has 4 figures, the root has 2 figures, or, which is the same 
thing, the root is between 10 and 100. 

The square of 10 is 100 



n 


20 „ 400 


» 


30 „ 900 


n 


40 „ 1600 


»» 


50 „ 2500 


» 


60 „ 3600 




70 „ 4900 


whence it appears that the root lies between 60 and 70. 



CH. XI.] SQUARE AND CUBE BOOT. 219 

Subtract, then, 60 2 from 4096 ; remainder, 496. 
4096 
A 8600 

496 

This remainder, now, contains not only the square of the part of 
the root yet wanting, but also 2 x 60 (or 120) times that part ; and 
as this last is much the larger of the two quantities (§ 5), we may, 
to begin with, disregard the square of the number sought, and try 
to find that number itself by dividing 496 by 120. 

120) 496 (4 
16 

We obtain the quotient 4, as a guess at the second part of the 

root. Trial : 

496 

B 120x4=480 

16 

4x4= 16 



In A, then, we have subtracted 60 2 ; in B, 2 x 60 x 4 ; and in 
C, 4 2 ; consequently, we have altogether subtracted (60 2 + 2 x 60 
x 4 + 4 2 ), or (60 + 4) 2 , or 64 2 , and as there is no remainder, 64 2 = 
4096, .-. 64 is the required square root. In other words, if the 
two parts of the root are respectively a and &, we must subtract 
from the square a 2 + 2xax6 + fc 2 to entitle ns to say that we have 
subtracted (a + bf (§4). 

Find the square root of 339889. The root lies between 100 and 
1000 (§ 2). Trial shews that it also lies between 500 and 600. 
Call 500 the first part of the root, or a. 

889889 

a»=500«= 250000 

89889 

2xax6=2x500x80= 80000 



9889 
6*=80x80= 6400 
" 34~89 
.Now the second part> or b 9 must be contained more than 2 x 500, 
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( = 1000) times. Dividing, then, the remainder 89889 by 1000, we 
obtain for quotient 89 ; therefore the tens' figures is 8. Perform- 
ing the two subtractions, we obtain for remainder 3489, and wo 
have now subtracted 580 a . The third part of the root, or the units* 
figure, must be contained in the last remainder more than 2 x 580 
( = 1 160) times. Dividing 3489 by 1 1 60, or considering 580 as our 
new a, we find 3 for the units' figure. 

839889 
a«=580»= 336400 

3489 1160)3489(8 

2xax6=2x580x3= 3480 
9 
6»=3«= 9 



Now we have subtracted 583 s with remainder 0, and 583 is the 
required square root. 

Find the square root of 12866569. 

1st step. The root lies between 3000 and 4000. Subtract 3000 s . 

12866569 2nd step. Divide 3866569 by 2 x 3000, and 

9000000 it appears that the hundreds' figure is 6. Sub- 

6000)3866569(500 ^^ 2 x ZQ0Q x 6()() + 60Q x 6()() = 396000()# 

7 ftft\~l fi^o /an ^ S ^k* 8 ' nowever > I s more tnan * ne remainder, 

566400 ^ canno * be subtracted, whence we see that 6 

7160)50169 (7 k ' 00 * ar 8 e a fig 1116 f° r * ne hundreds' place. 

501C9 Take 5, and subtract 2 x 3000 x 500 4- 500 x 

500 = 3250000. 

3rd step. Divide 616569 by 2 x (3000 + 500) 
= 2 x 3500. This gives 8 as the tens' figure. Subtract 2 x 3500 
x 80 + 80x80 = 566400. 

4th step. Divide 50169 by 2 x (3000 + 500 + 80) = 2 x 3580 = 
7160. This gives 7 as the units' figure. Subtract 2 x 3580 x 7 + 
7x7 = 50169, and we have no remainder, and the square root re- 
quired is 3587. 
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Iststep 
2nd step 
3rd step 
4th step 



2 xox 6=3000000 
b*= 250000 



Exhibition or the Successive Steps. 

a b a b a b 

Vl2866569= 3000 + 500 H 3500 + 80 113580 + 7 
a*= 3000 9 9000000 



3866569 
3250000 



2xax6= 560000 
d*= 6400 



616569 
566400 



2xax6= 
o*= 



50120 
49 



50169 
50169 



Ant. 3587. 



This process may be contracted by the following considerations 
and methods : 

a. In the 2nd step we had to take 500 first 2 x 3000 times, and 
then 500 times ; in all, we had to subtract 500 x (2 x 3000 + 500) 
which could have been done at once by subtracting it 6500 times. 
In the 3rd step, we had to subtract 80 first 2 x 3500 times, and 
then 80 times, or altogether 7080 times. In the 4th step, 7 had to 
be subtracted 2 x 3580 + 7 times, or altogether 7167 times. 

b. The multiplication and subtraction can be done together as 
in division. 

c. By substituting dots for ciphers, it will become evident that 
the figures will receive their true values by mere juxtaposition. 

First contraction. 



6... 


^12866569 =3... 


Aa 


9 5.. 


65.. x5.. 


3866569 *• 


70.. 


825.... 1 


*± 


616569 8^7 


708.x 8. 


5664.. 


■ESS^B 




716. 


50169 


7 


50169 


7167 x 7 




KB 






Second contraction. 




V12'86'65'69 = 8587 


65 


8 86 


708 


6165 


7167 


50169 



* The symbol V represents r, the initial letter of the word radix, root. 
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Bule: 

a. Mark off the given number into " periods" of two digits, be- 
ginning with the units' figure (§ 2). 

b. Find the nearest square root [3] below the 1st period [12], and 
the figure thus found is the first digit of the answer. 

c. Subtract the square of this number [9] from the first period 
[leaving remainder 3], and bring down the next period [86} 

d. Double the first figure of the root and use this [6] as the trial 
divisor. 

e. Divide all the figures but the last in the second line [38] by 
this trial divisor ; place the quotient [5] to the right both of the 
part of the root already found [35] and of the divisor [65]; multiply 
this by the new figure [5] and subtract [remainder 61} 

/. Bring down the next period [65] ; double the part of the root 
already found [35], and again use the result [70] as trial divisor. 

g. Divide all the figures but the last in the third line [616] by 
this trial divisor, and write the quotient [8] to the right both of the 
root [358] and of the trial divisor [708] ; multiply this by the new 
figure found [8], and subtract, &c. 

Find the square root of 1144992021849. 

t/l'14'49'92'02'18'49 = 1070043 
20*7 1449 

214004 92 0218 

2140083 6 42 02 49 

Exercise LXTII. 
Find square roots of : 

(1) 4. (8) 289. (15) 285970396644. 

(2) 49. (9) 3249. (16) 501264. 

(3) 100. (10) 15129. (17) 1607448649. 

(4) 900. (11) 582169. (18) 41605800625. 

(5) 160000. (12) 61009. (19) 9610000. 

(6) 25000000. (13) 956484. (20) 123454321. 

(7) 169. (14) 68492176. (21) 2892816758847744. 

* When the trial divisor gives a for quotient, care must be taken before bring- 
ing down the next period to place a cipher both in the root and in the trial divisor. 
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(22) A general arranges 8649 men in a solid square ; how many* 
men are there in each line ? 

(23) What is the length of the side of a square field 10 acres in 
extent ? 

§ 7. The square root of a fraction is found by finding the square root 
of the numerator and that of the denominator. For $ x f = ^y, .\ 
j-r-\Et _2 

§ 8. Find the square root of 4317. 

Vi3 7 l7=65 
125 717 

92 over. 

From this it appears that 65 2 is less while 66* is greater than 
4317. The square root then lies between 65 and 66. 

Exercise LXIV. 

(1) A miser wished to arrange 5000 sovereigns in a square. What 
would be the length of each side, and how many sovereigns would 
be over 1 

(2) How many more sovereigns would he want to have one more 
sovereign in each side of the square ? 

(3) What must be subtracted from each of the following numbers 
to leave for remainder the greatest square each contains : 8000, 
80000, 3492, 75912, 25601. 

(4) Find the next exact square below 56135, 82060, 10000000, 
123456789, 777777, 4853741. 

§ 9. Find JT. 

It lies between 2 and 3. Error, if either be taken, < 1. 
Try 2£ ; « x |= V = 6J ; too little. 
Try 2f_; y * V = W = ^tf ; to ° m ™h. 
.\ ^7 lies between 2£ and 2f . Error, if either be taken, < |. 
Try2#; V* V = W=«»; too little. 
Try2^;^x*f=^V=7^ r ; too much. 
.\ a/ 7 lies between 2f and 2£J. Error, if either be taken, < T '^ ; 
and so on to within any assigned degree of accuracy. 
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§10. Instead of approximating by binary fractions, it is more 
convenient to work with decimals. 

*Jl lies between 2 and 3. Error, if either be taken, < 1. 

Call */f « V^ # = 4^(§ 7 )- 
V7W=26 
46 300 
24 

„\ V™° lies between 26 and 2*7. Error, if either be taken, < •!. 

C aii°vr=^^. 

V7'00'00'=264 
46 800 
524 2400 
304 

„•. V 7 ^ 00 lies between 264 and 2-65. Error, „ < 01 ; 

and so on to any assigned degree of accuracy. 
Mod. op.: 

Find Jl to within ioooooo> i e. to 6 places. 

Pall /7~ = V7ooooooooooo"o 

V • 1000000 

V/7'OO'OO'OOWOOW = 2645751 
46 300 

524 2400 

5285 30400 

52907 397500 

529145 2715100 

5291501 6937500 

1645999 An*. 2*645751. 

The twelve ciphers might obviously be omitted from the first line 
and yet brought down two at a time, care being taken to put the 
decimal point in the root before bringing down the first pair of 
ciphers. 



Find ^flin_ 

29 = 



n/H^= VW = ^7=T= ¥=3-375. 



V7'29'=27 
47 329 

* Even powers of ten are chosen as denominators because they are exact squares 
«2). 
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or Vll££ * *A 1*390625. 

\Zll'-39'06'25=8-S75 
63 2 39 

667 5006 

6745 33725 

Ans. 3-875. 

When the first pair of figures after the decimal point [39] was 
"brought down, we were finding the root of Vin?> an< l hence our 
answer was f£, i.e. 3 '3 ; the next pair yielded hundredths, and so 
on. In marking off the periods, then, we must, as before, begin 
Jrom the units' place, ie. the decimal point, and mark both ways. 

Find n/57309|| to 5 places. 



V57309#= V57309-S65S6. 






V5'73'09'-36'58'53'= 


239*39374. 


48 


173 




469 


4409 




4783 


18836 




47869 


448758 




478788 


1793753 




4787867 


35740465 




47878744 


222539685 

31024709 

ko. 





This root cannot he conveniently found by vulgar fractions, the 
denominator 41 not being a square. 

§ 11. The successive divisors continually become longer, in con- 
sequence of the addition of a figure to the right, which figure, how- 
ever, becomes of less and less importance. Instead, then, of adding 
two figures to the remainder and one to the divisor, we may simply 
cut off one figure at a time from the divisor (p. 148), and proceed by 
simple division. We shall then get one place in the root for every 
figure in the divisor cut off. Accordingly, we may begin to cut off 
as soon as more than half the number of significant figures required 
have been obtained 

Q 
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Find *s/^to 12 places. 

^ = •0584616. 

V-03'84'61'5S'...*-lWU16185188l 
29 284 

886 2361 

3921 4553 

89221 63284 

322226 2406361 

3922321 5300553 

39I2KTO 1378282 

201*85 
5419 

820 An*. -196116135138. 

6 

EXBROISB LXV. 
L Find the square root to 4 places of : 

(1) 3. (2) 19. (3) 11. (4) 5|. (5) 7&. 

II. Find to 8 places the square root of : 

(1) 2, -2, -02, -002. (3) -16, -16, -6l6. 

(2) 16, 1-6, -16, -016, -0000016. (4) -4, -197530864, -021 

III. Find by vulgar fractions and by decimals to 4 places the 
square root of : 

(1) 3^. (2) 1^. (3) fflfr (4) 15Jf 

IV. Find to 12 places the square root of: 

(1) f (3) ttW (5) b (7) ^ (9) ^ 

V. Simplify to 3 places ; 

(1) a/59 + Vf 
(2-) •/¥ - </5. 



(3.) jiu*+n*. 



(4) ^13*- 112*. 



(5) J. 


(7) 


i 
Tnnr* 


(9) 


(6>^r 


(8) 




U0> 


(6) 


n/2- 


*V~2 . 




(T) 


— i-, 


» 




(8) 


» 






(») 


i 


[• 




(10) V54 


»V fi4 


V* 


= VI = 


-y^ 


which find. 
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VL Bud * ftdin the followiog<5 plaoeft) : 

(1) 45 :a> = a>: 80. 

(2) I :.»=*«& : 2, 

(3) a?: 20 = 245 : a. 

(*). HI* 8 * ^J^^wnu^teys^^p, fe, 140). 

Exercise LXVI. 

The following require a slight knowledge of Geometry. Kesults 
to be found to 4 places : 

(.1) A rectangular rqoni is 24 ft, lpng and 18 ft*. tetfN& JFii^d 
the diagonal of the floor. 

(2) A tower is 180 ft. high ; I stand 19 fjb. away ftoni tlie bape. 
How far am I in a straight line from the top of the tower 1 

(3) The 4isG of a, penduluni 85. inches long touches in it3 sweef 
two points, A and B, which are in the same horizontal line, and an 
1 inch above the lowest position of the disc. How far are they 
apart? 

(4) In the 3rd question, suppose the length of the pendulum to 
be 41 inches, and A and B to be 18 inches apart, how far are they 
above the lowest position of the diao \ 

(fit) Bow lpng mwt & ladder be tp ueach: to tke tap of a bouse 60 
ft. high, vh*n ite &Qt is placed H ft. firo,n\ tfee way,?, 

(6) Given in a right-angled triangle : 

a. Hypotenuse 200, base 70 ; find perpendicular. 

b. Hypotenuse 1, perpendicular -t= ; find base. 

c. Base J~^ perpendicular 1 - y find hypotenuse. 

(7) The foot of a column 20Q ft. fcjgh is 300 ft fron* tb? base of 
a house 75 ft. high. Find the distance of the top of the column 
from the top of the house. 

(8) .Jijftd the (S%gpnal of a scjuaje whose side is 1Q0 feet. 

(9) Find the side of a square whose. diagonal js 1QQ feat, 

Q2 
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(10) Find the length of the perpendicular from the vertex to the 
base of an equilateral triangle whose side is 100. 

(11) Find the side of an equilateral triangle, if the perpendicular 
from the vertex is 100. 

(12) Find the side of a square equal to a rectangle whose sides 
are 588 and 507 feet 

§ 12. Cube Boot. 

If the square of a given number be multiplied by the given num- 
ber, the product is called the cube of the given number, and the 
given number is called the cube boot of the product. 

5 2 = 25; 25x5 = 125; 5 8 or 125 is the cube of 5 ; and 5 is the 
cube root of 125, which is written V 125. 

Boots 1, 2, 3, 4, 5, 6, 7, 8, 9. 
Cubes 1, 8, 27, 64, 125, 216, 343, 512, 729. 

§13. 1 8 = 1 

10 8 = 1000 
100* = 1000000 
1000 3 = 1000000000, 
&c, &c. 

from which we see that a power of 10 is cubed by trebling its 
ciphers ; and reasoning analogous to that in § 2 shews that : 

Numbers with 1 figure have in their cubes 1, 2 or 3 figures, 
„ 2 figures „ 4, 5 or 6 „ 

3 „ „ 7, 8 or 9 „ 

• • 

Hence we shall mark off the given cube into periods of tiine 
figures, beginning with the units* figure. 

§ 14. The expression, the cube of a number, is derived from the 
fact, that to find the volume of a cube we multiply the number of 
units in one side by itself, and the product again by the same num- 
ber. (Part IL Ch. IT. § 6.) 
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§15. We have seen that if A = a + &, A* = a*+2 x a x fc + ft* 
(§§ 3, 4). Similarly, it is shewn in books on Algebra, that A 8 = cfi 
+ 3 x a 2 x 6 + 3 x a x 6* + ft 3 , or a 8 + (3 x a 2 + 3 x a x 6 + 6 2 ) x 6, thus: 

37 8 = 37x37x37 = 37*x37 

= (30* + 2 x 30 x 7 + 7 2 ) x (30 + 7) 
s =(30' 2 + 2x30x7 + 7 2 )x30 + (30* + 2x30x7 + 7*)x7 
= 30 s + 2 x 30 2 x 7 + 7 2 x 30 + 30 2 x 7 + 2 x 30 x 7 a + 7 8 
= 30 3 + 3 x 30 2 x 7 + 3 x 30 x 7 2 + 7 8 
50653 = 27000 + 18900 + 4410 + 343. 

Hence to subtract 37 8 we shall have to subtract 30 3 + 3 x 30 2 x 7 
+ 3 x 30 x 7 2 + 7 8 = 30 8 + (3 x 30 2 + 3 x 30 x 7 + 7 s ) x 7, and 
after subtracting 30 s , we have from the remainder to subtract 
7 x (3 x 30* + 3 x 30 x 7 + 7 2 ). Of the quantity in brackets, 3 x 30* 
is the largest term, and may therefore be used as trial divisor. 



Find V 50653. 










V50653(30 + 7 




8 x 30* = 


=2700 


27000 




8x30x7 = 


= 630 


28653 




7*= 


= 49 
3379x7 


23653 




Here 2700, the trial divisor, is contained 7 times 


in the remainder 


\o5o. 




Contraction. 




3x80* = 

3 x 80 x 7 = 

7«= 


=27.. 
= 63. 
= 49 


V50'663=87 
28653 





3379 
Here the trial divisor 27 is contained at least* 7 times in all but 
the last two figures of the remainder (236). 

Exbbcisb LXVII. 
Find the cube root of: 

(1) 68921. (4) 592704. (7) 3375. 

(2) 110592. (5) 389017. (8) 10648* 

(3) 205379. (6) 300763. (9) 54872. 

* A. first inspection would lead as to try 8, bat the addition of 3 x 80 x 8 and 8 s 
tronld hay* made the divisor too great. 
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Find the cube root of 420280390S2-832. 

V42'028'039'O32 832 = 3000 + 400 + 70 + 8 + -8 



sooo» 



.. . 27. 



First trial divisor : 

8X3000 1 *=27 

8x8000x400 = 36 

400*= 16.... 



15028 



Firet remainder. 



3076.. ..x4.. 12804. 



Second trial divisor : 
axWOO* *= 3468.... 

8x8480x70 m 714... 
70* - 49.. 



868989..x7. 

Third trial divisor : 
8x3470» = 361227.. 

8x8470x6 = 6246. 

6* =* 36 



2 724039 



2477923... 
246116032 



Second 



ThirTl'fWnftinoW. 



86185196x6 

Fourth trial divisor : 
8x3476* = 36247728 

3 x 3476 x -8 = 8342*4 

•8 f « -64 



217111176 
29004856*82 Fotfrthtttttiader. 



36256071 '04 x -8 29 004 856*832 



*•• Ant. 3476-8. 

Remarks : 

(1) The second figure of the root, 400, is found by dividing the 
1st remainder, 15028039032-832, by the 1st trial divisor, 27000000, 
or, which is the same, by dividing 1-50 . . by 27 ; but then the new 
figure is called 4 and not 400 ; similarly, the 3rd figtite, t, fesfound 
by dividing 27240. . by 3408 ; the4th*4gure, 6, by dicing 2&0048 . . 
by 96247728, and so on. 

(J) The 1-slt trial divisor, 27, is 3 times the sqtfaTe of the 1st 
figure; the 2nd, 3468, is 3 times the square of the part already 
found, 34. Now : 



tiff. 



*o 
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34* = 30* + (2x4*36) + **, and 
3 x 34* = (3 x 30*) + (3 x 2 x 4 x 30) + (3 x 4*) 
-(3 x30*) + (2x 3x4x30.) + (3 x 4 2 ) 
= (3 x 30* + 3 x 4 x 30 + 4*) + (3 x 4 x 30) + 4*+ 4* 
3076 + 360 +16 + 16. 

Hence this 3468 can be formed by adding the three preceding 
lines together and adding in another 4*. Similarly, fchfc third trial 
divisor 361227 is 3 x 347*. Now : 

347*= 340* + (2x340x7) + 7 s , and 
3 x 347* = (3 x 340*) + (3 x 2 x 340 x 7) + (3 x 7*) 
= (3 x 340 2 ) + (2 x 3 x 340 x 7) + (* x7*) 
= (3 x 340* + 3 x 340 x 7 + 7*) + (3 x 340 x 7) + 7* + 7* 
353989 + 7140 +49 + 49, 

and can therefore be obtained by adding another 49 to the three 
lines last obtained. 

(3) Having found tfce tte* figure of the toe* by the help of « 
trial divisor, the lh» below that trial divisoT fc fWnd by multiffty- 
ing the old part of the root by 3 times the new figure. This can be 
done in one line unless the new figure be 8 or 9, in which case the> 
eld part must be first multiplied by 3 aside. (Part I. p. 98.) 



27 

36 
16 

8076 
16 

8468 



Contracted form. 

V&028'039'032 832 = 8476 <fc 
15028 
2724039 
246116032 
29004856882 



714' 
49 




853989 




361227 






6246 
36 




3618519$ 
36 




36247728 
83*24 

4 


!4 



3625607104 



282 



APPROXIMATE CALCULATIONS. 



[CH. XI* 



Knd the cube root of 127268840262-941343. 



7500 



450 
9 

754509 



Vl27'268'840'262-941'348=5080'07 
2268840 

5 813262 941343 



7590270000 
1056300 
49 

759037563049 

1st trial divisor, 75 ; 1st remainder, 2268 ; 75 in 22 . . , (V, which 

we place after 5 in the root. The first part of the root is now 50, 

and 3 x 50 2 = 7500. Hence a in the root requires 00 in the trial 

divisor. 

§ 16. To find the cube root of a fraction, reduce the fraction to a 
decimal to 3 times the required number of places, unless the de- 
nominator happen to be obviously an exact cube, in which case find 
cube roots of numerator and denominator separately. 

Find cube root of -fa to 4 places. 



12 






V'020=-2714 


42 




12000 


49 




817000 


1669 




97489000 


49 




9190056 


2187 




81 
I 




An. -2714 


219511 
1 






220323 




3242 




16 




22064736 






Exbroisb LXVIII. 


X Find the cube root of : 


(1) 884736. 


(5) 115145914625. 


(2) 40353607. 


(6) 017173512. 


(3) 1191016. 


(7) -000000004096. 


(4) 810841 


36 


729. 


(8) -000064481201. 
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II. Find the cube root (to 4 places) of : 

(1) *» (3) if (5) *• (7) f (») 01. 

(2) t^- (*) &• (6) l*fr p) -1. (10) 001. 

III. (1) If 12167 dice are piled up into a solid cube, how many- 
dice will there be in each edge ? 

(2) Find the area of the surface of a cube whose volume is* 
3 cubic yds., 10 ft., 216 in. 

§ 17. Properties of Squares and Cubes. 

Some integers have square roots which are themselves integers* 
such as 4, 9, 16... 1024, &c. (§ 1). The question arises whether the 
numbers between any two of these squares have a fractional square- 
root, or no square root at all. Take any number between 4 and 9, 
say 6 ; its square root, if it have any, lies between 2 and 3, and must 
consequently be an improper fraction, say ~ Now -£ x -jr = Xa ^ 
since a and b are prime to one another, we have in squaring the 
terms introduced no common factor, and .'. 4-, is also at lowest term* 

and consequently fractional, and .\ not 6. Hence the square of a 
fraction cannot be integral, or, which is the same thing, an integer 
cannot have a fractional square root 

The number of exact squares is infinite ; but there are within 
any assigned limits many more numbers not having exact square 
roots than there are of exact squares. 

These remarks (mutatis mutandis) apply also to exact cubes. 

§ 18. The square of a number ending in 1 or 9 ends in 1, 
V 1 x 1 = 1 and 9 x 9 = 81. 

The square of a number ending in 2 or 8 ends in 4. 
» » 3 or 7 „ 9. 

„ „ 4 or 6 „ 6. 

„ 00. 

Hence no exact square can end in 2, 3, 7, 8, or an odd number 
oi ciphers. 

A cube may end in any digit, but if it end in 0, it must end ia 
a number of ciphers divisible by 3. 
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The cube of 


a number ending 


in 1 ends in 1, 


n 


» 


2 


n ** 


n 


w 


3 


n 1, 


» 


w 


4 


n *, 


n 


s» 


5 


» 5, 


n 


» 


6 


» 6, 


n 


» 


7 


n 3, 


» 


n 


8 


» * 


n 


n 


9 


„ 9. 



§ 19. Terminating decimals can only be squares if the number of 
places be even, and then they follow the rule of § 18. 

Terminating decimals can only be Cubes if the number of places 
be divisible by 3. 

§ 20. Recurring decimals may or may not be exact squares or 
<5ubes ; thus : 

a/4= V"jT= |, exact 
V^ N/J =^f , not exact 

V-Iitf =Vf^ = V^*fr, not exact 

§ 21. 
If a > 1, cfi + a, and<* * ei»; .-. if ft > 1, */ft* ft, V?< <s/k 
If a < 1, a 2 < a, and a 8 < a 2 ; .\ if b < 1, VT> ft, V F > Jt 

§ 22. If an exact square end in 6, the tens' figure is odd ; if in 
any other figure, the tens' figure is even. 

§ 23. If any number is not an exact square we can find two 
numbers differing from one another by as small a quantity as we 
please, of whose squares one shall be greater and the other less than 
"the given number. This we have called finding the square re&t to 
so many places of decimals. For example : 
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n/2 lies between 1*0 and 2*0 to the nearest integer, 
„ 1*4 and 1*5 to one place, 

„ 1*41 and 1*42 to two places, 

„ 1*414 and 1*415 to three „ 

„ 1*4142 and 1*4143 to four „ 

and so oh. 

§ 24. Here and in § 9 we karoin our expressions tacitly assumed 
that there are such things as J 2, V 7, &c, although they are not 
expressible by exact numbers. Such language is justified by the 
following considerations, which will be understood by those who 
have been able to work Exercise iLXrIV. 

If the side of a square be 1, the square on the diagonal is 2 
(Euc. L 47), and the length of the diagonal » #^2. V 2", then, 
is an actual quantity, and measurements of the line continually 
increasing in accuracy by stages of the decimal scale "will yield the 
above approximations. 

Similarly, lines can be found whose length is J 3, \/ 7, &c. 

§ 25. 3 4 = 3 x 3 x 3 x 3 = 3 2 x 3 2 = (3 i ) 2 . Hence the square root 
of the square root is the 4th root, or V a =* ^Va* 

3 6 =3x3x3x3x3x3 = 3*x3*x 3 2 = (3 2 ) 8 . 

Again, 3 6 = 3 8 x3 3 = (3 3 ) 2 ,.*. 5/« ~VTjf= n/V^. Hencethe 
cube root of the square root, or the square root of the cube root, is 
the 6th root Similarly, the cube root of the cube root is the 9th 
root; the cube root of the 4th root, or the 4th root of the cube root, 
is the 12th root; and so on. 

§ 26. Find ^/ 63361 in the septenary scale. 



\Z6'33'61 = 2S8 
43 233 

466 4161 Ant. 236 septenaiy. 



Tlnd J'23i (quinary) to three places of quinals. 



V2'34= 13-123 
311 1000 

sr&i I34d0 

312* 2101 Am. XWETw 
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CHAPTER XIX 
YABIOUS. 

% 1. Interconversion of Fractions in different Scales. 
Reduce -12S (quinals) to duodecimals (to 6 places). 



«= -123123. 
5*x* = 123123123. 



(tt 8 - 1) x *= 444 x *= 123 « = tH * n *^ e quinary scale, 

"ml** "* tne decimal scale* 

Deo. Deo. Duodec 
62)10xl2('38166«* 

228 
42x12 



504 
8x12 

96 
84x12 

408 
86x12 

432 
60x12 

720 
38x12 



456, fco. 
§ 2. Duodecimals. 



An*. -88167* 



The Duodecimal scale, both integral and fractional, can be use- 
fully applied to the calculation of small areas and volumes. The 



€H. 
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foot is taken as the unit ; the inch, ^ of 1 foot, is in the first place, 
and the "part" or 12th of an inch, or i of 1 foot, in the second. 

Hence in square measure, the square foot being the unit, the 

square inch is in the second place, and the square part in the fourth ; 

and in cubic measure, the cubic foot being the unit, the cubic inch 

is in the third place, and the cubic part in the sixth place. 

Given length, 1 ft, 11 in., 3 pts. ; breadth, 1 ft., 7 in., 6 pts. ; 

Jnd area. 1 e3 x 1 -76. (Part I. Ch. X.) 

1*3 
176 

«76 
1169 
le 3 

8*1 9 4 6 = 3 sq. ft, (1 x 12 + 9) sq. in., (4x12 + 6) sq. pts. 
= 3 sq. ft, 21 in., 54 pts.; ^|*, 
=8 sq. ft, 21$ sq. in. 

or by contracted multiplication, keeping 2 places, to be correct to 

square inches. 

1*3 
671 
1 e 3 
117 
10 
81 t =3 sq. ft 22 in. Error, { of 1 sq. in. 

§ 3. International Calculations.* 

a. Length. 

Multiply by : or Divide by : 

To turn yards into metres -9143862 109363 

„ „ Prussian ells 1*371 '7294 

„ „ Austrian ells 1-1743 -8516 

„ „ Spanish varas 1-0784 -9273 

„ „ Portuguese varas -8318 1*2022 

„ „ Russian arsheens i-2857 *7 

„ miles into kilometres 1-609315 -6213824 

„ „ Prussian miles -21364 4-6807 

„ „ Austrian miles -21212 4*7142 

* These calculations are mainly based on Woolhouse's Measures, Weights and 
Moneys of all Nations. 
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Multiply ty : or Diride by : 

To turn miles into Spanish leagues '23723 4*2152 

„ „ Portuguese miles -7821 1-2786 

„ „ Russian versts 1*50852 '6629 

b. Surface. 

To turn sq. yds. into centiares (sq. metres) '8361 2 1 "196 

„ acres into hectares -404671 2-471 14S 

,, „ Prussian morgen 1-5848 '631 

„ „ Austrian joch -70308 14&2& 

„ „ Portuguese geiras '69187 1*4453 

c. Capacity. 

To turn gallons into litres 4*54345 -220097 

„ », Prussian eimer...... -066H 15-118 

„ „ Austrian eimer -08027 12*4572 

„ „ Spanish oantaros ... *28264 3*538 

„ bushela into, hectolitres -363476 2*751211 

„ „ Austrian metzen ... '15762 6*3442 

„ „ American bushels.-. 1-03152 -96944 

„ quarters into Russian chetverts . 1*3863 *7213 

d. Weight. 

To turn lbs. av. into lbs. troy .....1*21527 -82285714 

„ grains into grammes -06479895 15*4323487 

n lbs. av. into kilogrammes -45359265 2-2Q46212 

„ „ Prussian pounds ... -96983 1*0311 

„ „ Austrian pounds ... -80959 1-2352 

„ „ Spanish pounds ... -9858 1*0144 

„ „ Portuguese pounds . -98838 1-01186 

„ n Russian pounds ... 1-1078.6 -90264 

„ cwts. into quintals (metric) ... -508Q23765 1*9684118 

„ „ Prussian zentner ... -987428 1*012732 

„ „ Austrian zentner ... -90674 1*102857 

„ „ Portuguese quintals -864745 1*1*564107 

„ „ Spanish quintals ... 1*10414 -90571 

„ „ Russian berkowitz . 3*102 -32237 

„ tons into French tons (milliers) 1 -01604753 -9842059 
„ „ Russian packen ...... 2*063008 "483657* 
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§ 4. Fan 01 tbk Tables. 

Express 9 tons, 13 cwt., 1 qr., 16 lbs., as metric tons or milKem 
9 tons, r&owt., 1 qr. (£9. 13*. 3d) =9*6625 tons. 
16 lbs. (| of -05)= -007142. .. 

9*669642 „ 
Multiply by 1-015652 : or divide by -9846875 : 

1-015652 
46 9669 -98^W) 9-669642 (9-820 

91409 B07m 

6094 «*0± 

609 W 

91 4». 9820. 

6 



9-82Q9 

1 An*. 9*821 milliers. Error < 1 kilog. 

For conversion of foreign weights and measures to English, mul» 
ttpiy by the given divisors or divide by the given muiiipliecs, i a. 
reverse the processes. 

Express 419*785 kilometres as miles. 



Multiply by -6213)824 : 


or divide by 1*669315 : 


419785 


1-tiMKWi 419*7850 (260-8470 


4283 126 


97 9220 8 


2518710 


1 3631 6-776 


83957 


757 20 


4198 


118 15-52- 


1259 


1 11 


335 
8 


170-7 


2 


Aim. 260 m., 15 for., 170^ yds. 


260-8469x8 


Error < 7 inches. 


6*775 x20 




15-5- xll 





170*5 Ant. 260 »., 15 for., 1704 yds. 

§ 5. Coinage. 

The ratios for intercon version of th« coinage of different nations can 
only be given at par, and would accordingly be nearly useless, as that 
rate rarely prevails. If the exchanges* are given, Chain Kulo will apply. 

* By " exchange" is meant the rate at which. bHIa due in fpatfgn conmtae* are 
negotiable here, which fluctuates with the state of trade, $&. 
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Find the value of £647. 11*. Id. in reis (Portugal), at 57|<J. per 
roilrei 

x I 647 -5541ft S-SWXm) 6475*5417 (2702*835 

-239583 I 1 1683 8750 

6 7917 

2 0000 

834 

115 

Ant. 2702*835 reis =2702 milreis, 835 reis. 

Find the arbitrated exchange* between London and Lisbon, if 
1 milrei = 5*95 fr., and £1 = 2515 fr. 

£x I 5 -95 fr. 25 -\$) 5 950 ( -236 

fr. 25*15 I £1 920 

165 
14 
Ant. it. Sid., or 56}<Z. per milrei. 

§ 6. Find the price per yard in English money at 7*85 fr. pep 
metre; also at 4*27 fr., at 5*19 fr., and at 6*45 fr. per metre; ex- 
change, 25*75. 

To turn metres into yards, we multiply by 1*09363. Multiplying, 
then, this ratio by the exchange, we obtain the common divisor for 
the several prices given. 

28 1£\) 7*850 (-2T8X 
2 218 9 
25-75 247 

363 901 
25750 
2318 
77 
15 
1 



28*161 



22 


Ant. 


bt. 7c*. 


28X^)4*270 (-1516 
1454 
46 
18 


Ant. 


3*. 0±d. 


28-^) 5-190 (-1843 
2 374 
121 
9 


Ant. 


U S^d. 


28X63J 6-450 (-229 
818 
225 
2 


Ant. 


it. Id. 



* The "aibitrated exchange" is the rate realized by remitting to a place abroad, 
net directly, but vid some other place or places. 
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Thus common multipliers or divisors can, as occasion requires, be 
established for the working of classes of questions. 

§ 7. For ordinary purposes francs are valued at 25 per £, which 
leads to easy calculations. 

The following are ratios compounded on the Metric System, the 
money being calculated at par (fr. 25*2215 =£1), i.e., according to 
the intrinsic value of the coins. 

To find in one operation the price in English money : 

Multiply by : or Divide by : 
a. Per yard, given price per metre in francs '03625 27*5862 i 

*. „ sq. yard, „ sq. metre „ -03315 30*1649 

c. „ acre, „ hectare „ -016044 62*3275 

d. „ gallon, „ litre „ -1765735 5*66335 
«. „ bushel, „ hectolitre „ -0144113 69*3897 

/. „ lb. av., „ kilo „ -01798432 55*6038536 

#. „ cwt., „ quintal „ -020142488 49*646298 

h. „ ton, „ millier „ -040282976 24*823149 

Find the cost in English money of 1 yd. at fr. 7*72 per metre. 

•03625 

277 

2538 

254 

7_ 

•2799 An*. 5*. 1\d. 

Exercise LXIX. 

(1) Express 73 lbs., 12 oz. av. in : 

a. Kilogs. a Austrian pounds. 

b. Eussian pounds. d. Prussian pounds. 

(2) Express 25*625 French tons as : . 

a. English tons. b. Eussian packen. 

(3) Find the cost in English money per yd. at fr. 2*45 per metre. 

(4) ,, „ per cwt. at fr. 16*75 per quintal 

(5) ,, francs per French ton at 14«. 9d. per Engl. ton. 

(6) How many litres in 4| Austrian eimer ? 

(7)*The average height of the barometer at Paris is 76 centi- 
metres. Eeduce this to inches correctly to three places of decimals. 

* Nos. 7 to 20 are copied from an excellent tract on the Metric System, by 
J. J. Walker, Esq., M.A. 



242 APPROXIMATE CALCULATIONS. [CH. XII. 

(8) Reduce the hectare to a. p. sq. po. yds. exactly. How much 
docs it differ from 2£ acres ? 

(9) Supposing the quadrant of the meridian of Paris to he 6213 
m., 6 fur., 23 po., 4 yds. in length, calculate the length of the metre 
in inches to five places. 

(10) The French post-office allows 7*5 grammes for a single post- 
age ; the English £ of an oz. ay. By how many grains does the 
French exceed the English allowance 1 

(11) How many hectolitres = 1 cubic metre ? A tank is 37£ deci- 
metres long, by 25 wide and 18 deep. How many gallons would 
it hold? 

(12) If wine be sold at 457 francs the cask of 7 hectolitres, what 
would be the corresponding price in *. d. of the bottle of 6 to the 
gallon 1 

(13) How many bushels = 1 hectolitre? If wheat be sold at 
29 francs the hectolitre, what would be the corresponding price per 
bushel in 8. d.l 

(14) The length of the tunnel through Mont Cenis will be about 
12*22 kilometres. What will this be in miles ? 

(15) The diameter of bore and weight of a piece of French ord- 
nance are given as 27 centimetres and 22,000 kilogrammes. Give 
the corresponding measure and weight in inches and cwt. 

(16) A building plot in Paris is offered for sale at 75 francs per 
sq. metre. What would be the corresponding price per sq. yard in 
£. s. d.% 

(17) The distance between two stations on a Belgian railway is 
set down as 1\ kilometres, and is done by a train in 12 minutes. 
What is the rate per hour in miles 1 

(18) The pressure of the atmosphere at the average height of the 
barometer is 14f lbs. av. to the sq. inch. What would be the cor- 
responding pressure in kilogrammes to the square centimetre % 

(19) If the sack of flour of 157 kilogrammes be sold at 53-75 fr. f 
what would be the corresponding price of the quartern (4 lbs.) in s.d. ? 

(20) The rent of a farm of 23*25 hectares is 1225 francs. What 
is the rate per acre in £. «. d. 9 
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CHAPTER XIIL 
ABITHMETICAL COMPLEMENTS* 

§ 1. The Arithmetical Complement of a number is the quantity 
"by which it falls short of the next power of 10 above it, or, in other 
words, the Defect of the number from that power of 10. Thus the 
a. o. or defect of 3792 is 10000 - 3792 = 6208. (Cf. Part I. Ch. I. 
§ 11.) 

§ 2. This defect is obtained by complementing to 9 each digit but 
the units' figure, which must be complemented to 10. By its means 
several arithmetical processes can be performed in shapes very 
different from those in common use, and these are useful when 
the a.o. is small The same principle can be extended to cases 
where complementing only the right-hand portion of a number will 
yield a number not greater than 12 followed by ciphers. 

§ 3. Addition can be performed by the aid of subtraction. Thus 
"to add 9, add ten and deduct one." (Part I. p. 11, line 10.) Simi- 
larly, to add 3995, it is shortest to add 4000 and subtract 5. Con- 
versely, subtraction can be performed by the aid of addition ; thus 
to subtract 9, subtract 10 and add 1 ; and to subtract 3995, subtract 
4000 and add 5. 

§ 4. Multiplication, which is a series of additions (Part L p. 44), 
can accordingly be performed by a series of subtractions, or by a 
multiplication and subtraction. Thus to multiply by 998, multiply 
by 2 and subtract the product from the multiplicand three places to 
the right (Part I. p. 108.) Similarly, to multiply by 3995, we may 
multiply by 4 and subtract 5 times the multiplicand three places 
lower down. 

7243849516 x 39-95. 

72438^616x4.. 
289753 98064... 
289391-7881642$ An$. 289391*7881642. 

* The matter of this chapter is mostly drawn from a pamphlet by George Suf- 
field* Eeq,, M.A., Glare College, Cambridge. 

R2 
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2345-76 x 79-993. 

284576 x8.... 

wi 

1876614)1414 

1876449 93Bfc 

76 An*. 187644'993ft 

Wording: 48', cany 4; 56, 60', carry 6; hence (Ch. VI. § 16) 08 + 6=14', 

carry 6 ; 40, 46*, carry 4 ; 32, 36*, carry 3, &c. Put on 1414 for the ( ) and 

subtract 7 times the multiplicand, thus : 42 and 2', 44, carry 4 ; 49, 53, and 8', 
61, carry 6 ; hence (Ch. VI. § 16) 82 - 6= t#, carry 6 ; 35, 41, and 3*, 44, carry 
4 ; 28, 32, and 9', 41, carry 4, &c. 

§ 5. Division, which is a series of subtractions (Part L p. 76), 
can be performed by a series of additions. 

Divide 123456789 by 7384. 7384 = 8000 - 616 ; hence for every 
8000 deducted we have deducted 616 too much, which must there- 
fore step by step be added to get the true remainder. 

8000)123456789(166) 18 ) 
"I... 1/1/ 

1x616 _616 

49616 1st remainder. 

1... 

6x616 3696 

53127 2nd remainder. 
5... 

6x616 3696 

8823 . 3rd remainder (a) 
0... 

1x616 J16 

14398 3rd remainder (6), 
6... 

1x616 616 

70149 4th remainder. 
6... 

8x616 4928 

11077 5th remainder (a)' 
3... 

1x616 616 

3693 5th remainder (b), 

Ant. 16719 times and 36)3 over. 
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Remarks : 

(1) The successive remainders are the same as by the common 
method. 

7384)123456789(16179 
49616 
53127 
14398 
70149 
8693 

(2) 8000 in 12345, once and 4345 over, .\ 7384 in 12345, once 
and 4345 + 1 x 616 = 4961 over; 8000 in 49616, 6 times and 
1616 over, .-. 7384 in 49616, 6 times and 1616 + 6x616 = 5312 
over ; and so on. 

(3) This method gives for third remainder 8823, which contains 
8000, and a fortiori 7384, one more time, altering the 6 in the quo- 
tient to 7, and the remainder, after an addition of 1 x 616, to 1439. 
A similar case occurs in finding the last remainder. But for this 
" doubtful case," which is peculiar and inherent to it, this method 
would be preferable to ordinaiy long division. 

Divide 123456789 by 499. 

5..) 123456789 (247408 
2.. 

2X1 ^ 490) 123456789 (247408 



3.. 
4x1 4 



2365 
8696 
2087 



JS696 4189 

1.. 197 



7x1 _7 

2037 
0.. 

4x1 _4 

4189 

1.. 

8x1 _8 

197 oyer. 



This mode of division is called Synthetic Division, from synthesis, 
which means putting together. The ordinary mode might, per con- 
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tra, be called "Analytic Division." The 5 is called the Syothitio 
Divisor. 

Examination of this synthetic division shews that to find th« 
true successive remainders, each figure of the quotient is added to 
the dividend two places to the right of that figure from which it 
was obtained. All this can be done mentally thus : 

5..) 123456789 

247^08 and 197 over. 

4 

Wording: 5 in 12, 2' (beneath 4), carry 2 ; in 23, 4' (beneath 5), earry 8 ; 
in (34 + 2) 36, T, cany 1 ; in (15 + 4) 19, 3', earry 4 ; in (46 + 7) 53» lO' (alter- 
ing the previous 8 into 4'), carry 3 ; in (37 + 4) 41, 8', and (189 + 08) 197 over. 

Ant. 247408 and 197 over. 
ov we may find decimal places : . 

5. .)123456789 

247$08-3947895791583, &c. 
4 

Wording (continued) : In 41, 8', carry 1 ; in (18 + 0) 18, 3', carry 8 ; in (89+. 
8) 47, 9', carry 2 ; in (20 + 8) 28, 4', carry 8 ; in 89, T, carry 4 ; in 44, 8', &c 

§ 6. When the synthetic divisor is 1, the doubtful case occurs so 
often that the following form will be found more convenient 

Divide 27689954372 by 999. 

Dividing by 1000 we obtain for quotient 27689954 and 372 
over; hence dividing by 999 we obtain the same quotient and 
372 + 27689954 over, which being again divided by 999 will yield 
27689 and 954 + 27689 over ; and so on. 



Mod. op.: 27689954 

27689 

27 



372 

954 

689 

27 



27717672 042 
_2 

•044 An*. 27717672-644. 

The 2 carried from the sum of the remainders to the quotients 
being 2000 yields another complementary 2 to the twnakidar, 
which is accordingly 44. And -££? = '^44 
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§ 7. A slight extension of this method will adapt it to division 
by synthetic divisor 1, when a. c. is any number by which we can 
multiply mentally in one line. (Part L Ch. IX. §§ 3, 4, 5, 6.) 

Divide 27689954372 by 992. 

Here the compensation is each time 8 times the quotient. 

27689954 372 
221519*632 



1772 

14 



152 
176 
112 



To decimalize £§4» 



27913260 444 
8 
452 Am. 27913260 and 452 over. 



.)4|520 
32 



5|520 
40 
5|600 
40 
6|40, &c 

which can be worked nearly mentally : 

452 
52 
60 
40 
48 
512 
160 
608 
128 
288 
H96 
9024* 
320 
224 Ans. -45564516129082.. 

* Here carriage makes the 8 a 9, and consequently we have to add in one more 
8 to the 24, making the remainder 82. 
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173648146 + 9983. (a.o. 17.) 



17364 8146 
29 5188 
_ J93 
17894 8827 
17 
l....)3844 
91 
5046 
5450 
85 
918 

265 Am. 17894*88505492. 
Multiplication by 17 is done in one operation by the method of 
Part I. Ch. IX. § 3, and the same mod. op. can be used in all cases 
to which §§ 4, 5, 6, in the same chapter can be applied to the a. a 
327568994+9799. (a. a 201.) 



82756 

658 

18 



8994 
3956 
2258 
2613 



83428 7821 
201 
l....)8022 
1828 
481 
6418 
5386 
4865 
9454, &o. An*. 33428*8186549... 

§ 8. All numbers not divisible by 2 or 5 can be multiplied so as 

to yield a product of the form 9999 (Format's Theorem, p. 160). 

Take 37. To obtain 9 in the units' place we multiply by 7. 
7x37=259 
20x37 = 740 
999 
To change the tens' figure 5 into 9 we have to add 4 tens, and 
must therefore multiply by 2 tens ; hence the required multiplier is 
27. If, then, we have to divide by 37, we multiply the dividend 
by 27 and divide synthetically by (1...). 
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Take 67. Multiplier 597 obtained from the right, figure by figure. 

597 
67 

469 
649 
899 

Hence 67 x 597 = 39999, synthetic divisor 4...., without requiring 
to carry out the whole process. 

§ 9. Decimalize S2 ff| 92 . 177 = 3 x 59. 

8 ) 8258692 by common division. 
6.) 1086230*660... by synthetic divsion. 
18410 689265536, fee. 

Decimalize ^^. 

Mod. op.: Multiplier, 53 

183 
549 
969 

U x 53 : 9699. (a.0. 301, s.d. 1 . . . .) 

1....) -07420 
6307 
*876 
9964 
502349 
2650 
7102 

8127 Ans. -07650273. 

Decimalize ^. (s. d. 2.) 

2.) 5- 

•263157894 | 7, &e. 

The remaining figures can be obtained by complementing (Ch. 
VI. § 10), and it is most convenient to write the second half of the 

period under the first : 

2.)5- 

•263157894 | 
736842105 

We know that we have arrived at the complementing stage be- 
cause the remainder 14 complements the dividend 5 with respect to 
the divisor 19. (Ch. VI. § 12.) 
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§ 10. Synthetic Division Subtractiyb. 

827 + 71. 

7.)827 

1164788732394... 
Wording: 7 in 8, 1', cany 1 ; in (12-1) 11, 1', cany I; in (47-1) 46, &, 
cany 4 ; in (40 - 6) 84, 4', cany 6 ; in (60 - 4) 56, %, T, cany 7 ; in (70 - 7) 
63, 8', cany 7, &c 

§ 1 1. Synthetic division can of course be applied to other scales of 
notation by complementing to the next higher power of the radix. 

13564 - 266 (septenary). 

8..) 18564 

34325541604, &c 
Wording: 8 in ten, 3', cany 1 ; in (7 + 5) 12, 4'; in (6 + 8) 9, 3'; in 8, 2' t 
carry 2 ; in (2 x 7 + 3) 17, 6', cany 2, &c. 

Exercise LXX. 
Simplify : 

(1) <| 3 x (49993 + 2 x 3997) [ + 9998. 

(2) <| 9 x (49993 - 2 x 3997) } x 9998 x 70L 

(3) 793-718 x 3-997. 

(4) -153846 x 3-9. 

(5) -384616 x 91000. 

(6) By synthetic division (integral) : 

a. 7473684-19,29,39,49,59. 

b. 226543817-199, 4999, 399, 3990. 

c. 8543764333-99,999,9999. 

d. 4623814-98,997,9996. 

e. 54376146-983,9799,9898. 

(7) Decimalize by synthetic division, completing the period : ^, 

4884 5284 5284 6284 5284 5284 5284 528 4 
T5 > TT 9 TV > *F > ST > IT > TffT > 20S7' 

(8) To 12 places: 73-9995; 47 +-989; 119-9992. 

§ 12. These methods will save much time to those who have 
acquired aptitude in detecting opportunities. 
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CHAPTER XIV. 

MISCELLANEOUS EXAMPLES. 

(Answers to money sums to be brought to the nearest farthing ; other problems to 
three places, unless otherwise specified.) 

(1) By vulgar fractions and by decimals, work the following, and 
shew that the results coincide : 

h. 6J-8» 

c. |x^x2}x -001 ;^x|x^x 1000000. 
a. 14t^, *v-ys> t^fst* 

(2) Find the limits of the following : 

•136, -153, 0136, -2136, 0136, -0136, -0153. 

(3) By decimal calculations only, find the following : 

a. The cost of 5437^ articles at £1. 13*. I0$d. each. 

b. „ 287694 articles at 9 T \d. each. 

c. „ 157 tons, 13 cwts., 2 qrs., 13 lbs., at £38. 

10*. Sd. per ton. 

d. The dividend on £347. 18*. 10rf., at 13*. 9|d in the £. 

e. The profit on £46*8. 17*. 5 A, at £9. 13*. 4Jd. per cent 
/. The brokerage on £1267. 10*., at 2 J per mille. 

g. The premium on £768, at 3| per cent., insured so as to 
recover both goods and premium in case of loss. 

(4) Extract the square root of 191810-713444. 

(5) Find to 4 places the difference between the square and cube 
roots of 32-14. 

(6) Find to 3 places 2 x ^3- \ x *]Vi + J27. 

(7) Prove that JT&t = 4|. 

(8) Find the discount, the simple interest, and the compound 
interest, on £465 for 18 months at 4£ % (compound interest calcu- 
lated half-yeady). 

(9) Find a fourth proportional to 1£, -09, ^. 
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(10) Shew that ^^ of £10. 16*. Sd. is equal to -002 of £2. Is. 8cL 9 
and that 001 of £2 = ^, of Id. 

(11) Reduce to a decimal : -— - 

v ' 4+2 

3+2^ 
8 

(12) Extract the square root of 272-316004. 

(13) Extract to 9 places the square root of -034. 

(14) Sum the series 1 + f + 2 + 1 + ... to 30 terms. 

(15) Sum the series £&fo + xoooooo + looooooooo to infinity. 

(16) A can dig a certain ditch in 3 days, B in 4 days, and C in 
5 days. How long will it take the three together to dig the ditch, 
and what fraction of it is dug by each ? 

(17) Find the amount at compound interest at 12J % on £819. 4& 
for 6 years, reckoned yearly. 

(18) Extract to 5 places the cube root of '0S4. 

(19) If the carriage of 1 cwt, 12 lbs. for 105 miles comes to 
3*. lO^d.y what should be charged for the carriage of 8 cwt, 1 qr. y 
24 lbs. for 245 miles 1 

(20) Simplify ff of ^ 

(21) Find in what time £452. 10*. will amount to £644. 16*. Sd. 
at 4£ % per annum simple interest. 

(22) Express £4. 6*. 4£d. + £ of 1 farthing as a decimal of £5. 

(23) A grocer mixes 3 cwt, 15 lbs. of sugar at 5\d. per lb. with 
10 cwt, 10 lbs. at id. per lb. At what price per lb. should he sell 
the mixture to gain 25 % % 

(24) Find g.o.m. and l.o.m. of 6-3375, 73-125, 39, 12-1875. 

(25) Find the cost of 6 reams, 13 quires, 10 sheets, at £1 per 
ream. 

(26) A man who has -3 of the profits of a partnership sells *25 
of his share, and the buyer makes £89. 6& Sd. per annum. What 
is the yearly income of the whole business, and if the buyer pay 
£1000 for his share, what interest does he get for his money ? 
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(27)1 


Sum the series : 




a. 


2 + 5 + 8 + 11 


+ to 20 terms. 


b. 


3 + A + w- + 


to 10 terms. 



(28) One sample of tea costs 3*. id. per lb., and another 4s. per 
lb. At how much per lb. must the mixture of 60 lbs. of the former 
and 25 lbs. of the latter be sold to gain 1\ % ? 

(29) Find the side of a square grass plot which is of the same 
area as a rectangular grass plot 63 ft. long and 28 ft. broad. 

(30) Find the difference between the simple and compound inte- 
rest reckoned yearly, on £210 for 2 years at 5 %. 

(31) Find the difference to 3 places between V 3 and V 2. 

(32) A carpenter makes 2 chairs in 3 days, and 3 chairs and 1 
table in 8 days. In what time would he make 6 chairs and 3 
tables ? 

(33) A man walks 80 miles ; he begins by walking 4 hours a 
day, at the rate of 5 miles an hour, and each day increasing the 
number of hours by 1, he diminishes the pace by 1 mile per hour. 
How many hours does he walk, and how many days ? 

(34) If a model of a cathedral is to be made on the scale of 6 ft. 
to f of an inch, what will be the dimensions in the model of a 
tower 120 ft. high, a roof 50 ft. long, and a floor 40 square yards 
in area 1 

(35) Simplify: 

}xV3xixV2 
a l — — - J: — i— 

|x 8 V2x^xV3 

(36) The items of a journey on the continent are £L 10a. 6<i, 
50*75 francs, 66 thalers. Find the whole cost of the journey in 
English, French and German money, when £1 = 25*22 francs = 6| 
thalers. 

(37) In the morning I solved £ of £ of a certain number of pro* 
blems ; by the end of the afternoon I had done f of §■ of the number. 
Suppose the whole number of problems to be 300 ; how many did 
I solve during the afternoon 1 
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(38) Multiply and divide to 4 places -380952 by 1-3, and verify 
the results by reducing the decimals to their limits. 

(39) How much 3 per cent, stock must I sell out to pay a debt 
of £550, the price of stock being 94£, and brokerage \%% 

(40) Find accurately the value of : 

a. £003, £-003, £-003, and £-003. 

b. -083, -083, 083 of a ton. 
e. -416, -416 of 1 lb. troy. 

d. -0099, -00d of 1 lb. av. 

e. -108, -118 of 1 gallon. 

(41) Find the reciprocal of the difference between 31*24 and? 
31-2376814285?. 

(42) Which is cheaper, to buy napoleons (20 fir.) at 15*. \0\d. % 
or 25*22 fr. for a pound sterling. 

(43) A kilogramme is 2-205 lbs. avoirdupois; a French ton = 
1000 kilogs. What fraction of an English ton is a French ton ? 

(44) Find the difference between 5\ sq. ft and 5£ ft square. 

(45) How much stock must I sell out of the Consols when they 
are at 93f (brokerage £), to raise a sum of £1265 ? 

(46) Find the square roots (to 4 places of decimals) of 1979649, 
7|, f, '25, -35, 000025, -025, -001. 

(47) Find the cost of a case lined with tin, 5 ft., 10 in. long, 4 ft 
broad, and 1 ft., 8 in. deep, inside measurement, at 2d. per sq. ft. foi 
the wood, and 2\d. per sq. ft. for the tin. 

(48) If a napoleon be worth 15*. lOJcf., find the lowest exact num- 
ber of napoleons that must be given for an exact number of English 
sovereigns, stating the number of each. 

(49) Simplify to 5 places of decimals : 

VT024+ Vl02 : 4+ VlO T 24+ VH)24+ *J -001024. 

(50) Find the cost of papering a room 16ft. long, 11 ft wide, 
and 10 ft. high, with paper 30 inches broad, at l\d. a yard. 

(51) Multiply (by the method of duodecimals) 7 ft, 5 in., 8 parte* 
by 9 ft, 4 in., 11 parts. 
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(52) Express the result of the last question as square inches. 

(53) Arrange the following journeys in order of rapidity : 

Departure 
Name of Line. from London. Arrival at Distance. 

Great Northern 10 a. m. Aberdeen 3 a.m. 526 m. 

Great Western 9.15 a. m. Penzance 9.30 p.m. 328 m. 

North Western 10 a.m. Carlisle 6.10 p.m. 299 m. 

Great Eastern 5 p.m. Yarmouth 9.45 p.m. 146 m. 

Southwestern 11.10a.m. Weymouth 4p.m. 147m. 

(54) The fares for these journeys are £4, £3. 10&, £2. I5s. % 
£1. 10*., £1. 9*. 6d respectively. Arrange them in the order of 
cheapness. 

(55) What is the average charge per mile ? 

(56) If I invest 7000 guineas in the 3£ per cents, at 93, what is. 
my nett income, deducting 5 % income-tax ? 

(57) A room costs £8 to paper. What would a room cost half 
as high again, half as long again, and half as broad again, with paper 
costing half what it did before per yd. ? 

(58) If 144 men can dig a trench 40 yds. long, 1£ ft. broad, and 
48 ft. deep, in 3 days of 10 hours each, how long must another- 
trench, 5 ft. deep and 2\ ft. broad, be, in order that 51 men may 
dig it in 15 days of 9 hours each ? 

(59) The discount on a sum due one year hence at 5 % per annnnv 
is £15. What is the sum 1 

(60) How many dice a third of an inch long can be packed into- 
a box whose dimensions inside are 2, 3 and 4 ft. respectively 1 

(61) How many dice a third of an inch long can be packed into- 
a cubical box 1£ ft. long inside % 

(62) Find the square root of -308641976. 

(63) A mass of lead ore weighing 800 grains troy, was found ta 
contain *6 grain of silver. What is the value of silver in one ton 
of the ore, at the rate of 5*. the oz. troy ? 

(64) If £24. 7& 10£d. be paid as income-tax on an income of 
£650. 10*., what ought to be paid at the same rate on an income of. 
£2450. 60. $d. ) And at what rate in the £ ia the U& levied) 
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(65) In how many years will £625. 10*. amount to £813. 3*., at 
4 % simple interest ? 

(66) Find the value of 159 cwt., 3 qrs., 22 lbs., at £2. 12*. 6d. 
per cwt. 

(67) Add £ of a guinea, £^, ^ of a crown, and ££ of a shilling, 
and express the whole as a decimal of £1. 

(68) What sum of money will at 4J % simple interest amount 
in 3£ years to £1497. 4*. Id. ? 

(69) If the price of 3 bushels of wheat is 16*. 9d. 9 find the price 
of 12 qrs., 2 bus., 1 peck. 

(70) Find the cost of making a road, length 9 miles, 5 fur., 44 
yds., at £25. 8*. 4d per mile. 

(71) In what time will a sum of money double itself at 5 %, 
{a) at simple interest, (6) at compound interest, reckoned yearly ? 

(72) If when wheat is 60«. a quarter the sixpenny loaf weigh 4 
lbs., how much should be paid for 25 lbs. of bread when wheat is 
40*. a quarter ? 

(73) What decimal of an English mile is an Indian league, of 
which 30 go to a degree (60 geographical miles), 1 geographical 
mile being 1*1508 English mile's? 

(74) A Eussian gold ducat is worth 9*. 5d. sterling ; 3 roubles 
make a ducat, and 100 kopeks 1 rouble. Find in English money 
the value of 315 ducats, 2 roubles, 80 kopeks. 

(75) Gun-metal consists of 100 parts of copper and 11 of tin. 
How much of each metal will there be in a cannon weighing 3 tons, 
9 cwt., 1 qr., 16 lbs.? 

(76) Find the income arising from investing £740 in the 3 per 
cents, at 9 2 J. 

(77) Eeduce to lowest terms ££f, AVA * 

(78) Find the sum of 19 terms of the series 7, 14, 21, &c 

(79) If a degree of longitude at X be § of the length of a 

^degree at the equator, how many miles at the latitude of X 

-will the sun pass over in a minute and a half, given that the equa- 
tor is 131470565 feet long ? 
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(80) A ship's company take a prize of £1000, which is to he 
divided amongst them in proportion to their pay and to their time 
of service ; the officers, 4 in number, have 40s. each a month, and 
the midshipmen, 12 in number, have 30*. each a month, and they 
have all served six months ; the sailors, 110 in number, have jach 
22*. a month, and have served 3 months. Find each man's share. 

(81) An Austrian bankrupt owes a London merchant 5784 florins, 
and pays 68£ %. How much is that in the £, and how much ster- 
ling money will be remitted to the Englishman (exchange 11*45 fL 

= £1)? 

(82) The rent-roll of a certain estate amounts to £3580 a-year. 
The repairs average 7 J % per annum. Find the value of the estate 
at 28 years* purchase. 

(83) Which is the heavier income-tax, 3 % or 7d. in the £ t 

(84) A steamer working with a given force can travel down the 
river at the rate of 12£ miles an hour. Of this speed, \ is due to 
the current. How long would the steamer take to travel 15 miles 
up the stream ? 

(85) Find the rent of 204 acres, 1 rood, 20 poles, at £2. 15*. M. 
per acre. 

(86) Find the discount on £972, due 10 months hence, at 5£ % 
per annum, and shew what rate of interest is charged in this case. 

(87) If the rations of 3264 men for 48 days cost £4787. 4*., 
what is the cost of the rations of 5000 men for 90 days ? 

(88) Two persons have invested £11. 17*. 2\d. and £17. 16*. 8Jd., 
and the return is £46. 2s. 0|d. Find within a farthing what the 
share of each must be. 

(89) Of £121. 138. i{d. and £29. 8*. 10<*., what percentage is 
each of the other (5 places) % 

(90) Determine without any superfluous work y/ 1*0097626 to 8 
places. 

(91) Find correct to one 10,000th of a unit 16*112734 x -20708 
x 1146*339- -00007. 

(92) A ship valued at £14,500 is insured at £3. 10*. %, and her 

cargo valued at £32,000 is insured at £4. 17*. 6d.%. Find the 

whole cost of insurance. 

8 
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(93) I invested £680 in Consols at 89| ; 3 days later the funds 
rose to 90 }. What would have been my loss of income had I 
waited these 3 days, brokerage £ % ? 

(94) A speculator bought in Consols at S8§, and sold out at 91 J f 
brokerage £ % each time ; his total gains amounted to .£350. Find 
the value of the stock when bought in. 

(95) I bought 3J per cent, stock at 95 J, and after drawing one 
half-yearly dividend, I sold at 92£ ; my total loss of capital amounted 
to £8. 15*. Find the amount of stock I had held. 

(96) The prices of the 3 per cent. Consols, and Midland Eailway 
Stock, paying 5 J %, were quoted at 95f and 108^ respectively* 
Find the difference in income from investing £100 in each. 

(97) Find the average of 17 J, 25\, 96|, 10, 0, 42£, 56, and ex- 
press the answer decimally. 

(98) The income of a parish is £6529. 10*. 6d. How much in 
the £ will produce a rate of £150 ? 

(99) If the time after 1 p.m. is ^ of the time before midnight*, 
what o'clock is it ? 

(100) Find cube root of 1776$f$. 

(101) Express 1 acre, 3 roods, 26 perches, as the decimal (in foil) 
of a square mile. 

(102) If 120 men make an embankment f of a mile long, 30 
yards wide, and 7 yds. high, in 42 days, how many men would it 
take to make an embankment 1000 yds. long, 36 yds. wide, and 22 
ft. high, in 30 days 1 

(103) A person invests £1365 in the 3 per cents, at 91 ; he sells 
out £1000 stock when they have risen to 93£, and the remainder 
when they have fallen to 85. Find his gain or loss. 

(104) A and B have gained £600 between them ; A has to re- 
ceive 10 % less than B. Find their respective shares. 

(105) Distribute £1250 among A, B and C, giving to A 15%. 
more, and to B 12 % less than to C. 

(106) Distribute £760 among A, B and C, giving to A 17J % 
lees than B's share, which is 20 % more than C's share. 
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(107) A bankrupt's estate amounts to £910. 3*. \\d. and his 
debts to .£1875. What can he pay in the £, and what will a 
creditor lose on a debt of £57 ? 

(108) An estate with a rental of £8790 is sold for £351,600 
In order that it may yield the purchaser 3f % for his money, how 
much % must he raise the rent 1 

(109) A square court-yard costs £38. 10*. 5d. to pave, at 3a. 9dL 
per square yard. Find the length of its side. 

(110) Express 37048 (decimal) in the nonary scale; also 347102 
(nonary) in the decimal scale. 

(111) The Hanoverian mile is 25400 Hanoverian feet long, each 
foot being '9542 English feet. Find to 4 places of decimals the 
fraction that an English is of a Hanoverian mile. 

(112) How many times will a wheel whose diameter is 3£ feet 
revolve in travelling over 5 miles % (N.B. Circumference : diameter 

= 314159 :1.) 

(11$) If a package weighing 7*5 cwts. be carried 125 miles fop 
14*. 7d. f how much will be charged for the carriage of 3 tons* 15 
cwts. for a distance of 200 miles 1 

(114) If 770 gallons of creosote at Id. per gallon have the heating 
power of 8*75 tons of coal at £'641(5 per ton, find the yearly saving 
in money in a factory which burns 1000 gallons a day, omitting 52 
Sundays. 

(115) Extract the square root of U94-3936 and of *±* 

(116) Simplify: 

•x * + Hofi- !^*-f-x37i „« o, 

(117) Express + 40° and - 40° Fahrenheit on the Centigrade and 
£6aumur scales. 

(118) Find the cost of 3047^ articles at £1. 15*. 9%d. each, 

(119) What capital will at 3^ % in three months amount to 
X348. 0*. i\d. ? 

s2 
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(120) A bankrupt's debts amount to £27485. 10a. 9d. and his 
assets are worth £9328. 6*. Zd. What is he to pay on each of the 
following debts : £248. 14*. 5d.; £7642. 10*. 6d.; £19. 4*. 2d. ? 

(121) Find the cost of 47 iron plates, each weighing 127 tons, 
13 cwt., 1 qr., 19 lbs., at £50. 6*. lOd. per ton. 

(122) Find the value of 21 acres, 2 roods, 15 perches, at 
£37. 15*. 6d. per acre. 

(123) If the sixpenny loaf weigh 4*35 lbs. when wheat is at 5 75 
shillings per bushel, what weight of bread ought to be purchased 
for 18 13 shillings when wheat is at 18*4 shillings per bushel? 

(124) Three gardeners working full time can plant a field in 10 
days. How long will it take them if one of them works half time 1 

(125) A person bought into the 3 per cents, at 98, and after 
receiving 3 years' interest sold out at 90. How much % on the 
sum invested did he gain or lose f 

(126) A Turkey carpet measuring 12 ft., 6 in., by 11 ft., 6 in., 
is laid down on the floor of a room measuring 14 ft. by 13 ft. 
Determine the quantity of floorcloth necessary to complete the 
covering of the floor, and its price, at 4*. per square yard. 

(127) Eeduce 9*. llfd. to the fraction of half-a-sovereign. 

(128) Simplify g§ * «£ + <X>lM. 

(129) Find the cost of 457 tons, 13 cwt., 3 qrs., 19 lbs., at 
.£5. 17*. 8%d. per ton. Also of 17 lbs., 9 oz., 17 dwts. troy, at 
.£3. 15*. lO^d. per oz. 

(130) Find the compound interest for £55 for 1 year, reckoned 
quarterly, at 5 % per annum. 

(131) Find, without unnecessary work, to 3 places : 

a. -40086 x 16-05& x 2618-0853 x -00035. 

b. 415 x 9-8 x 720 x 43156 . _ 

c. 3-1415926536 x ^7000 x V J * 1870. 

(132) Find the difference between the square and cube roots of 
3915380329 (to 1 place). 

(1 33) Sim plify *J 2b£ &*& - V 25^^. Also find the value 
of V '000729 - V -000729 ; and explain why the sign J is placed 
first in one case, and %J in the other. 
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(134) A buys 134 gallons of beer for JB11. 18*,; 6 gallons are 
lost by leakage ; he sells the rest in jugs, holding f of a quart, at 
2\d. per jug. Find his total profit, and his profit %. 

(135) The receipts of a railway company are apportioned in tho 
following manner : 49 % for working expenses, 10 % for the reserve 
fund, a guaranteed dividend of 5 % on one-fifth of the capital, an I 
the remainder, ,£40000, for division among the holders of the rest 
of the stock, being a dividend of 4 % per annum. Find the capital 
and the receipts. 

(136) Find the square root of 242064; of 3124-81; of 
2-42064 x 312-481 and of ~|j. 

(137) Find the cost of paving a hall 50 yds. long by 50 ft. broad, 
with marble slabs 1 ft. long and 9 in. broad, the price of the slabs 
being £5 per dozen. 

(138) Simplify ' W ?*? 1 + 4 -^£_<™ 4 . 
x ' r J -0175 -00032 

(139) Find the square root to 8 places of decimals of 387 15, 
1500, 150, 7, -7, -07, 49, 4-9, -49, -4d, -34027. 

'(140) The quadrant is divided into 90° and also into 100 grades. 
Express 37 J deg. + 50| gr. both as degrees and as grades. 

(141) A person having £1000 invests in the 3 per cents, at 92|, 
brokerage J ; after 3 years he sells at 94f , and again pays J. What 
did he receive as interest, and what did he gain on the whole ? 

(142) Divide £26. 3a. Sd. between 3 persons so that their shares 
may be in the proportion of £2. 18*. 6d., £1. 19*. and £1. 9*. 3d. 

(143) If the price of candles 8 \ inches long be 9d. per half-dozen, 
and that of candles of the same thickness and quality 10 J inches 
long be 1*. i\d. for 9 candles, which is the cheaper kind, and how 
much % is lost by buying the dearer ? 

(144) Find the profit or loss per dozen on a quantity of wino 
" laid down" in 1848 at a cost of £2. 8*. per dozen, and sold in 1870 
at £5. 5*. per dozen, reckoning compound interest annually at 5 %, 

(145) Express -3 (in the quinary scale) as a decimal fraction. 
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(146) I sold goods at a loss of 7£ % ; had I sold thorn at a gain 
of 1\ % I should have realized £3. 15*. more than I actually re- 
ceived. Find the cost of the goods. 

(147) Multiply by duodecimals 9 ft, 7 in., 3 pts., hy 5 ft., 7 in., 
11 pts., and the product hy 2 ft, 7 in. What does the product 
become when expressed in cubic feet and inches 1 

(148) In 1841 the population of Great Britain was 21,476,000, 
and that of Ireland 7,310,000 ; in 1851 the former had increased 
-8-45 % and the latter had decreased 12*5 %. Find the increase % 
in the population of the United Kingdom. 

(149) Reduce ^^ to a converging fraction ; give the several con- 
vergents and the limit of error in each. 

(150) A certain book costs in production 2*. 4J<£. per copy, and 
its retail price is Is. 6d. ; the publisher allows the bookseller 25 % 
on the retail price, and gives 13 copies to the dozen ; 3900 copies 
are printed and sold ; the author is to have half the profits. How 
much will he receive ? 

(151) A tenant pays a corn rent of 20 quarters of wheat and 12 
of barley, Winchester measure. What is the value of his rent, 
wheat being at 60*. and barley at 54s. a quarter imperial measure, 
reckoning a Winchester bushel to be ff of an imperial busheL 

<152)E X p reS 8 as a decimal^ 

(153) A certain Building Society accepts £11. 14*. Id. at the 
beginning of the year in lieu of 12 monthly instalments of £1 each* 
What yearly payment will at this rate discharge a monthly liability 
of £5. 17*. Wd.1 

(154) I wish to borrow of a Building Society £600, to be paid off 
in 15 years by monthly instalments* paying interest at 6 % on the 
whole sum borrowed for the whole time. What should be my 
pearly payment at £11. 14*. Id. instead of £1 per month? 

(155) I hold £43. 17*/ 5d. Building Society stock for 7 months* 
And the year's balance sheet shews a dividend of £11. 13*. 8fd. per 
cent par annum. What dividend should I receive t 
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(156) A ciatern holding 820 gallons is filled in 20 minutes by 
3 pipes, the first of which conveys per minute 10 gallons more, and 
the second 5 gallons less, than the third. How much flows through 
each pipe per minute ? 

(157) Gold is 19*3 times, and copper is 8*62 times as heavy as 
water. How many times as heavy as water is standard gold, which 
is a mixture of 1 1 parts of gold and 1 of copper ? 

(158)- The annual retreat of the equinox along the ecliptic is 50", 
In what time will the equinox he carried round the whole circle of 
the ecliptic (360°) ? 

(159) In what time will the sun move through 50*1", when it 
traverses 360° in 365 days, 6 hours, 9 mia, 9*6 sec, the motion 
being supposed uniform ? 

(160) A bankrupt's stock was sold for £520. 10*., at a loss of 
17 % on the cost price. Had it been sold in the course of trade, it 
would have realized a profit of 20 %. How much was it sold below 
the trade price 1 

(161) A foreign Government contracts for three loans in different 
markets : the first, a 5 % loan for 20 millions ; the second, a 4 % 
loan for 12 millions ; the third, a 3 J % loan for 10 millions. For 
the first the Government received .£65, for the second £50, for the 
third £42 for every £100 stock. How much money does Govern- 
ment receive for all these loans, what average rate of interest is paid 
on the money actually received, and on which of the three loans 
-does the Government pay the lowest rate of interest % 

(162) A besieged garrison loses 5 men on the first day, 10 on the 
second, 15 on the third, and so on for 30 days, when the com- 
mandant, finding that he had only \ of his original garrison left, 
surrendered. How many men were there at first % 

(163) A merchant sells tea to a tradesman at a profit of 60 %, 
but the tradesman becomes bankrupt and only pays 13*. id. in the 
£. How much per cent, does the merchant gain or lose ? 

(164) Find the sum which must be invested in the 3 per cents. 
at 90, to amount in 23 J years to £3317 sterling, the price of the 
funds remaining unchanged. If we sold out at 96, how many yeara 
sooner could the required amount be realized ? 
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(165) The sidereal year consists of 365 days, 6 hours, 9 minutes* 
9*6 seconds, reckoned in mean solar time, or of 366 days, 6 hours* 
9 minutes, 9 6 seconds, reckoned in sidereal time. Find the ratio- 
of a sidereal to a solar day, to 5 places. 

(166) Two shepherds, A and B, owning a flock of sheep, agree to 
divide it; A takes 144 and B 184 sheep, paying £70 to A. Find 
the value of 1 sheep. 

(167) Among how many persons must £158. 17a 3d be divided > 
in order that half of them may have 19*. Id. each, and the other 
half 7*. 2d. each? 

(168) A and B have the same sum of money; A buys equal 
amounts of 3 per cent, stock at 91, and of 3£ per cent, at 97£ ; B. 
invests his money equally in the purchase of the same stocks. A's- 
income being 1*. more than B's, how much money had each 1 

(169) Assuming a cubic foot of water to weigh 1000 oz. av., find 
the weight of a rainfall of one inch over an acre of ground 

(170) A person has a sum invested in the 3 per cents., which he* 
sells and invests in the 3J per cents, at 87 J. If his income remains 
the same, what was the price of the 3 per cents. 1 

(171) A takes 6 steps while B takes 7 ; but 4 of A's steps arer 
equal to 5 of B's. Which is the quicker walker ? 

(172) An army lost 18 per cent, of its strength by disease and 
desertion, and then 14 per cent, of the remainder in battle ; the- 
number then remaining was 84,624. Of how many did it originally 
consist 1 

(173) A person sells £5000 Consols at 94|, and on their rising 
he sells £5000 more at 95| ; on their again rising he buys back the* 
whole £10000 at 96. What does he lose ? 

(174) If gold is 19*3 times as heavy as water, and copper is 8*96- 
times as heavy as water, how many times its own bulk of water will 
a crown weigh composed of 9 oz. of gold and 15 oz. of copper 1 

(175) Find by inspection (table, p. 152) the number of recurring 
and non-recurring figures in the decimalization of each of the fol- 

lowing fractions ; -L, ^, jJL-, ^1^, — L., -*-, A, ^ ^ 

1 1 i__ _J i_ 1 

fx~37' 2x5x7x37' 13x79' 13x41' 19x23' 2x3x5x7x11x13' 
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(176) If a mass of silver be worth £720,000 when silver is worth 
£4. is. per lb. av., how much would the mass be worth if silver 
fetched 13*75 shillings for 2*5 ounces troy? 

(177) A, B and C begin playing with £1. 6*. each ; A wins 5*. 
each game, and B loses -^ of A's gains. After how many games, 
will C have nothing left, and what will A then have ? 

(178) Eeduce fff to a converging fraction, and give the several 
convergents with limits of error to each. 

(179) I sold a watch for 5 guineas and thereby cleared 20 % of 
my money. How much % should I have gained or lost if I had 
sold it for 4£- guineas ? 

(180) If the French 3 per cents, are at 60 when the English are* 
at 95, the exchange between the countries being 25 fr. per £1, how 
much French stock in francs can be bought by selling £6000 out of" 
the English funds ? 

(181) I bought silk at fr. 7*40 per metre (39*37 inches) and sold 
it for 6*. 10|d. per yard. Find (to 2 places) my profit or loss % % 
the rate of exchange being fr. 25*35 = £1. 

(182) I had a cistern 5 ft., 7 in. long, 3 ft,, 11 in. broad, 2 ft., 8£ in. 
deep, re-lined with zinc at 8£d. per square foot ; the plumber allowed 
me %d. per square foot for the old zinc. How much had I to pay 1 

(183) Find the length of a cubical tank holding 1 ton of water* 
if a cubic foot of water weighs 1000 oz. av. 

(184) Find in two ways V 1061520150601. 

(185) Find in two ways to 3 places V 7*5557 

(186) If a merchantman sailing 9£ knots an hour is chased by at 
gunboat steaming lOf knots, how far ahead must the sailing vessel 
be just to escape into port from which she is 15 J knots at the com- 
mencement of the chase ? 

(187) Divide £J4. 11*. 8%d. into two parts that shall have to 
one another the same ratio as the sum of 2$ and 1| has to their 
difference. 

(188) Also the same ratio as the product of the two numbera 
has to the quotient, the greater being divided by the less. 
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(189) Find the side of a square field an acre in extent (to tenths 
•of a yard). 

(190) The discount on a sum due 3 months hence at 5 % was 
£17. 10*. What is the sum! 

(191) A grocer mixes 3 cwt. of tea at £16. 16*. per cwt. with 1 
cwt. at £19. 12*. At what rate per lb. must he sell the mixture 
ao as to gain 4 % I 

(192) A person having invested a sum of money in the 3 per 
cent. Consols receives annually therefrom £233 after deducting 
the income-tax of 7d. in the £ How much stock does he hold, 
.-and how much will it he sold for, at 9 4 J, brokerage £. 

(193) From 122*5 grains of chlorate of potash there can be ob- 
tained 48 grains of oxygen gas ; 16 grains of oxygen occupy a space 
of 44*4 cubic inches. What -volume of oxygen could be obtained 
from a ton av. of chlorate of potash ? 

(194) Find the length of the side of a cubical tank which con- 
tains 15 cwt., 7 lbs., 8 oe., of water, 1 cubic foot of which weighs 

1000 oz. 

(195) Which money sums will when decimalized yield recurring 
'decimals? and how could you get rid of the recurring figure if 
-required t 

{196) How long will it take me to travel 5 Russian versts at the 
Tate of 8£ miles an hour ? 

(197) Find the sum to be awarded on £87. 13«. lOd. at £7. 15*. 

*** %• 

(198) Express J®'i a as a continued fraction, and find the five 

iirst convergents. 

(199) After the outbreak of the Prusso-French war in 1870 the 
Prussian Government issued a 5 % war loan at 88 ; the French 3 
£>er cents, stood at 65£. State the ratio of the two rates of interest. 

(200) If 9000 persons travelling each 20 miles a week pay ,a 
Tailroad company £900 in one week, how many persons travelling 
each 30 miles weekly will give a receipt of £62,400 a year when 
Ahe charge for travelling per mile is reduced one half? 
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(201) Find the amount of the national debt from the following 
«ums paid as annual interest : 

£3 per cent. Consolidated Annuities £11871403 10 

£3 per cent. Reduced ditto 3188376 11 7 

Uew £3 per cent. ditto 6633792 10 10 

New £3. 10*. per cent ditto 8426 2 4 

New £5 per cent. ditto „... 21687 9 8 

New £2. 10*. percent. ditto 96176 7 

Interest on the Government Debt to the 

Bank of England at 3% 330453 

Ditto to the Bank of Ireland at 3 % 78923 1 6 

(202) A bar of gold weighing 8*75943 kilogs., of which ^| 8 is 
line, is sent over from Paris, and sold here at £3. 17s. 9d. per 
standard oz., which is §| pure. How many francs must be remitted 
in payment, exchange being 25*35 fr. t 

(203) Find the value of a bar of gold which weighs 1 1 lbs., 8 oz., 
7 dwt., 12 grs., and is -~?i pure at the rate of £3. 17*. 9d. per oz. 
standard. 

(204) How many cubic yards of gravel will be required for a 
-walk surrounding a rectangular lawn 200 yards long and 100 yards 
wide, the walk to be 3 yards wide, and the gravel 3 inches deep % 

(205) Find (to two places) the side of a cubical block of cast 
iron weighing a ton, if iron weighs 7*2 as much as water, and a 
cubic foot of water weighs 1000 oz. 

(206) A crown made of an alloy of copper and gold weighs 
16 5 oz., while the water it displaces weighs \\ oz. How much 
copper does it contain, gold weighing 19*3 and copper 8*96 times 
as much as water? 

(207) A grocer buys some tea at is. per lb. and some at 5*. 6<f. 
In what proportion must he mix the two quantities so as to gain 
20 % by selling the mixture at 6s. per lb. ? 

(208) Express '583, '585, *5§3 and -&8& in the duodecimal scale 
to 5 places. 
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(209) I bought £333. 6*. Sd. 3 percent. Consols for the benefit of 
an old servant, but wished to raise his income to £25 a-year by means, 
of an investment in £50 mining shares, all paid up ; the shares are 
at 8f premium, and the dividends are ^\ % on the paid-up capital 
How much mining stock must I buy, and what will it cost me 1 

(210) A Lithuanian league is 9769 yards long. Find the third 
convergent to the fraction that an English mile is of this. 

(211) Express in inches the length of a French metre from the 
data that a metre is one ten-millionth of a quarter of the earth's- 
circumference, and that the circumference is 3'14159 times the 
diameter 7911*7 miles. 

(212) State : 

a. Which vulgar fractions will yield recurring and which. 

non-recurring decimal fractions. 

b. If non-recurring, how the number of places can be 

foretold. 

c. If recurring, whether the decimal will be mixed or 

pure. 

(213) Find the value of a mass of silver weighing 15 lbs., 9 oz. r 
10 dwts., 20 grs., of which |4 i 8 pure, at the rate of 57 %d. per oz* 

standard silver. (Standard silver contains -- — pure silver.) 

(214) If income-tax be 6d. in the £ and interest 5 %, how much 
do I gain or lose on an income of £1200 a-year by paying the whole 
year's tax at the end of the third quarter instead of paying it in 4 
instalments at the end of each quarter ) 

(215) Express f and 419| in the binary, ternary, quaternary, 
quinary, senary, septenary, octonary, nonary, decimal and duodeci- 
mal scales. 

(216) Any two numbers whose units' fig ares are odd, but not 5> 
and whose difference is a power of 10, must be prime to one another* 
Prove this. 

(217) If the wages of a woman are | of the wages of a man, and 
it would require 8 men to earn a given sum of money, how many 
women must be added to 5 men to earn double the money 1 Explaia 
your answer. 



% 
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(218) Of the boys in a school, one-third are over 15 years of age, 
one-third between 10 and 15. A legacy of £100 can be exactly 
divided amongst them by giving 10*. to each boy over 15, 6*. Sd. to 
each between 10 and 15, and 3*. id. to each of the rest. How many 
boys are there in the school ? 

(219) Express the fraction ^ :. 

a. As a decimal fraction. 

b. As a septenal fraction. 

c. Also as a quaternal fraction. 

(220) The mint price of gold is £3. 17«. I0%d. per oz. standard. 
Find the smallest exact number of ounces that can be coined into 
an exact number of sovereigns. 

(221) Find the weight of a cubical mass of iron whose edge is 
2 ft., 5 in., 3 pts., if the iron is 7*157 times as heavy as water, and 
*, cubic foot of water weighs 1000 oz. av. 

(222) How high is a hill whose ascent is If miles in length, if 
the road rises 4- inches in 55*25 feet? 

(223) A can copy 6 pages while B copies 5, B copies 15 while 
C copies 12, and C can copy 4 while D copies 3 ; A who can write 
20 pages a day receives a paper of 240 pages to copy ; and after 
<loing a quarter of it calls in B, C and D to help him. When will 
the work be finished % 

(224) A merchant buys 1260 quarters of corn, \ of which he 
sells at a gain of 5 %, \ at a gain of 8 %, and the remainder at a 
gain of 12 % • if he had sold the whole at a gain of 10 % he would 
have gained £23. 2*. more. What was the cost price per quarter 1 

(225) The sum of £10552. 4*. 2d, is divided among 1000 persons 
in the ratio of the first thousand natural numbers. Find the share 
of the 150th person. 

(226) The diameter of the fore wheel of a waggon is 3 ft., 6 in., 
that of the hind wheel 6 ft., 5 in. If two nails, one on the outside 
of each wheel, touch the ground together, in how many seconds (to 
two places) will they do so again, reckoning diameter : circumfer- 
ence = 1 : 3*14159, and the rate of travelling 4 J miles an hour % 
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(227) I "bought in London $1000 American 5-20 bonds at 8T 
(Le. 87x4*. 6d. per $100 bond). What percentage shall I get 
for my money if the coupons in New York fetch clear of expense- 
it. tt^d. per dollar, the bonds paying 6 % 1 

(228) I bought in New York $1500 5-20 bonds, brokerage £, 
at 111, in (paper) currency; gold was 15£ premium; I paid by 
bill upon England, and the rate of exchange was 110 (i.e. $110* 
in gold for 100 x 4*. 6d. payable in England) ; I re-sold these bonds - 
in England at 89 (see last question), brokerage £. Find my profit 
or loss. 

(229) The first term, of an a. p. is J, the common difference is ^ 
Find the 50th term. 

(230) Suppose a debt can be discharged in a year by paying 1«. 
the 1st day, 2s. the second, and so on. What is the amount of the- 
debt 1 

(231) How many strokes do the clocks of Venice, which go on- 
to 24 o'clock, strike in a day ? 

(232) Find (47'3l8i)« to 3 places. 

(233) Find the equated time for the following amounts : £50* 
due in 6 months, £60 in 7 months, and £80 in 10 months, interest, 
at 5 %, both by average and discount. 

(234) A debt is to be paid as follows : £ at 2 months, £ at 3 
months, £ at 4 months, £ at 5 months, and the balance at 6 months. 
What is the correct equated time to pay the whole, interest at 5 °/J' 

(235) An island is 73 miles in circumference, and 3 pedestrians - 
all start together to travel round it in the same direction ; the first 
goes 15, the second 175, and the third 10 miles a day. When will- 
all three be again together ? 

(236) A owes me the following sums : £480 due in 3£ months,, 
£607 due in 2 months, £577. 15a. due in 6 months. What sum. 
should I accept as a single payment at the end of six months, reckon- ' 
ing interest at 4 % ? 

(237) What effect is produced on (a) the sum, (b) the difference,, 
of two numbers, if the same quantity is added to each 1 

(238) What effect is produced on (a) the sum, (b) the difference,., 
of two numbers, if the same quantity is added to one and subtracted. 
from the other number 1 
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(239) What effect is produced on (a) the product, (b) the quotient, 
of two numbers, if both numbers are multiplied by the same num- 
ber? 

(240) What effect is produced on the remainder, if (a) the divisor* 

(b) the dividend, be increased by a number not large enough to* 
affect the quotient ? 

(241) What effect is produced on the remainder, if both divisor 
and dividend are (a) multiplied, (b) divided by the same number ? 

(242) State the conditions of increase in the value of a fraction* 
if the same number be added to both its terms. 

(243) What effect is produced on the ratio, if the antecedent is, 
multiplied and the consequent divided by the same number 1 

(244) What effect is produced on the square of a number, if the*, 
number is increased by a given number ? 

(245) Find the difference between the sum of the squares and 
the square of the sum of two numbers. 

(246) What effect is produced on (a) the sum, (b) the difference* 
of two numbers, if each is multiplied by the same number ? 

(247) What effect is produced on (a) the l.o.m., (b) the a. cm.* 

(c) the average, of several numbers, if each is multiplied by the* 
same number ? 

(248) How must a number be altered to double its reciprocal ? 

(249) To what limits do the terms of the two following series, 
approach : 

,.1284 ft 1 2 8 4 

and find the first term in each which differs from the limit by a* 
quantity less than -000001. 

(250) To -find the interest at 3 % per annum on any number of* 
pounds for any number of days, multiply the number of pounds by 
twice the number of days, deduct ^ of the product, and cut off the* 
last two figures ; the result will be the interest in pence. Shew that, 
the error in the interest given by this rule for any time less than & 
year cannot exceed a shilling on every £2800 principal. 
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